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It is shown from first principles that, in spite of the large interatomic forces, liquid He‘ should exhibit a 
transition analogous to the transition in an ideal Bose-Einstein gas. The exact partition function is written 
as an integral over trajectories, using the space-time approach to quantum mechanics. It is next argued 
that the motion of one atom through the others is not opposed by a potential barrier because the others 
may move out of the way. This just increases the effective inertia of the moving atom. This permits a 
simpler form to be written for the partition function. A rough analysis of this form shows the existence of a 
transition, but of the third order. It is possible that a more complete analysis would show that the transition 
implied by the simplified partition function is actually like the experimental one. 


INTRODUCTION 


HE behavior of liquid helium, especially below 
the A transition, is very curious.' The most suc- 
cessful theoretical interpretations,’ so far, have been 
largely phenomenological. In this paper and one or two 
to follow, the problem will be studied entirely from first 
principles. We study the quantum-mechanical behavior 
of strongly interacting atoms of He‘. We shall try to 
show that the main features of these curious phenomena 
can, in fact, be understood from this point of view. 
Because of the enormous geometrical complexity in- 
volved, we shall not attempt to obtain useful quantita- 
tive results. The quantum mechanics will not supplant 
the phenomenological theories. It turns out to support 
them. 

In this paper we begin the study of the statistical 
mechanics of the liquid.’ 

London' has proposed that the transition between 
liquid He I and liquid He II is a result of the same 
process which causes the condensation of an ideal 
Bose-Einstein gas. This idea could be criticized on the 
grounds that the strong forces of interaction between 
the He atoms might make the ideal gas approximation 
(in which these forces are neglected) even qualitatively 
'W. H. Keesom, Helium (Elsevier Publishing Company, Inc., 
Amsterdam, 1942). 

2 An excellent summary of the theories of helium II is to be 
found in R. B. Dingle, Advances in Phys. 1, 112 (1952). 

3A preliminary report on this work has been published. R. P. 
Feynman, Phys. Rev. 90, 1116 (1953). 

‘F. London, Phys. Rev. 54, 947 (1938). 


incorrect. We shall argue that London’s view is essen- 
tially correct. The inclusion of large interatomic forces 
will not alter the central features of Bose condensation. 

The principal point is an argument which shows that 
in a liquid-like quantum-mechanical system the strong 
interactions between particles do not prevent these 
particles from behaving very much as though they move 
freely among each other. 

The exact partition function is first written down as 
an integral over trajectories, by using the space-time 
approach to quantum mechanics. The observation 
that the atoms move very freely among each other is 
then made. This permits one to write a simpler form 
[Eq. (7) ] for the partition function. This form should 
be fairly accurate, at least qualitatively. It becomes 
clear that a transition is to be expected, and that it 
involves the symmetrical statistics in an essential way. 

On the other hand, the geometrical complexity of the 
problem still prevents us, so far, from giving a very good 
estimate of the free energy behavior near the transition 
point and below. A relatively crude approach gives a 
transition like that of the ideal gas. That is, the specific 
heat is continuous, contrary to the experimental ob- 
servation that it appears to be discontinuous. Some of 
the geometrical problems which might have to be 
solved to obtain a more satisfactory solution are dis- 
cussed in an appendix (see also reference 3). 

The crude approach should, however, be quite satis- 
factory a little above the transition point. So there is 

5R. P. Feynman, Revs. Modern Phys. 20, 367 (1948). 
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no doubt that at least the existence of the rise of specific 
heat! of Hel on cooling toward the \ point can be 
understood from first principles. 

At the opposite extreme of very low temperatures 
(say below 0.5°K.), the situation again can be partially 
analyzed. This is done in the next paper.® 


EXACT EXPRESSION FOR THE PARTITION FUNCTION 


To study the thermodynamic properties we must 
calculate the partition function 


Q=> >; exp(—BE,), (1) 


where B=1/k7T and E&, are the energy levels of the 
system. In this form the calculation appears hopelessly 
difficult because the energies E; are eigenvalues of such 
a complex Hamiltonian H. The expression for Q is 
equivalent to the trace of the operator exp(— i). In 
Iq. (1) the trace is written in a representation in which 
H is diagonal. We shall prefer to use the coordinate 
representation to describe the trace. 

To illustrate how this is done, we take the example 
of a one-dimensional system, of coordinate x and Hamil- 
tonian p’/2m+V(x)=H. The trace of exp(—f//) is 
then O= f'dz(z\e ®” 2). The matrix element (z| e~ 8" | z) 
is similar in form to the matrix element (z/exp(—itH 
h)\z) which represents the amplitude that the system 
initially at «=z, is at time / also at the point x=z. This 
latter is® the sum over all paths [signified by 
J»: Dx(t) | which go from z to z of exp(iS/h), where 
S is the action fi'[4mi?—V(x(t)) jdt. If we replace 
it/h by B, we are lead to expect 


5rm sdx\? 
(2| e~8" | z) = f exp| : S| ( ) 
tr 0 2h? du 


+ V(x(u)) du Dx(u), (2) 


the variable u=i//h replacing ¢, and the various signs 
adjusted accordingly. The integral f*;, is to be taken 
on all trajectories such that x(0)=s and x(8)=z. It is 
easily verified that Eq. (2) is exactly correct. The 
normalization of the path integral is to be such that 


Bm sdx\? 
f exp -f ( ) au | oo 
tr’ 0 2h? du 
m 


= (m/2nph*)} exp —- —(z 
2Bh? 
where the trajectory /”’ runs from x(0)=z to x(8)=2’. 
The integral of (2) with respect to z then gives the 
partition function, 
To apply this to liquid helium two modifications are 
necessary. First, instead of one variable, we have 3.V 


®R. P. Feynman, Phys. Rev. 91, 1301 (1953). 
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variables which we take as the .V three-space coordinate 
vectors x, of each of the .V atoms (i=1 to .V). We desig- 
nate the entire set of coordinates by x‘ and the integral 
over them all by d*x,=dx,dx,---dxy. The initial and 
final values of these we call z,. Secondly, He* atoms obey 
symmetrical statistics. The trace of exp(—BH) is to be 
taken only over symmetrical wave functions. This 
means that if the initial coordinates are x;(0)=z,, the 
final coordinates need not be the same, but may be 
some permutation of these (signified by Pz,). That is, 


: | 5r om dx;\? 
Q=NI"'> anf exp -f , z/( ) 
P irp | » LIK? iNdu 


+>> V(x,- 


‘2 


x,;) fiw) orca, (5) 


where the integral f;,p is taken over all trajectories 
x,(u) of all the particles such that x,(0)=z,, x;(8)= Pa. 
That is, the final coordinates x,(8) may now be some 
permutation P of the initial coordinates 2;. The sum is 
taken over all permutations P and the integral over all 
configurations 2;. 

In Eq. (5), m is the mass of a helium atom, and V(R) 
is the mutual potential of a pair of He atoms separated 
by R. The forces between He atoms are, very likely, 
fairly accurately two-body forces. This potential is 
given by Slater and Kirkwood.’ There is a weak attrac- 
tion of maximum depth (of energy equivalent to kT 
at 7 =7°K) at radius about 3.0A. The atomic volume 
at the transition is (3.6A)*. At 3.6A, V(R) is about 
equivalent to kT for 7=3°K. There is, therefore, a weak 
attraction at the average atomic distance. There is a 
violent repulsion if the atoms approach more closely 
than 2.6A (V=0 at 2.6A). 

The expression (5) is an exact® quantum-mechanical 
expression for the partition function (even though no 
imaginary unit 7 appears). We shall use it to develop 
a qualitative understanding of this function for liquid 
helium. 

The quality u is of course not the time. However, we 
shall obtain a vivid representation of (5) by imagining 
that it is the time. We can say that at one time 0 the 
coordinates x,(Q) of all the atoms form an initial con- 
figuration z,, and that as time u proceeds the particles 
move about [ x,(#) | in such a manner that at the time 
8 the configuration of atoms appears to be the same 
(although in fact some of the atoms may have been 
interchanged). Each mode of motion is weighed by the 
negative exponential of the time integral of the energy 
required for the motion, and the sum is taken for all 
such motions. Finally an average (or rather integral) 
is taken over all possible initial configurations 2;. 

We can see immediately that motions which require 
too large a displacement in the time 8 have little weight 


J. C. Slater and J. G. Kirkwood, Phys. Rev. 37, 682 (1931). 
Ir 


7 
5 In so far as the forces can be represented as two-body forces. 
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because of the high kinetic energy required. Likewise, 
motions in which the atoms come so close as to appre- 
ciably penetrate the radius of their repulsion are of small 
importance because of the large potential energy which 
would result. For this reason, also, initial configurations 
for which the atoms overlap, that is, have centers so 
close that they would repel, contribute only a small 
amount. The method of approximation which we shall 
apply to (5) is to neglect the contributions from mo- 
tions x,(w) and configurations z; which give small 
contributions, and to study more carefully only those 
motions which give the larger contributions to the total 
in (5). That is, we shall have motions in which the atoms 
do not move too fast or far in the time 8 and in which 
the atoms never overlap. 

We emphasize again that these 
be construed as a real description of what the atoms are 
doing. It is simply a formal description of the expression 
for the partition function. An expression “the atom does 
not move too far in the time 8” does not refer to a real 
motion as “ is not time, but is i//h. The true behavior 
of the atoms may have some analogy to the description 
of the formula (5), but such an analogy need not con- 
cern us here. Our reason to continue to call « and 8 
“time” is to help to make our arguments as vivid as 
possible so that intuition will be most effective. 


“ce 


motions” must not 


THE CHARACTER OF THE IMPORTANT 
TRAJECTORIES 


Consider a particular motion in (5) in which some 
atom 7 moves to the site initially occupied by atom /. 
Call the displacement a=z,—z;. The atom 7 must, of 
course, move to some other site to leave room for 1. 
The effect of the motion of 7 we will associate with 
atom j. We study here the contribution to be expected 
just from the displacement of the single atom 7 by a 
distance a. 

Near the transition temperature displacements larger 
than about d, the atomic spacing (cube root of atomic 
volume 3.6A) are not very important [exp(— md?/2gh?) 
=().3 at 2.2°K |. Nevertheless we will try to get an idea 
of the behavior for larger displacements. These will be 
useful at lower temperatures. Actually our considera- 
tions apply to displacements of any size. 

Suppose, then, atom 7 must make a translation a of 
length a. We make this, for example, to be nearly along 
a straight line. Our arguments will apply for any other 
route, 

The central problem is, what is the effect of the 
potentials of interaction on this translation? As a 
simple model which retains the essential features 
imagine the atoms as hard impenetrable spheres. We 
are, during a time 8, to move atom? from 2; to z;=z;+a 
and at the end to leave all the other atoms in their 
original positions. The atoms may not overlap at any 
time. 

There may be atoms in the direct line from 2, to 
z,. Nevertheless, a moment’s reflection shows that they 
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will not offer a real potential barrier to the translation 
of atom 7. 

It is evident that it is possible to place atom ¢ at 
any position on the route from 2; to z;, provided we 
readjust the positions of the other atoms to make room 
for it. In the readjusted positions the total potential 
energy of all the atoms can be made to be very nearly 
equal to the potential energy of the original configura- 
tion. Therefore, atom 7 can be moved to any inter- 
mediate position without violating any repulsive po- 
tential, in fact, without any appreciable modifications 
of potential energy at all. It is only necessary to move 
the other atoms around out of the way as atom 7 moves 
along. When 7 reaches the final destination z;, the other 
atoms (except j of course, as noted above) may all 
come back to their original positions (or to some per- 
mutation thereof’). 

The readjustment of the other atoms means that 
their coordinates x,(#) change with time. They con- 
tribute just kinetic energy in the exponent in Q. Beside 
the kinetic energy }m(a/8)? needed to move atom 7 a 
distance a in time 8, we have also to add the kinetic 
energy of the readjusting atoms. This we can expect 
will also vary directly as the square of the velocity of 
atom ?. The net effect is an energy of the form }m’(a/8)’, 
where m’ is an effective mass, somewhat larger than the 
mass of a single atom m. The difference represents the 
effective inertia of the atoms which are readjusting. 

The time integral of the energy needed for readjust- 
ment varies with a and 8, as a?/8. This is clear for small 
displacements of i, for then only a few atoms shift, and 
they do this with a velocity proportional to that of ¢. 
lor large displacements (a>>d) the same form, of course, 
results. To verify this, imagine that as atom ¢ moves 
at velocity 0(=a/8) the time it passes near a particular 
atom is of order d/v. This atom must adjust through dis- 
tances of order d in this time, or move at speed about 
v. The time integral of energy needed for this passage 
is about mv*(d/v)=mdv. The number of such atoms 
which must be jostled to move a total distance a is of 
order a/d. Thus the total time integral of energy of 
readjustment for all these a/d atoms varies as mdv-a/d 

=mva=ma’/B. It varies with a and 6 in the required 
manner. 

The effect of the other atoms is not to offer a poten- 
tial barrier (time integral varying as a8) but a kind of 
kinetic energy barrier (time integral varying as a’/,). 
The effect of the interactions is taken into account by 
changing the effective mass of a given moving atom. 

To get some idea of the order of m’, we recall that 
the effective mass of a sphere moving through an ideal 
fluid of the same density is classically (})m, the extra 4 
being the energy of motion of the fluid making way for 
the sphere. The effect of the attractive forces may in- 


* The effect of a moving atom in permuting other atoms might 
have to be considered in more detail if we were to apply these 
ideas to the case of Fermi-Dirac statistics. It may mean that the 
m’ (discussed further on) is somewhat larger in that case 
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crease this somewhat. We may expect m’ not to be very 
much greater than m—perhaps not more than 2 or 3 m. 

The effect of the relatively weak attractive potentials 
may be to alter the motions a bit, in that adjacent atoms 
tend to stick together a little. Thus the atom i may 
have a tendency to drag some atorrs with it from time 
to time, possibly increasing m’ a little more. On the other 
hand, in He the zero-point energy" is high enough to 
shake these others loose readily. If the potential were 
much stronger the group attraction might become ac- 
cululative, raising m’ very much. It is possible that this 
would result in solidification. 

For short displacements a of order d, proportionately 
less adjustment need be made, so that it is likely that 
m’ may be somewhat less. For high velocities, it may 
represent less energy to violate the real potential re- 
strictions a little. Thus the readjustments need not be 
complete, so that m’ again may decrease a little with 
velocity a/8, approaching m as a/B—>@, 

As this is meant to be a first approach to the prob- 
lem, we shall not attempt to calculate the m’. The geo- 
metrical complexity is very great. Further, we shall 
neglect the variation of m’ with a and velocity. It is to 
be expected that this neglect may not alter our con- 
clusions qualitatively. It is always possible, later, to 
include such finer details. Nor shall we discuss the 
variation (expected rise) of m’ with increasing density 
of the fluid. 

lor every trajectory the atom acts like a free particle 
of effective mass m’. Hence we may take the integral 
over all paths x; for atom i to go a distance a to be 
proportional to 


(m’ / mph") exp(—m’a*/2Bh"). (6) 


The normalization factor has been written as (m’/ 
2h")! for convenience. That it varies as B~! may be 
shown by dimensional analysis [compare Eq. (3) ]. 
Actually a change in this factor will just change the 
partition function by a factor. It will be easiest to dis- 
cuss the normalization of the entire partition function. 

Therefore, we can approximate Q by 


Kgf m' \iX? m’ 
Q=— ( ) E ex - +b (z,—P2,)° 
NIN 2xph* P 2pBh? i 


Xp(%, Z2,°--tnv)d%2,. (7) 


The factor Ag we shall estimate later. The function 
p(%,°°*Zv)=p(z*) represents a density associated 
with each configuration. It is discussed in the next 


© The zero-point energy referred to appears in the integral for 
Q in the following guise. Suppose we restrict the motion of a cer- 
tain atom & so that, for example, it tries to move along close to i 
to take advantage of some extra attractive potential between & 
and i. Then the trajectories of & are restricted, and we lose a great 
deal in the integral over possible paths of k because we are not 
adding contributions from very many paths. We lose “volume in 
path-space.” This will suffice to offset the attraction if, in the 
conventional language, the zero-point motion is sufficiently large. 
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section. This expression (7) for Q may be rewritten, 
using Fourier transforms as 


o= frie) exp[ — (Bh?/2m')S> k]d%k,(2r)*%, (7a) 


where 


F(k*)=Kg(N!)" | & expfi > k,- (2;— Pz,) ] 
P i 
X p(2% )d*z;. 


This form is especially useful near absolute zero, but 
we will not need it in this paper. 

It should be emphasized that the argument which 
leads to the free particle approximation for the motion 
of an atom is of greater generality. The argument re- 
sults simply from a consideration of the limitations to 
the true trajectories which result from the interatomic 
potentials. They therefore apply as well to the non- 
diagonal element of exp(—@/), as to the diagonal ele- 
ment which appears in V. Likewise, they are applicable 
to the true quantum-mechanical kernel, which is the 
nondiagonal element of exp(—iWwH/h). The imaginary 
weights in this case also restrict the atoms not to overlap 
at low energy, etc. 

This principle may have uses in other branches of 
physics, for example, in nuclear physics. Here there is 
the puzzling fact that single nucleons often act like 
independent particles in spite of strong interactions. 
The arguments we have made for helium may apply to 
this case also.® 


THE CONFIGURATIONS OF IMPORTANCE 


Not all configurations zy are to be weighed equally. 
If z, and z; are closer than the distance at which strong 
repulsion sets in (2.6A) the configuration should be 
given very little weight | i.e., p in (7) is nearly zero if 
atoms overlap |. We shall discuss this effect first for the 
case of low temperature (f large). 

Suppose initially in (5) two atoms overlap, say by a 
distance x, and suppose that this results in an extremely 
high (relative to 1/8) potential V. If they move a dis- 
tance x further apart, suppose V goes to 0, and take 
V independent of x for simplicity. During the interval 
u=0 to B, if the atoms remain overlapped for a time r, 
the contribution is the negative exponential of Vr. This 
contribution is extremely small unless 7 is very short 
(if V8>>1 then rj). The most important trajectories 
are then those that release V’ as quickly as possible. 
This can only be done by a high kinetic energy m’x?/2r’. 
Thus the integral of energy has the value m’‘x?/2rh? 
+Vr, which is least if r= (m’x?/2Vh*)!, in which case 
it has the value (2m’V’)!x/h. The contribution varies as 
exp[_— (2m'V)ix/h }. This is just the quantum-mechani- 
cal penetration factor. In p it appears twice, for again 
we must get into the overlapped condition at the end 
of the interval 8. This argument fails if 8 does not exceed 





4 TRANSITION 


2r. In that case a larger penetration results. It is due, 
of course, to the high kinetic energy that such a small 
8 implies. For the large repulsions V at low tempera- 
tures involved fiere this penetration is very small. 

In addition, p would not be quite uniform even if 
there is no overlap of the atoms, and even if they are 
considered as impenetzable spheres. In fact, p would be 
larger if atoms are well spaced than if they are nearly 
adjacent (for large 8). If two atoms are adjacent ini- 
tially, the available paths are limited to those which 
move them apart-- for they must not come to overlap. 
This decreases the effective volume of path space for a 
short time. Actually this effect is offset partly by the 
actual attractive potential which results upon the 
closer approach of the two atoms. Thus p represents 
the effects of short-time adjustments (times) while 
the longer-time effects" are contained in the exponential 
factor in (7) [that is, expression (12) below ]. For large 
8, low 7, p can be taken as nearly temperature inde- 
pendent, and the main temperature dependence comes 
from the other factor (12). This p as 6-0 is the density 
corresponding to the ground-state wave function. For 
approximate purposes we can take it to be simply the 
density function p for a classical gas of impenetrable 
atoms of diameter 6. That is, p=0 if any two z@,’s are 
closer to each other than 6, and is 1 otherwise. This 
neglects the variations with distance due to the quan- 
tum-mechanical effect above of restricted 
path-space volume, and due to the attractive part of 
the potential. 

For high temperatures, the exponential terms in (7), 
representing diffusion, are unimportant, and p should 
approach the classical distribution function. Now the 
attractive forces are weak and unimportant so again 
can be roughly represented by an impenetrable sphere 
model. The radius 6 should be somewhat smaller. We 
shall neglect this variation of 6 with temperature. 


discussed 


To summarize, p is qualitatively similar to the density 
distribution of a classical gas. It changes somewhat 


with temperature. 


PROPERTIES OF THE PARTITION FUNCTION 


A partition function has several formal properties, 
and we may test our approximate expression (7) to 
see how well it satisfies these conditions. Another im- 


important function is the nondiagonal element of 


There is a kind of distortion that takes a long time r to 
release, namely, a general increase in density over a large area. 
lhis restricts the path-space volume for each atom in the area and 
results in a factor e 8” for each particle, where E is the excess 
energy per particle induced by compression. The energy F can 
only be released by moving many particles, distributed over the 
area. These density fluctuations are sound waves. If the wave- 
length of the fluctuation is \=27/A, the time needed to release 
it is r=1/hw=1/hcK, where c is the speed of sound. This exceeds 
8 if X>2rkT /he or X>2w-8A for 2.2°K. (This exceeds the diffu 
sion distance d~3.6A even at 2.2°K, so will not be of concern to 
us near the transition.) Thus (7) is incomplete in that it does not 
correctly describe long wave-sound fluctuations. This matter is 
discussed in a subsequent paper 
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, , 


exp(—8H). That is, Gs(s’, 2) = (2 


: 87m ‘ 
=v exp -f be 
PV trp’ 0 2h? du 


rp 


lexp(—B8H)|z), or 


G3(2'%, 


_— 


+>, Vix,- x) )au [oes (8) 
the integral being taken over all trajectories ‘rp’ such 
that x;(0)=z,, x;(8)=Pz,’. The final configuration z, 
may differ from the initial configuration. Of course, 
O= fGa(2%, 2%)d% 12,. 

For large 8 we have given an argument for behavior 
of the function p(z*), which represented it as the square 
of a function, say ¢(z%). One factor was for leaving an 
unfavorable (say overlappping) configuration. The 
second was for entering it again. At low temperature 
o(z%) is the ground-state wave function. The same 
Gs(z’%, 2%) the approximate 


arguments give for 


expression, 


Gala’, a )=Kg( NYY (2%) o(2%) 
: 


m’ 
> (a,— P2,')? 


xX exp 
2Bh? t 


: m’ \3N/2 
"cage" 
J\ 2nBh? 


Since exp(—,/1) exp(— Bel) = exp — (81+ 82) H J, we 
have the condition of matrix multiplication, namely, 
that 


Gp; +62(2'%, 2%) = feta, a \Gp.(a'®, aX dX 2," 
This requires that (8=8,+ 2) 


kK 8 


m!’ \§NI2 m’ 
2rBh? 


m 3N/2 m’ 3N/2 ; ; 
= Kokon( ( fr [1 > be 
2rB ,h? 2rB.h? P P? 


/ / 

m m 

(Pa, 2,")?— 
28h" . 


exp} > (P’2,"—2,;) 
2B:h? ] 


x[o(2”*) Pd’ 2,” 


Now, in the exponent we can relable i (by permuting 
the names) as P’7, since the sum in on all 7. That is, 
> (P2/—2,"P => (PP’2,— P'2,"). Now cali PP’ 
= P"’, and the sum on all P is equivalent to a sum on all 
P”’. Finally, since z,’ are variables of integration in a 
symmetrical factor [(p(2""%) P=p(2""")=p(P’2""") for 
any P’, the z”’* integral does not depend on P’, and 
dp just gives a factor V1. 

Now the weight function p(z”’’) prevents various 2,” 
from being too close together. If, however, 6; and B» 
are so low that exp(—m’‘d?/28,h*) is fairly close to 1, 
the variations in the exponents due to this restriction 
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is very small. [ That is, in the integrand, p(z’’’) varies 
rapidly while the other factor is smooth. ] Therefore, 
we replace p(z’’’) by an average value and integrate 
over all 2%. The effect of p(z’%) just restricts the 
volume available to the configuration variables. Let us 


call 
Vn . foc )d* z,, 


so that the average value of p is Vy/V%. The integral 
on 2,’ is now easy, and we find 


(10) 


Ka, + 62> Kp,Ke.Vy/V%. 
[ This verifies our choice of the B-! dependence in (6). ] 
This means that Ag must have the form 
Kg= V*Vy—e-8 &o, (11) 
where Ey is a constant. Such a constant means, in Q, 
a constant energy (the energy at absolute zero). We 
will not try to determine this energy. Let us measure 
energies above this as a zero level. Then it can be ig- 
nored, Our final partition function is then (17) with 
Ks= VN Vn. 

For extremely large 8, Y should approach 1 from its 
original definition as >°,e-8"' and the choice Eo=0. 
For such large 8, the sum on permutations ? means 
that Pz; goes successively over every site, while the ex- 
ponential exp[— (m’/28h*)(z;— Pz,)? | varies smoothly. 
It is approximated by writing it as exp[— (m’/2Bh’) 
X (z;—12,')*] and integrating over all 2,’ but dividing 
by the atomic volume V4=V/N for each z,’. However, 
this does not take into account the restriction that all 
the z,’ are on different sites. So an additional V!/.V% is 
needed. Thus the total factor is V!/(VVa4)* or NI/V%. 
The integrals give (278h?/m’)! per degree of freedom, 
so we see that Q0 approaches 


O~ (Kg V%) fo(a%)a%e.=1 


as P+, as required. 

This value of Ag was obtained by an argument in- 
volving large 6. Let us study its behavior for small 
values of 8. For small 8 (high 7) no permutation is im- 
portant in (17) except the identity. For no atoms are 
closer than 6=2.6A, and (m’/2psh*)(z;— Pz,)? would be 
at least b?m’/2Bh?, if Pz;~z,. For small B this results in 
a large negative exponent. Thus Q approaches the value 


O= Kg(N!)71(m’ 2naht)®” f p(a®)d% 


The correct limit, according to the classical theory, 
should be 


QO= NV!" (m/2rph')* foe dN 2;. 


Since m’ approaches m, Ay must approach 1 as 6-0. 
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This means that Ag must be a function of 8 which 
varies from V*/Vy to 1 as 6 varies from large to small 
values. 

An accurate quantitative analysis of this problem 
would require close attention to the variation with 
temperature and density of m’, of K and of 6 (or, more 
completely, of o). 


EXISTENCE OF THE TRANSITION 


We can use this partition function (7) and the ideas 
associated with it to understand many of the properties 
of liquid helium. The behavior of the liquid at very low 
temperature (below 0.5°K) will concern us in the fol- 
lowing paper.® Here we will study the behavior in the 
region of a few degrees and shall show that a transition 
should occur. 

In the qualitative study of such a transition we need 
not concern ourselves with the continuous variations 
in the effective constants m’, Kg, 6. It might be well to 
remark, however, that 2.2°K the expression mx?/2Bh? 
is unity for x=3.4A. This is just the order of the average 
spacing of the atoms. Therefore, we are not going to be 
involved in very long displacements, and it may be that 
m’ does not differ too much from m. 

It is not hard to understand that (17) gives a transi- 
tion. If p were a constant it would be the same as the 
partition function for an ideal gas. The fact that p is 
not perfectly uniform cannot change this much. 

To see in more detail how this transition arises, 
consider the factor 


> p exp — (m’/2Bh*)>- (2;— P2;)*] (12) 


in the partition function (7). 

Each permutation may be divided into cycles. A 
cycle of length s is a chain of permutations, such as 
1 goes to 2, 2 goes to 3, 3 goes to 4, etc. until s—1 goes 


to s and finally s goes to 1. Such a cycle contributes to 
a term in (12) the factor 


exp. — (m’/ 28h") (442? + to3?+---+a.17) J, (13) 
where 2;;=2,—2Z); and 4%, Z, etc., are the positions of 
the particular atoms in the cycle. The total contribu- 
tion from a given permutation is the product of all 
these factors, one from each of its cycles. For a given 
configuration we are to sum such a product over all 
permutations, that is, over all possible ways of laying 
out cycles on the configuration. 

Consider a permutation of a certain “type,”’ that is, 
having a certain number of each kind of cycle. That is, 
P has n, cycles of length 1 (i.e., 7; atoms are not per- 
muted), 2 cycles of length 2, ---, of length s, etc. 
The total number of atoms is .\, so that 


(14) 


"=> sn. 
— 


To these cycles there correspond n, atoms, ”»2 polygons 
of 2 sides, #3 triangles, ---, etc. drawn on the configura- 
tion, and each contributes its factor (13). 
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Next we may sum over all permutations of the same 
type. This means that each polygon will change its 
shape and location (but not its number of sides) as we 
go from one permutation to another in the sum. Eventu- 
ally a given polygon can be considered as taking up all 
possible forms—that is, a polygon of s sides will have 
had every possible set of s atom sites for its vertices." 
As a given polygon changes, of course, the others must 
change too, for no atom may be a member of more 
than one polygon in any given permutation P. This 
presents an enormously complicated mathematical 
problem. 

We shall try to simplify it by an assumption that 
the various geometrical forms that a given polygon 
can take are roughly independent of the shapes of the 
other polygons. That is, we shall assume that the con- 
tribution of a polygon of a given size is the average for 
such a polygon over all possible forms the polygons can 
take without restriction. That is, we assume the average 
factor contributed by a given polygon does not depend on 
what type the other polygons are. This assumption is 
probably not sufficiently accurate to give an exact 
description of the order of the transition. 

We shall actually use, for the contribution of a poly- 
gon, the total effect it would have if it were alone. In 
the various integrations over many polygons, the fact 
that no atom may be used twice actually restricts the 
volume of configuration space. It is Vy [Eq. (10) ]. To 
include this effect we will have an additional factor 
Vw/V%, 

Making these assumptions the total contribution to 
(12) of all permutations of a given type is 


VuV-%C (ty, 2: °*) fi fe™---fa"*- °°, (15) 
where C(m,, 29--+)=N!/[],n,!s" is the total number 
of permutations of a given type, and f, is the contribu- 
tion of a polygon of type s, for a given configuration 
calculated as though it were alone. We may average 
this over the possible configurations also. That is, 


m’ 
f= vf a= (212°+ Zo3?+ + + ++ 2517) 
28h? 


Xp") (41, 22° ++ 2,)d2q-+-dzZ,, (16) 
where p“*)(z;:--+z,) is the chance of finding s atoms 


with their centers at 2), Z, -++Z,. That is, 


p'(a- i -1)= f ola, ts oe pee re “EN )ADs41° ° ‘dty, 


where p(z*) is the configuration density of (7). The 
factor V comes in (16) from the fact that z; can be 
anywhere and has been integrated out. 


' Actually the only contributions (near 2°K) come from poly- 
gons formed from nearly adjacent atoms. The factor (13) is very 
small if any of the sides are very long. The polygons of importance 
may be of any total perimeter (for large s), of course. It is only 
their individual sides which are limited. 
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Next we must sum over all permutation types. That 


is, over all values of 7, ”2,-- + subject to (14). Signifying 
this by >’ and substituting into (7) we find 


O= (KgVy/V)(m’/2eBh?)8? TL (fe"/ng!s™). 


The factor AgVy, V* presumably varies exponentially 
with .V. We could write it as exp(.Va) where a is inde- 
pendent of .V and varies slowly with temperature, 
vanishing as 7—>0. It will make no essential difference 
in our study of the transition (it just adds Vk7Ta to the 
free energy 1) so we will not bother to carry it along. 
The sum is very difficult because of the restriction 
(14). However, we may use the usual methods of steep- 
est descents. We multiply Q by a factor of the form 
exp(uV/kT) (u is the chemical potential) and sum 
over .V. If we then put V=}0,sn,, we can sum on all 
n, without restriction. Further, if the free energy A is 


A=—kT |InQ 


and the sum is written exp(—B/kT), we can deter- 
mine A from 


A=B+pN (18) 


and 


N=—-—0B Ou (19) 


in the usual way. (N is the mean number of atoms.) 
Hence, putting 


x= (m'/2nBh*)' exp(u/kT), (20) 


we can write 


exp(— B/kT)= > 


all n,'s 


a® TT (f."*/n,!s™) 
=[] > (f."x'°"/n,!s") 


as hs 


=|] exp(/.«"/s), 


~B=kTD f.x*/s; (21) 


and (19) gives 


N=D, fx". (22) 


This pair of equations together with (20), (18) deter- 
mines A and thereby all the thermodynamic functions. 
The x is determined from the second Eq. (22), by the 
condition that N equal \, the actual number of atoms. 

To proceed further we shall have to evaluate /,. This 
we do approximately, for the calculation f, from (16) 
is difficult. The distribution p“ does not permit atoms 
to be too close together. This is important for atoms 
adjacent in the polygon, such as 1 and 2. On the other 
hand, it is not of great geometrical importance for links 
much further apart (like 1 and 5). The important poly- 
gons correspond to random walks of s steps from each 
atom to a neighbor, finally returning to the origin. In 
three dimensions the chance, after a few steps, of 
coming back to the origin before the final step is not 
large. In averaging (16) over the polygons, if we include 
self-crossing polygons in the average we may not be 
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far off. There are not many of them so they probably 
do not alter the average very much. This is a second 
assumption. It is similar to the first. To be more ex- 


plicit we shall approximate p“’ in (16) by 


p" (21, Zo, °° ° Ze) pl 412) p(to3)- ++ plan), (23) 


where p(z,2) is the probability per unit atomic volume, 
of finding an atom located at z», if one is known to be 
at 2, (and Z).=%,— 4%). It is a function only of the 
radial distance p(r), r°=4%,,.2, which approaches unity 
as r gets beyond a few times the atomic spacing d 
[ p(22) is proportional to p®)(z,, a2). | 

Thus, approximately, 


f.= vf exp — (m’/2Bh*) (442° + Boy? + + +++ 2417) | 


X p(d12) p(do3)+ ++ p(t )dte:+-daz,. (24) 
This formula is wrong for s=1, for, of course, {y= V. 
For s=2, (24) is not very good, for (24) averages with 
weight p(212) while the correct weight in (16) should 
be p(a.2). Short rings are not important in determining 
the existence nor order of the transition, however. 

The expression (24) is nearly in the form of a con- 
volution and can therefore easily be simplified. If the 
last point of the polygon were not 1 but some other 
location, say 2 [i.e., replace z,; by 2.0 in (24)], the 
expression (+ V) would depend on 2;— 2 or 29. Call 
it g,(ao). Its Fourier transform, J°g,(210) exp(iK- 219) 
Xda, is the s power of the Fourier transform, 


'(K) fev m'2?/ 28h") p(a) exp(iK-2)dz. (25) 


Therefore g,(z)= f° exp(—iK-2z)(((K))dK(21)-*, and 
since f,=g,(0), we find 


VPP (K)ydKQr)*. (26) 


This is not true for s=1. For s=1 the true f; is V, 
while this gives fp= VS T(K)dK(2x)4=Vp(0) from 
(25). This p(0) should be practically 0, but for gen- 
erality we retain it. Substitution of this into (21) we 
get (fi=V) 


B=kTV> foray akan) 34+-kT Vx, 
or he 
~ Bs rv f In(1—a«I'(K))dK(27)-4 
tRTV[A— p(O) Jx; 
and, similarly, 


(28) 


v= fi vP'(K) | 'dK(2r) #+[1— pO) Je. 


To study the transition more closely, we study the 
effects of the longer cycles. We need f, for very large s. 
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Since '(K) in (25) falls as K rises and is maximum for 
K=0, we expand InI’(K) in powers of K? and carry 
only the first two terms in the form 


Inl’(K)~Iné— }w*K?. (29) 


Here 


6 few -m'r?/ 28h") p(r)4rr'dr, (30) 


1 
w= fr exp(—m’r? /2B8h*) p(n)4ar'dr. 
3 


Then for large s, asymptotically, 
f.~ vorf exp(— I sw? 2\dK (27) 3= VA6*/s!, (32) 


with A= (2rw’)~!. If we use this asymptotic form for all 
s>1, we make errors for the first few terms. But the 
transition occurs because of the character of the con- 
vergence of the series for large s. Therefore the pre- 
dicted character of the transition may be found by 
studying the sums (21), (22) with the asymptotic form 
(32) for f,. For example, the N/V sum is [putting 
p(0)=0)} 

N/V =A ¥ (6x)*/s!+ (1—Ad)x, (33) 

s=l 


and the expression for B is 


-B=kTV[A¥ (6x)*/s524 (1— 


| 


Aé)x ]. (34) 
The same situation exists here as for the ideal gas case. 
The sum in (33) cannot exceed 2.612 (for x= 1/6) and 
2.612A4+ (1—A6)/6 may be less than the actual V/V 
desired. This will not occur for high temperature (6 
small), but on lowering T the difficulty suddenly sets in. 

What one must do, as is well known,‘ is to note that 
the dK integral in (32) is really a sum over the values 
of K which fit in the box of volume V’. The lowest state 
(K=0, using running waves) is distant dK= (27)*/V 
from the next. It suffices to sum on this one and in- 
tegrate the others. Thus we should add a factor 
1+ (27)*V—'5(K) to the integrand of (32)," so that the 
sum is more closely 


fa= VA6's-!+8:, (32a) 


and (33) becomes 


N/V=A > (6x)*s- 34+ (1—Ad)x+-V-(1—6x)-. (33a) 


vel 
Now 6x can become very nearly 1, to order 1/V (e.g., 
put 6vx=1—1/gV) and the sum in this region is N/V 
= 2.612A+(1—A6)5-'+-g which can be satisfied for 
proper choice of g. For higher temperatures (smaller 6) 
we can use the original expansion (33). This change in 
'S The validity of this procedure has sometimes been ques- 


tioned. A method of arriving at the result (32’) which avoids the 
use of this procedure is given in the Appendix. 
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behavior for the two regions of 7 retlects in B (34) 
as a phase transition. This shows the existence of the 
transition. As temperature falls 6 in (30) rises without 
limit. Since p(r)~1 for large r, as 8 rises 6 eventually 
behaves as (2xB8h?/m’)!. Likewise, eventually w® be- 
comes Sh?/m', so that A=(2mrw*)~! approaches 6. 
Therefore 2.612A+(1—A6)5~' tends toward zero (as 
7!) and must eventually fall below V/V. Actually by 
putting in very reasonable values for the parameters, 
it is easy to obtain a transition at about the right place. 
If we do not use the asymptotic form (29) for T, 
nothing is fundamentally changed. In (28) the integral 
on K should have its factor 1+ (27)'V~'6(KK) as ex- 
plained, and the equation to determine x becomes 
(calling ['(O) =6) 
N, v= fu- al’ (K) | dK (27)4+[1— p(0) Jx 
+V—"(1—6x)“. (36) 


Above the transition the last term is not required. 
Below, 6x=1—1/gV and N/V=/[1—6'1'(K) } "dK 
X (27) *+[1— p(0) J6-'+g¢, with analogous expressions 
for Bb, 


RELATION TO EXPERIMENT 


It would not be worth while to substitute numbers in 
these expressions as too many small approximations 


have been made. In addition, it is difficult to estimate 
m’. The function p(r) might be calculated roughly for 
the smaller r by using the corresponding function re- 
quired for the quantum-mechanical second virial co- 
efficient. This assumed that any two colliding atoms 
are independent of the others. Alternatively, p(r) could 
be taken experimentally from x-ray or neutron scatter- 
ing data. 

On the other hand, the formulas (27), (28) have even 
qualitative faults when compared to experiment. They 
predict that helium, like the ideal Bose gas, would 
show a third-order transition (specific heat continuous 
but discontinuous slope). The experimental data' do 
not agree (apparently the specific heat is discontinu- 
ous). This disagreement probably stems from the 
neglected geometrical correlations among the rings." 

In order to study this in greater detail, it was thought 
that a careful study of the situation at extremely low 
temperature would be of value. The character of the 
transition must depend on an accurate description of 
the phase into which the liquid changes as it cools past 
the point. This phase is represented in an extreme 
form near absolute zero. In this region Eqs. (27), (28) 
fail very badly. They predict a specific heat varying 
as T} while experimentally it varies as 7°. In the follow- 
ing paper® we shall see that this discrepancy is a result 


4 Assumptions about the temperature variation of the pa 
rameters m, p(r), Ag cannot alter the order of the predicted 
transition. The effect of modifying (7) in the manner indicated 
in footnote 11 is discussed in the paper to follow. The change, if 
anything, is in the wrong direction. 
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of the error produced by the geometrical approxima- 
tions made in passing from (7) to (27), (28). The ap- 
proximations here permit much larger fluctuations in 
density than is available to the true liquid, and this 
qualitatively alters the behavior of the specific heat at 
low temperature. 

The experimental specific heat curve shows! a slight 
rise in the He I region as the X point is approached from 
above. This is also a property of our expression (34). 
In this region only a few chains are starting to form. 
The restriction that no atom may be in more than one 
chain is not yet of importance. Therefore, in this region 
our geometrical approximations should be valid. The 
very least we can say, then, is that the rapid rise in 
specific heat of He I with falling temperature is com- 
pletely explained. 


SUMMARY 


Starting with an exact quantum-mechanical parti- 
tion function, we have derived an approximate expres- 
sion [ Eq. (7) ] which should be qualitatively accurate. 
It has been shown to be in agreement with experiment 
in predicting a transition which depends in an essen- 
tial manner on the statistics. 

Further mathematical approximations have not been 
accurate enough to show whether (7) will correctly 
predict the order of the transition and the temperature 
dependence of the specific heat near absolute zero. 
They do suffice at high temperatures to show the rise 
in specific heat of He I as the transition is approached. 

It is proposed that a more careful analysis of (7) 
would show more complete agreement with the experi- 
mental facts.' In the next paper® the situation near 
absolute zero is studied in detail, and it is found that 
(7) (corrected for the effect mentioned in footnote 11) 
very likely does predict the correct behavior in this 
region. 

The physical idea which plays a central role is that 
in a quantum-mechanical Bose liquid the atoms behave 
in some respects like free particles. 

The author appreciates conversations with Edward 
Kerner and with M. Kac, asa result of which he became 
interested in the problem. He also is grateful for dis- 
cussions with E. Wigner, H. Bethe, and R. F. Christy. 


APPENDIX 


We give here another derivation of the approximate 
partition function (33a), (34). It has the advantage of 
showing more clearly the origin of the transition. We 
will treat it in a very approximate manner as we have 
already given more complete formulas. (It is the first 
derivation that the author made.) 

Near the transition only permutations involving 
shifts of each atom to the position of its neighbor, at 
some mean distance d, are important. The exponential 
factor from such a shift is y=exp(—m’d?/2gh’). 

Each permutation can be broken into cycles. We now 
only count those cycles for which all atoms are adjacent, 
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forming a closed chain or ring. If a ring contains s 
atoms, its contribution is y’. If we have m2 rings of 2 
atoms, ”; of 3 atoms, etc., the contribution is y?"*t8"s+---, 
The part of the partition function which determines 
the transition is then 


g= >, G(nzo, ns, (1-A) 


ee + )y* n2ane 
where G(mo, M3, «-+) is the number of ways we can lay 
out polygons, m2 of 2 sides, m3 triangles, etc., on the 
configuration—the sides of the polygons consisting of 
lines joining nearest neighbors (length d). The sum is 
restricted for the number of single atoms n,;=N 
—)>°,.25", must not be negative. 

Here again we shall make the error of neglecting the 
geometrical interference of polygons due to the re- 
striction that each atom be a vertex of only one polygon. 
We shall include the competition among the polygons 
for the total number of available atoms by saying that 
there is an average probability / that any site is un- 
occupied. This ¢ will later be determined so that the 
average number of atoms occupied is N=.V. (This can 
be done in detail by steepest descents, but it amounts 
to the same thing.) Therefore, instead of g we calculate 
t%q and call it exp(—B/kT). 

The polygons can now be considered as independent. 
If R, is the total number of s gons that can be drawn 
on the configuration, each s gon can be chosen in R, 
ways, and all ”, of them in R,"*/n,! ways. The 7, single 
atoms can be chosen in .V"'/n,! ways. Thus 


exp(—B/kT)= & 


ni ne 


=exp[ Vt+->> R,(ty)*], 


[] Ro" (n,!)-ytte™t tN" (my!) 


(2-A) 


B=kT(Nt+>d R,(ty)*]. 


The average number of atoms WN used in sites is ((dq/ 
al)y', so we have 


N=Nt+Dd sR, (ty)*. (3-A) 
a? 

Now we calculate R,. We call 4, the total number of 
ways that we can, starting at an atom and making suc- 
cessive steps to adjacent atoms, return after exactly s 
steps. This forms a closed s gon. We may start at any 
of the V atoms. The total V/, measure the total number 
of s gons, but counts each s times (for you could start 
at any of the s atoms as the “‘first”). Hence we have, 
R,=Nh,/s, and 


—B=kTN[t+>¥ h,(ty)*/s], (4-A) 
where / is a parameter determined from N=N, in 
(3-A), or 


1=/+)> h,(ty)'. (5-A) 
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We shall bother to determine the form of /, for large 
s only. In the random walk, each step is length d, and 
may be made to any of the adjacent atoms, which we 
shall say are / ir. number, on the average. Each step 
can be made in / ways, the entire s steps in /* ways. 
There are /* walks in total but only a certain number 
return to te origin. As is well known, the probability 
of being at a given point, per unit volume, radius r from 
the starting point is 


(2md*s/3)~} exp(—3r?/2sd?) = As} exp(—r?/2sw*), 


putting w?=d?/3 and A= (2mw*)-}. The chance we are 
back at the original atom (that is, within a space of 
one atomic volume V,=V/N near the origin) is 
V4As~!, so that 


| V ,As i]s, 


The reason for the dependence on the s~? is easy to see. 
After s steps we have wandered out to a mean radius 
of order s', or over a volume s}. Hence, the chance that 
in this volume we are back at the original atom varies 
as s-!. This is correct except for enormous chains 
sSN4, which are long enough to wander all over the 
liquid. Then the available volume no longer increases. 
The chance that one is back at the original atom instead 
of one of the other roughly equally likely atoms is 1/V. 
For such large s, then, #,=/*/\. The formula, 


h,=(Vads+1/N)I, (6-A) 


takes care of both cases, because for small s the first 
term dominates, and for large s the second takes over, 
as it should.'® Substitution into (3-A) gives 


1=/4+V4A Dd (lyt)*s+N-(1—lyt). (7-A) 


This may be compared to (33a). To do so, note that 
our interpretation of 3w* as the mean square length of 
a step agrees with (31). Further ly is the number of 
atoms available per step, /, multiplied by the weight 
y=exp(—m'd?/2Bh*). In the more general case it be- 
comes 6/V'4 as an inspection of (30), the expression for 
6, shows. Finally, the parameter / can as well be called 
Vax, and Eq. (7-A) is seen to be identical to (33a) 
(times V,). Likewise, substitution of (6-A) into (4-A) 
gives the corresponding equation (34) for B. 

This derivation throws some light on the mathe- 


‘6 According to (6-A) the chance to return is higher than for an 
infinite medium. It might be objected that there should be fewer 
paths available when there are a finite number of atoms in an 
enclosed space. What we have done corresponds to working with 
a periodic boundary condition, and the excess arises from the 
chance to return to one of the images of the origin, instead of to 
the origin itself. With the more physical boundary condition 
that paths cannot cross the liquid surface—the total number of 
paths for high s is not /*, but is reduced. It becomes eventually 
peaportiona: tad “tT, where eis a very small number of order 
N~'. It makes no essential difference in the result. In the mo- 
mentum representation of the text it corresponds to taking the 
lowest state to have a wavelength controlled by the size of the 
box. I am indebted to Herman Kahn for pointing out this possible 
objection to (6-A) 
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that (1—A), and its more complete expression (17), will 
show a transition from this cause. But the order of the 
transition need not be the same as that of the approxi- 
mate evaluations we have made. They neglect the geo- 
metrical correlations. For example, if a large chain of 
K atoms is already formed, are the remaining V—K 
atoms more (or perhaps less) likely to be contiguous 
and therefore more easily able to make other chains, 
than if these .\.— A atoms were chosen at random from 
among the .V? Our assumption in deriving (5-A) was 
that it was equally likely either way. 


matical ‘‘cause” of the transition. As 7 falls y rises, 
until the enormous number of possible orientations of a 
very long ring more than compensates for the small 
contribution of each (y'<1, for / large). 

There is no doubt of the geometrical fact of large 
numbers of orientations for long rings, even if these 
rings may never use the same a.om twice (Le., cannot 
cross themselves).'® Therefore there can be no doubt 


'6 For example, the number of ways in which a single polygon 
which does not cross itself can still be oriented in an infinite 
medium =constant X/*s 3, but the value of / is reduced. 
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The properties of liquid helium at very low temperatures (below 0.5°K) are discussed from the atomic 
point of view. It is argued that the lowest states are compressional waves (phonons). Long-range motions 
which leave density unaltered (stirrings) are impossible for Bose statistics since they simply permute the 
atoms. Motions on an atomic scale are possible, but require a minimum energy of excitation. Therefore 
at low temperature the specific heat varies as 7% and the flow resistance of the fluid is small. The arguments 


are entirely qualitative 


no calculation of the energy of excitation nor of the low-temperature viscosity 


is given. In an appendix an expression, previously given, for the partition function is modified to include 


the effects of phonons. 


INTRODUCTION 


ISZA' has suggested the very fruitful concept 
that He II might be thought of as a mixture of 
two fluids, “‘supertluid” and ‘‘normal.”’ At zero temper- 
ature the helium is pure superfluid. With rising temper- 
ature some sort of “excited molecules” form. These 
constitute the ‘normal fluid” which behaves very much 
like a gas. The proportion of normal fluid increases at 
first slowly, and then rapidly, with temperature until 
at the transition temperature of 2.19°K (A point) the 
liquid, now He I, contains no more superfluid. 
Landau? has made even more detailed suggestions. 
He suggests that there are two kinds of ‘excited 
molecules,” phonons or quanta of longitudinal com- 
pressional waves (sound) and “rotons.” The latter are 
not well understood. It is suggested that they have a 
minimum energy A needed to excite them. For this 
reason below 0.5°K there are practically only phonons. 
The rotons can become excited when more energy is 
available; i.e., at higher temperature. This idea is in 
agreement with the fact that below 0.5°K the specific 
heat varies as 7* in just the manner (and with the 
correct coefficient) to be expected if only longitudinal 
sound waves could be excited. 


An excellent summary of 


'L.. Tisza, Phys. Rev. 72, 838 (1947) 
BK. Dingle, Supple 


the theories of helium II is to be found in R 
ment to Phil. Mag. I, 112 (1952). 
2... Landau, J. Phys. U.S.S.R. 5, 71 (1941) 


Tisza’s view is frankly phenomenological. No serious 
attempt is made to justify the description from first 
principles. Landau has made such an attempt by 
studying the quantum mechanics of a continuous liquid 
medium. The role of the statistics is not clear in his 
arguments, however. Furthermore, the magnitudes of 
energy and inertia that the “rotons” appear to have 
correspond to a few atoms. A complete understanding 
of the “roton” state can therefore only be achieved by 
way of an atomic viewpoint. 

A more complete study of liquid helium from first 
principles might attempt to answer at least three 
important questions: 

(a) Why does the liquid make a transition between 
two forms, He I and He II? 

(b) Why are there no states of very low energy, 
other than phonons, which can be excited in helium II 
(i.e., below 0.5°K)? 

(c) What is the nature of the excitations which 
constitute the ‘normal fluid component” at higher 
temperatures, say from 1 to 2.2°K? 

The first question was answered in a_ preceding 
paper.’ We showed that London’s suggestion, that it is 
the analog of the transition in an ideal Bose gas, is 
correct. 

In this note we hope to make a qualitative argument 
from first principles to answer the second question. 


+R. P. Feynman, Phys. Rev. 91, 1291 (1953), hereafter called I 
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(We have not yet found the answer to the third.*) It is 


to be understood, therefore, that we are aiming here 
to explain the properties of the liquid only at extremely 
low temperatures. 

We take, as a model, helium atoms obeying the 
Schrédinger equation and the symmetrical Einstein- 
Bose statistics with forces between pairs similar to that 
worked out by Slater and Kirkwood,‘ an attraction at 
large distances and a strong repulsion at small.’ (It is 
sufficient for qualitative purposes, if one wishes, to 
imagine impenetrable spheres of radius about 2.7A 
packed into a space so the mean spacing (cube root of 
atomic volume) is about 3.6A 

At absolute zero the system is in the ground state. 
Why this is not a solid has been explained by London.® 
The large zero-point motions of the atoms are capable 
of “melting” any ordered crystalline arrangement that 
may be temporarily set up. We begin by describing 
the wave function for this ground state. 


DESCRIPTION OF THE GROUND-STATE WAVE 
FUNCTION 


Wave functions can be described qualitatively in 
words by giving the amplitude for every configuration 
of the atoms. The ground state has a positive amplitude 
for any configuration since the lowest state has no 
nodes. The amplitude is negligible if any two atoms 
are so close together that they overlap that is, that a 
large negative potential has set in. Thus for any atom 
surrounded by neighbors, considered for a moment 
fixed, the amplitude falls to zero when the atom moves 
over to touch any of the neighbors and is probably 
bound in such a way that it is maximum when the 
atom is near the center of its “cage.” (This curvature 
makes a strong kinetic energy tending to blow apart 
the cage, an energy effect canceled by the long-range 
attraction of the atoms.) Compressing the atom into a 
smaller cage requires more kinetic energy, and expan- 
sion works against the attractive potential so there is 
some mean density of equilibrium. Fluctuations away 
from that mean density are of amplitude distributed 
in a Gaussian manner. For wavelengths exceeding the 


atomic spacing they are analogous to zero-point fluctu- 
ations of the vacuum electromagnetic field (but are 


wholly longitudinal, scalar waves, of course). 

There are a large number of configurations with 
densities near the most likely density, in all of which 
the atoms tend to keep separate from one another. 
They differ from one another mainly in the location of 
the atoms. The various configurations differ only in 
that one may be “stirred” into another with a little 
reshuffling or stirring of the atoms. We may take it 


* Note added in proof:~This problem has now been solved. Its 


solution will appear in a forthcoming publication 

#J.C. Slater and J. G. Kirkwood, Phys. Rev. 37, 682 (1931) 

6 For a detailed account of the properties of helium see W. H 
Keeson, Helium (Elsevier Publishing Company, Inc., Amsterdam, 
1942). 

6}, London, Nature M41, 643 (1938). 
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that all configurations which have nearly the same 
type of density fluctuations and which can be essentially 
just stirred from one to another have the same ampli- 
tude in the ground state. 


THE CHARACTER OF LOW-ENERGY STATES 
We must next determine the character of the low- 
energy states near the ground state. We aim to show 
that the only states which differ from the ground state 
by an infinitesimal energy are the phonons. 

Iirst we can take it that the lowest states are those 
involving large numbers of atoms or large distances. 
Consider, for example, a tiny region of the liquid, say 
a cube 3 or 4 atomic spacings on a side. If the atoms 
in this region are confined in this region (so we have a 
submicroscopic sample of liquid He) the excitations 
above the ground state will all involve one node some- 
where among the configurations and hence a wave- 
length of order of a. This must mean an excess kinetic 
energy of the order h?/a’m, or at least of order h®, .Va’m, 
where .V is the number of atoms and m is the mass of 


each leaving an appreciable gap from the ground state. 


This argument fails if in the ground state there are two (or 
more) regions of configuration space in both of which the ampli 
tude is large and which are completely separated by a region of 
very small amplitude. (Analogous to a particle in a potential 
with two weils separated by a barrier.) If the nodal surface is 
passed through the region of small amplitude (the barrier) very 
little change in energy results. But we have seen that the states 
of large amplitude are just all those in which the atoms are 
reasonably well separated. We can assume that we can get 
from one to any other without crossing any high potential barrier 
We suppose all possible rearrangements may be achieved without 
the atoms coming too close That this is 
reasonable can be seen by comparing the size of the atoms to 
at some point they are locally 


togethe rat any time 


their spacing. For example, if 
roughly on a cubic close-packed lattice, the nearest neighbors are 
4.0A apart (corresponding to the observed atomic volume® of 
45A3). The diameter of the atoms is 2.7A, the radius at which 
Slater and Kirkwood’s potential passes from minus to plus. The 
cube edge of the lattice is 5.6A, so a face-centered atom could 
even pass between those at the corners of the cube! Clearly, if 
they are allowed to vary their mutual distances a little, all kinds 
of rearrangements can be made. It is likely that the condition 
that there be no effective barrier between configurations is 
equivalent to the condition that the He IT is liquid in the lowest 
state. We assume it valid for He Il 


If we are to find extremely low-energy states we must 
therefore look to excitations involving large groups of 
atoms or long wavelengths. One possibility is in the 
compression waves. Suppose the atoms are compressed 
to a small excess density over a large volume and a 
rarefaction left adjacently. The only way this fluctu- 
ation could even out is for a considerable number of 
atoms to move, each a little bit. This involves, effec- 
tively, the motion of a large mass and can have low 
kinetic energy. There is, therefore, little doubt that 
such compressional waves represent a true mode of 
excitation in the helium, and a mode of very low energy. 
If the speed of sound is called ¢ and the wave number 


of the waves A, the frequency w=cA and quantum 
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energy ficK can be as small as desired. Thus there is 
no reason why we should not expect the specific heat, 
varying as 7°, from these modes.’ 

We have assumed that the way to release a density 
fluctuation in a given time which requires the least 
kinetic energy is to move many atoms a short distance. 
If only a fraction f of the atoms move, the velocity 
required is 1/f times higher. This means a higher kinetic 
energy if the kinetic energy varies as the velocity 
squared. 

There are cases, however, in which the kinetic energy 
does not vary in this way. In a degenerate Fermi gas a 
single atom excited by a small excess momentum p 
above the Fermi surface of momentum fp» has an energy 
((pot+ p)?— po*) 2m or (po m)p. This linear dependence 
of energy on momentum means that the group velocity 
of such waves is energy independent. It is po/m. The 
speed of sound calculated from the compressibility and 
density of the ideal gas is 3°-'po m. The single atoms 
will run ahead of the sound. Fluctuations are reduced 
by a process more like diffusion than sound. The specific 
heat near 7=0 varies as 7 instead of 7* because the 
density of states for exciting single atoms exceeds that 
for sound. As we shall see, for Bose helium there are 
no states, except phonons, whose energy approaches 
zero as their momentum approaches zero. The sound 
has no competitor capable of discharging pressure.* 


LOW-ENERGY STATES DISREGARDING STATISTICS 


The Bose statistics play an essential part in the 
discussion of other possible states of very low-excitation 
energy. To make this role clear by contrast, we shall 
first analyze the situation, disregarding the statistics. 
More precisely we consider in this section an imaginary 
quantum liquid made of atoms which are, in principle, 
distinguishable (‘‘Bolzman”’ statistics). The ground 
state for Bolzman statistics is the same as for Bose 
statistics, since the lowest state is, in either case, 
symmetrical. 

We must try to find modes of excitation involving 
long wavelengths which do not involve changes in 
mean density. The density fluctuation modes have 
already been considered. To simplify the argument 
consider first the following crude model. We consider a 
set of cells, each of which contains one atom. Each 
atom is free to wander in its cell and may occupy 
therefore some ground-state wave function, say constant 
amplitude in the cell. We are to consider states which 
can be made solely by rearranging the atoms among the 
cells. No two atoms may go into the same cell, for that 
corresponds to a density fluctuation, and we do not 
wish to consider those. 

7 The partition function discussed previously (reference 3) is 
extended to include a description of the phonons in the Appendix 
to this paper. 

§ For an ideal Bose gas, as 7-0), the sound velocity approaches 
zero, so that the expected 7* specific heat does not appear. It is 
replaced by 74. Density fluctuations are much more restricted 
in liquid helium than they are in the ideal gas. This is the origin 
of many differences in behavior for the two cases 
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In the ground state, the amplitude is the same for 
any rearrangement of the atoms among the cells. The 
lowest states can now be analyzed as follows. We 
neglect the statistics, that is, we assume Boltzmann 
statistics to apply. We can describe a wave function 
which corresponds to a very low excitation as follows: 
Pick out a certain atom, A, say. Put it in a given cell. 
Then all rearrangements of the other atoms among the 
other cells can be taken to have the same amplitude. 
If atom A is in a different cell, the amplitude may be 
different, but again independent of the arrangement of 
the other atoms. We thus can specify this wave function 
by giving just the amplitude for various positions of 
atom A. The function is independent of the position 
of the others. We may take this as exp(?A-R4), where 
Rx is the position of the center of the cell in which 
atom 1 is. We may, with enough accuracy, let Ra be 
just the position of atom A. The A can be a long wave 
fitting into the volume V' in which the helium is con- 
tained. The energy of this state is h°A*/ 2m’ where m’ 
is the effective mass needed to move atom A. This 
energy can be very small, for A can be small. 

This effective mass is not far from the mass of one helium atom. 
It is discussed in a previous paper.* We summarize the argument 
here. To push a single atom along, we need not go over any 
potential barriers. The other atoms may move out of the way. 
No matter where atom A is located the other atoms can arrange 
themselves into a state of minimum energy and this minimum 
energy is independent of the location of atom A. However, as 
A moves, the others must readjust themselves into the state of 
minimum energy for the new position of A. That is, in addition 
to the kinetic energy of A there is a kinetic energy of the other 
atoms which must move away to make room for A. 


Thus there would be low-lying states, of energy 
hk?/2m’. The number of such states would be very 
large, for the wave function could depend in similar 
ways on the coordinates of other atoms also. [For 
example, we could choose two atoms A, B and have 
the wave function vary with their location as 
exp(1K,:R,4) exp(iK.:Ry) and be otherwise independ- 
ent of the distribution of the others in the cells, etc. | 
The large density of low-lying states would result in a 
large specific heat near absolute zero. 


LOW STATES WITH SYMMETRICAL STATISTICS 


However, if the atoms obey Bose statistics none of 
these states can exist. For in our model, whether atom 
A is at one location or another is merely an interchange 
of which atom is which. This cannot change the wave 
function. In fact, for the model of one atom in a cell 
no excited state at all can exist for Bose particles 
without excitation of the atom within the cell. 

For the real liquid a similar situation holds 
from the phonons, there can be no low-lying state. The 
wave function must have the property that any change, 
that just means an interchange among the atoms, must 
not alter the wave function. The excited state must 
be orthogonal to the ground state, of course. Starting 
at any configuration and supposing the amplitude is 


aside 
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the same as for the ground state, we must find a new 
configuration that represents a kind of stirring of the 
old configuration (to omit phonon states) such that the 
amplitude is now reversed in sign. It is clear that every 
configuration is close to the original one, albeit with 
some atoms interchanged. So it is hard to find a con- 
figuration to give the minus amplitude which is suffici- 
ently far (in configuration space) from the original 
positive amplitude configuration to have a slow rate of 
decay and thus a low energy. 


There are some possibilities of this kind which might at first 
sight seem allowable. Consider among the atoms a set of adjacent 
ones forming a large ring. Suppose / atoms are in the ring and 
let us imagine the wave function is such that, if all move together 
half an atomic spacing a, the phase changes by x, so when they 
turn about another a/2 the phase changes by 27, as required by 
the Bose statistics. (For a shift of a just changes each atom for 
the one behind.) The mass moving is m’‘l, and the momentum is 
h/a (for the wavelength is a) so that the energy is 4(m‘l)~'(h/a)? 
This may be made low by choosing / very large. (If it were not 
for the Bose statistics we could have taken the wavelength to 
be la and the energy would be even lower, varying as 1/15.) 

The argument for calculating this energy is incorrect, however 
By assuming that all the atoms must move together, degrees of 
freedom (in which parts of the ring turn by themselves) have been 
restricted, This tacitly adds a considerable energy by the uncer 
tainty principle. 

To understand better the failure of the argument, consider by 
the same reasoning the case that one had two equal rings parallel 
to each other. We may argue as before that now the entire mass 
2m'l moves together with momentum A/a and thus expect an 
energy 4(2m'‘l) ‘(h/a)? for the energy of the lowest state. But 
this is certainly wrong, for if we consider the rings as independent, 
the lowest state but one is surely that one for which one of the 
rings is excited and the other not (momentum QO), an energy 
4(m'l) '(h/a)*, larger than our previous lowest estimate! The 
error for the first figure of $(2m‘l) '(h/a)? consisted in this. In 
describing the wave function, the possibility that the two rings 
could turn independently was omitted. To force the rings to 
move together would be to force the difference between their 
displacements to be fixed at zero. Thus the momentum conjugate 
to this difference coordinate would be very high, and the energy 
associated with this coordinate very large. Thus the system does 
not have just the energy estimated but, in fact, a very much 
higher one. We have not completely specified the wave function. 
We have not said what the amplitude is to be for configurations 
in which only one of the rings moves, 

In an analogous way, the estimate of energy for the single ring, 
4(m’l) '(h/a)?, is incorrect. We have specified the amplitude for 
the case that all of the atoms are simultaneously in the mid 
positions. What is to be the amplitude if only a few move to 
mid positions? (This may be accomplished without doing violence 
to the potentials by using the atoms adjacent to the ring and by 
turning on smaller rings of 4 or 5 atoms.) If the motion (all to § 
position) can be made up of smaller parts moving in concert, and 
if these smaller parts could also have moved independently, the 
energy cannot be lower than that corresponding to just one of 


independent parts being excited. 


Since we may well imagine that any motion of the 
atoms could be made up of combinations of motions of 
small groups (say 3 or 4 revolving about each other) 
the lowest energy is the excitation of one of these small 
groups. These we can identify with Tisza’s excited 
molecules or Landau’s rotons (but see next paragraph). 
Any such small ring of r atoms must, of course, have 
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its first state of excitation of angular momentum rh (or 
p=h/a) because of the statistics. Landau’s arguments” 
that such angular momentum must have an excitation 
energy was made in a way that does not involve the 
statistics of the atoms. It is possibly equivalent to our 
argument that large rings need not be considered if 
their motion is analyzable in smaller parts. The central 
importance of the statistics would not seem to be here, 
but rather in the previous argument which shows that 
no states corresponding to the slow linear motion of a 
single atom are permitted. 

It is not obvious whether the lowest excited state, 
excluding the phonons, is actually a small ring of atoms 
turning. The arguments do not exclude the possibility 
that these are all higher than another type of mode; 
namely, the rapid motion of a single atom. In our cell 
model a state which depends on atom A as expiK-R4 
with Ka= 2r is, of course, possible. Another possibility 
is the analog of the excitation of a single atom in a 
cell. (This may be the same as the single atom motion.) 
All of these states differ from the ground state by a 
finite energy. But which is lowest is hard to determine. 

Any such excitation can, of course, move through the 
uid. (In fact, the lowest state is that in which it has 
equal amplitude of being anywhere in the fluid.) That 
is, the wave function could vary as exp(iAK-R), where R 
is the location of the center of excitation. Then the 
energy of these excitations might have the form, 
suggested by Landau,’ 4+ A®,2u, where A is the energy 
needed to excite the ring or other excitation, and « is 
a sort of effective mass. 

Our primary purpose was to show that no states 
close to the ground state exist, exclusive of the phonons. 
We are not yet able to calculate the energy, nor to give 
a clear picture of the other modes of excitation, 


DESCRIPTION OF SOME PROPERTIES OF THE LIQUID 


In concluding that only phonons exist at low temper- 
ature, we concur with the opinion of the phenomeno- 
logical theories. Therefore, a description of how some 
of the properties of helium arise, according to this 
model, will repeat much that has already been pointed 
out by others.'? We limit ourselves, therefore, to a 
very brief summary from a kinetic theory point of view. 

First, consider the motion of an object, such as a 
small sphere through the liquid. If the object is sta- 
tionary at a fixed position R, the liquid may get into a 
certain state which, omitting phonons for a moment, 
is like the ground state (except that now part of the 
space occupied by the object is not available to the 
helium). Let the wave function of the helium be Wp. 
It is a function of all the helium atoms and depends, 
say parametrically, on R. If R is changed, y is also, 
but the energy of the fluid is not changed. For, re- 
arranging the fluid to a new shape at the same density 
does not alter the energy. Now if we alter the R from 
R, to Rs nearby, we will only need to add a little 
kinetic energy to push the helium atoms out of the 
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way. The overlap of Yr; and WR2 will be nearly perfect 

(except near the surface of the object which is a 

different volume of space in the two cases, R= R, and 

R=R,). The object can move therefore with an energy 

equal to just the kinetic energy of itself and the liquid 

which flows around it. The fluid will move so that the 

curl of the velocity is zero, because circulation corre- 

sponds to permutation of atoms, and the Bose statistics 

will not permit such motions, as we have seen.’ 

What will be the losses of energy suffered by such an 
object? If it loses energy it can do so only by exciting 
the helium. First, can it excite the molecular excita- 
tions? These take a certain energy J to excite, but a 
massive object even moving very slowly may have 
sufficient energy. On the other hand, for such an object 
to change energy by A its momentum must change by 
an enormous amount. To create an excitation of very 
high momentum may take much more energy than A. 
As Landau has shown,’ if the energy to excite a roton 
of momentum fp is taken to be of the form A+ p*/2u, 
the laws of conservation of energy and momentum 
show that slowly moving objects [velocity less than 
(2uA)!] can produce no excitations. Likewise, objects 
moving at velocities below that of sound cannot lose 
energy by creating phonons. Therefore, at absolute 
zero and for not too high velocity, a moving object 
will suffer no viscous drag. 

At temperatures, there however, some 


low are, 


phonons already existing in the liquid. They can scatter 


off of the object (changing their energy by the Doppler 
effect) and in this way the object can lose a little energy. 
A phonon of energy fw carries momentum hw/c and 
behaves very much like a particle of mass hw/c? moving 
at velocity c. The phonons act in most respects like a 
gas of such particles, and the resistance suffered by our 
object is just like the viscosity that would be suffered 
by an object moving through such a gas. 

The actual calculation of this energy loss means a 
calculation of the viscous drag of such a gas. This 
requires a knowledge of the mean free path for collision 
among the phonons. The phonons scatter from one 
another because the medium is not linear. The speed of 
sound depends a little on the density. Therefore speak- 
ing classically, if a wave is present, another wave 
impinging finds the index of refraction varying sinus- 


®For a liquid contained in a simply connected region, the 
circulation vanishes everywhere if it vanishes locally. But in a 
region of connectivity like the inside of a torus, although the 
curl is everywhere zero, the circulation around the ring may not 
be zero. Such a circulation cannot be compounded of smaller 
independent units. Therefore, it should be possible to demonstrate 
circulatory motions in such a vessel which will maintain them 
selves for a long time. Circulation may be created by rotating the 
vessel containing He I and cooling to the temperature desired 
below the A point. Stopping the rotating vessel should leave the 
interior liquid with a nearly permanent angular momentum, 
which could be demonstrated, for example, by its gyroscopic 
effects. The liquid must be completely confined with no free 
surface because the exchange of atoms between the rotating 
liquid and the stationary gas above it might cause a rapid damping 
of the angular momentum. 


NEAR 0°K 1305 
oidally and is thereby scattered. The same thing 
happens in the quantum mechanical system. 

The mean free path should rise rapidly as the temper- 
ature falls, because the density of phonons decreases 
(the scattering cross section also decreases). Interesting 
phenomena should result when this free path becomes 
comparable to the dimeasions of the apparatus. 

If the viscosity is measured by connecting two 
vessels with a capillary, a different situation arises. The 
phonons cannot readily work their way through the 
long capillary, but the bulk liquid can move through it. 
There is work done on the phonons as the piston moves 
down in one of the vessels, again by the Doppler effect 
on the phonons bouncing off of the moving piston. 
But this work just goes into increasing the phonon 
energy~—that is, the liquid in one vessel is heated, in 
the other cooled. If isothermal conditions are main- 
tained it goes as heat to the walls of the first container 
and from the walls of the second. No net work is done 
in this case and the viscosity appears to vanish. There 
is essentially no energy loss because there is no real 
viscous flow of our phonon “gas” through the capillary. 
The reason that, experimentally, resistance appears? if 
the flow velocity exceeds a certain critical velocity is 
not clear. Perhaps in passing sharp protuberances in the 
capillary wall the velocity locally exceeds that needed 
to create excitations or new phonons. It cannot very 
well be a kind of turbulence because presumably the 
velocity field should be always free of circulation. 

In two volumes of liquid helium connected by a 
capillary, the hotter one will exert the higher pressure 
(fountain effect). The larger number and higher average 
momentum of phonons in the hotter region results, 
from wall bombardment, in a higher pressure there. 
The pressure can only be released slowly by phonons 
passing through the long capillary. This would be the 
mechanism of heat conductivity through capillaries. 
The rate of such conduction would depend on the 
relative size of the capillaries and the phonon mean 
free path. 

If temperature varies from one point to another in 
the bulk liquid, then the phonon density varies. What 
happens depends on the mean free path. If it is long 
compared to the distances over which the variations 
occur, the variations are almost immediately evened 
out by the diffusion of phonons rushing from one place 
to another (at the speed c). If the mean free path is 
shorter than the distances involved in the variation, no 
single photon can go directly from a high- to low-density 
region. Instead, a cooperative movement sets in. If we 
consider the analogy to a gas of phonon “‘particles,” a 
pressure variation is released by body motion—that is, 
by sound waves. The speed of this sound is 3~} times 
the individual particle velocities. In our case, this 
“second sound” representing waves of phonon density 
(i.e., temperature) should travel at a velocity 3~4c. At 
low temperatures it will be experimentally hard to keep 
the mean free path very small compared to the wave- 
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length, so that second sound would. show appreciable 
damping and dispersion. At extremely low temperatures 
the free path may be larger than the apparatus. Then, 
if a pulse of heat at one point creates extra phonons, 
these will rush away at speed c so that temperature rise 
will begin at a distant point delayed only by the time 
required for first sound to traverse the apparatus.'® 


EFFECTS OF He’ ATOMS AT LOW CONCENTRATIONS 


If a foreign atom, say an atom of He’, is in the liquid, 
our arguments indicate that it will move about essenti- 
ally as a free particle, albeit with an effective mass m’’ 
larger than its true mass. (This m’”’ should be about one 
atomic mass unit less than the effective mass m’ of a 
He‘ atom.) Such He? atoms put into Het at low concen- 
tration should behave as a perfect gas. Consider, as an 
example, a concentration of 0.1 percent. The mean 
spacing of the atoms is so large that the gas is not 
degenerate, except at a few hundredths of a degree. 
(The statistics can only be of importance if the atoms 
can permute. This occurs only if exp(—m”D*kT/2h’) 
is not too small. Here, D is the mean spacing of the 
atoms, which is 36A in our example.) The specific heat 
contributed by the He* is then & per atom. This can 
exceed the specific heat of the phonons (below 0.4° in 


our example). A temperature pulse would then go 


mainly into increasing the energy of the He* gas. The 
speed of sound in this gas is of the order of the He* atom 


velocity, and therefore the observed second sound 
velocity should vary as (kT/m’’)! in this region.” A 
more detailed analysis of the intermediate region in 
which both He* and phonons contribute requires a 
study of the collision cross sections for phonon-phonon, 
phonon-He’, and He*-He’ collisions. Higher concentra- 
tions of He*® require a study of the degenerate Fermi 
gas. The entire analysis of this paper fails to apply to 
pure He’, because the ground state from which we 
begin is different. 

An atom of He’ should show an appreciably higher 
free energy when dissolved in He‘, than if that atom is 
replaced by He‘. This is because, as discussed in a 
previous paper,’ for pure He‘ the partition function is 
the sum on all trajectories which start at some con- 
figuration of the atoms z, and return to any permu- 
tation of the original configuration Pz; With a He? 
atom at z, say (and no others nearby), the final 
configuration is limited to only those permutations for 
which this atom returns to z;. We can estimate the 
effect as follows: Neglect the mass difference of He’ 
and He‘. Consider the nondiagonal matrix element 
(s'|e~8#|z) in which the final state differs from the 
initial state only in that the atom z; is moved to another 
site z’;. All the other atoms may go to some permutation 
of the original positions. From what we have said in I, 
this should depend upon 2, and 2’; approximately 


T am indebted to F. G. Brickwedde for calling my attention 
to this phenomenon. 
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through a factor (8=1/kT), 
(m’/2xBh?)) exp —m’ (2,;—2'1)?/28h" ], (1) 


since the atom acts essentially as a free particle of mass 
m’. To get the partition function if the atom 1 is He‘, 
we must sum this over all possible sites 2’;. At low 
temperatures, where the diffusion distance (28h?/m’)! 
exceeds the atomic spacing d=(V4)!, this is approxi- 
mately the integral of (1) over all 2’; divided by Vu, 
the atomic volume. This gives V4~' for Het. For He’, 
z’; must coincide with 2, so (1) gives (m’/2nBh?)!. 
The ratio of the partition function for He‘ to that in 
which a He‘ atom is replaced by He’* is therefore 
(m'kT/2rh?)3V4-' (at low concentration). The extra 
free energy per atom of He’ is therefore (3/2)kT In(2rh?/ 
m"kTV 44) at low temperatures. (Since He’ is lighter 
than He‘, m’ is replaced by m’’.)" 


DISCUSSION 


A number of problems are suggested by this work. 

First, a detailed quantitative analysis of all of the 
properties of liquid He‘ below 0.5°K should be under- 
taken with the confidence that the problem is relatively 
simple. Only the phonons should be involved. Their 
wavelengths are long compared to atomic dimensions, 
and we have to do essentially with a continuous 
medium. The statistical mechanical aspects are con- 
sidered in the appendix. The mean free path for phonon 
collisions could be computed if the nonlinearity of the 
medium is included. Work in this direction has been 
done by Landau and Khalatnikov.” An extension could 
be made to include the effects of small concentrations 
of He’. 

A more difficult class of problem, and one which we 
have left completely untouched, is the answer to 
question (c) of the introduction. Namely, what is the 
detailed nature of the excitations involved at the higher 
temperatures of 1 to 2.2°K? Most of the experimental 
work has been done in this region. The atomic view- 
point cannot claim a real understanding of the situation 
in liquid He II until this problem is solved. (See note 
added in proof.)* 

There is a third group of problems which has not 
been touched upon. They involve the question, 


(d) What is the mechanism of the Rollin film ?° 


This seems to be a problem of the very low-temperature 
behavior and should properly have been discussed in 
this paper. A suggestion of Bijl, de Boer, and Michels'® 
involves the idea that the energy of a layer of the 


'! To the effect considered in the text, there must be added the 
large free-energy difference at absolute zero, which arises from the 
difference in zero-point energy occasioned by the difference in 
atomic mass. In first approximation, the wave function is unaltered 
but the kinetic energy, — (A?/2m)V?, is higher, for m is 3 instead 
of 4. This difference is, therefore, close to 4 of the mean kinetic 
energy, = He‘ atom, in the ground state. 

2... D. Landau and I. M. Khalatnikov, J. 
Physik (U.S.S.R.) 19, 637, 709 (1949). 

'8 Bijl, de Boer, and Michels, Physica 8, 655 (1941). 
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liquid depends strongly on the thickness of the layer, 
decreasing for thicker layers, even up to 100 atoms 
thick. If this view is correct, we should look for the 
answer by studying the energy of the ground state, to 
see if it is dependent on the shape of the container. 
It is possible that such a dependence exists, even for 
thick layers, because of the very long permutation 
rings involved at low temperatures in the condensed 
phase. These rings are long enough to wander over the 
entire volume of the liquid, so that the energy may be 
sensitive to the shape. We have not yet been able to 
verify quantitatively the correctness of this idea. 

Finally, the problem of critical flow velocities, and 
the resistance to high-speed motions, remains unsolved. 

The analysis of pure liquid He* requires a new start 
because our physical arguments so far have depended 
so strongly on the Bose statistics. 

The author has profited from conversations with 
E. Wigner, H. A. Bethe, and R. F. Christy. 


APPENDIX 


In a previous paper,’ I, an approximate partition 
function was proposed for liquid helium. Without 
modification it will not describe the phonon states 
correctly. The necessary modifications are discussed 


here. 
In I, it was noted that the partition function of 
helium is the integral over all configurations z; of the 


quantity 


rm _ fdxi\? 
roe oe fTEz(%) 
P dup o L2h? i \du 


+¥° V(x,—x,) ‘as ‘aii 


7) 


(2) 


using the notation of that paper [I, Eq. (5) ]. The 
integral firp is taken over all trajectories x,(«) of the 
atoms which start from the positions x,(0)=z, and end 
up at some permutation x,(8)=/z, of z;. The sum is 
taken on all permutations P. It was pointed out that 
if a configuration z; contained atoms nearly overlapping, 
or in some other unfavorable arrangement, the im- 
portant trajectories x,(w) would almost immediately 
move to release the energy of the unfavorable arrange- 
ment (for example, overlapping atoms would spring 
apart). The time for this was generally much less than 
3. Thus the various configurations could be given a 
weight p(z), Z.:::Zy)=p(z*). The slower motions of 
atomic diffusion contributed an additional exponential 
factor, so an approximate expression [I Eq. (7) ], 


9 


m’ 3N/2 
W(z*)=N! KA(- ) 
2nBh 


, 
m 


x¥ exp} — > (z;— P2,)" Ip(a%), (3) 
P 2Bh? : 
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was proposed. The factor p was to be (for low tempera- 
tures, large 3) nearly independent of 8, as it represents 
the effect of rapid local motions. It is ¢(z*)*, where @ 
is the ground-state wave function. 

On the other hand, it was remarked (footnote 11 of I) 
that general variations in density over large distances 
would not be so rapidly released. We now consider in 
detail the effect of these compressional waves. 

To a sound wave of wave number A, and frequency 
w=cK, where ¢ is the speed of sound, correspond 
phonons of energy fw. A density fluctuation of this 
wavelength \=2rA~! would take a time 7 of order 
1/hw to decay (calling u “time” as in I). This time 
will exceed 6, for wavelengths \>2rhc/kT = 2r-17A/ 
T°’K. Since this distance exceeds the atomic spacing 
3.64 and the diffusion distance (28h?/m)'=4.8A/(7°K)3, 
there is clear separation of these waves from local 
atomic motions. Therefore, an expression like (3) is 
correct locally, for a density fluctuation over a small 
region is rapidly released so that its effect can be 
contained in p (by having p smaller for such fluctu- 
ations). But a fluctuation over long distances will not 
even out in a time @ and is not correctly described in (3). 

Choose a length 1/A» exceeding the atomic spacing, 
but below the wavelength of sound excited at the given 
temperature (AcK y8>>1). For distances inside 1/K» no 
new considerations are necessary, and (3) is locally 
correct. For long distances it must be altered. Let 
n(R) be the average number density at R in the 
configuration z;—the average being taken over a region 
of volume 1/Ko*. We shall determine how the proba- 
bility of this configuration depends on n(R) [ the result ° 
is (9) below ]. 

We may describe the motions x,;(%) as local atomic 
movements (within distances Ko!) and general drift 
motions of the center of gravity of the atoms in a 
volume Ay’. It is convenient to describe the initial 
density distribution by imagining that it arose from an 
initially uniform distribution of density mp by a dis- 
placement. If the atoms originally at R were displaced 
by Do(R), the density is n(R)=n)(1+V- Dy), where 
no= V4! is the density averaged over the entire fluid. 
As the trajectories in (2) move, there is a general drift 
which we will describe by giving the displacement 
D(R, «) as a function of u. What is the energy associ 
ated with this drift? First, to the kinetic energy of the 
atoms due to local motion there is an extra contribution 
from the general drift (m/2V4)(0D/du)* per unit 
volume. Further, suppose a region temporarily has an 
extra high local density. This will limit the path-space 
volume available (and also change the average mutual 
potential energies). Therefore there will be an extra 
factor accumulated in each little interval of time. This 
we can write as a factor e "“"4" for the volume dV in 
time du. This E (the energy resulting from the com- 
pression) depends just on the density, hence on V-D. 
We expand it in powers of ¥-D. The constant term 
may be omitted by changing the zero from which we 
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measure energy. The linear term gives nothing for its 
integral over all the liquid vanishes f/V- DdV =0 from 
the mass. The quadratic term is 
written conveniently as (1/2)meV4—7(V-D)*, for « 
defined this way becomes the speed of sound. Higher 
order terms produce phonon-phonon scattering, but we 
neglect them here. Thus, in addition to the features 
which go to make up (3) locally, there is a factor 
controlling the large scale motions, 


m of ID\? 
-d SG.) 
2V sh?d,, Ou 


+h (v-Dy ava MD(R,u), (4) 


conservation of 


where the D are to be summed over all displacement 


fields such that'* D(R, 0)= Dy= D(R, 8), with 
V-Do=Van(R)—1. 


This is best analyzed in momentum space. We put 
D(R, «) JACK 1) expGK: RPK Qn) . 


The A field can be separated into transverse components 
A, and A, and a longitudinal component B= A-K/K. 


Thus 


v-D ans wje'® RK (27), (5) 


_and (4) becomes 


m 8 OBY? OA,\? 
exp f f| ( ) + he? KK? B? +( ) 
2Vaheds, J LX du Ou 


dA,\? 
-( ) PK (29) 8du {DA (K, u)DAsDB. (6) 


ou 


The as free particle 
motions, for there is no restoring force. They contribute 
a factor (m/2nph)' per mode. This is already contained 
in (3) (but with m’ for m, which makes little difference 
for the small fraction VaKko* of modes involved). We 
need not count them again in (6). 


transverse displacements act 


For each longitudinal mode, we must integrate an 
expression of the form 


mo p dBy? 
exp} f ( ) +P eK B ldu} DB), 
2ValhPd du 


where 6 is the A-space volume per mode for all B(u) 
which begin and end at Bo. This may be easily done by 
a method explained in another connection by the 


“Tn principle the final displacements could differ from the 
initial by an atomic spacing d (because atoms may be permuted). 
But the actual displacements permitted by (4) are very much 
smaller than d, so that the only important term from (4) is that 
for which the configuration is restored atom by atom 
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author.'® There results (w=cK), 


mow i ~ — -méa wih 
( ) exp] — Bs tanh ) . (7) 
2rV sh sinh(wBh) Vash 2 


The complete partition frnction is the integral (2) 
over all initial configurations. We therefore integrate 
(7) over By to get the contribution from this mode. 
The integral yields 
[2 sinh(w8h) tanh(4w3h) | '=[2 sinh(Sw8h) |" 

= exp(— }w8h)[1—exp(—w@h) |", 

the usual partition function from such a mode. All the 
modes together contribute 

exp| -f In{ 2 sinh ($wBh) jd*K(2r)V (8) 
the integral extending over all modes of wave number 
less than Ao. This factor in the partition function gives 
the usual Debye specific heat, varying as T* as long as 
our temperatures are, as we have assumed, small enough 
that KychB>>1. 

Multiplication of the factors (7) for all modes tells 
us that density fluctuations have a probability propor- 
tional to 


mc whh\ @K 
exp| fixe K) tanh ) ; (9) 
Viah 2 7 (27r)*w 


where AB, is the Fourier transform of the density 
fluctuation [from (5) ], 


KBy)(K)=V fn R) no)e'* RR. (10) 
Since, for large w3h, tanh(Sw8h) is nearly 1, the density 
fluctuations of short wavelength are independent of 
the temperature. For these the factor (9) could just as 
well be combined with the temperature independent 
factor p to make a new effective p. This shows that 
the results do not depend on the exact choice of Ko. 
For long waves tanh(}w8h) falls below 1 and wider 
fluctuations are permitted than would be expected from 
(3). A more accurate representation of (2) is then (3) 
with p containing general variations in density, these 
variations being weighed by multiplying by the factor 
(9), normalized. A factor (m’/2mrBh?)*'? should be 
replaced by (8). 

The purpose of this appendix is just to note that (3) 
does not automatically contain the phonon effects, but 
must be modified to include them. The study of such 
questions as the nature of higher-energy excitations 
and the character of the transition can presumably be 
made using (3) without modification. It is convenient 
that the sound wavelengths are so long that a nearly 
complete separation can be made of the local behavior 
and the behavior of the overlying compressional waves. 

16R. P. Feynman, Phys. Rev. 84, 108 (1951) Appendix C. 
The explicit answer is given in R. P. Feynman, Revs. Modern 
Phys. 20, 367 (1948) on page 386, by substituting y=0, q;=qo 
= By, h= —1iV gh?/m5, w=iwh. T=8. 
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Interaction between Classical Electron and Quantized Electromagnetic Field* 


I. R. SENITZKY 
Signal Corps Engineering Laboratories, Fort Monmouth, New Jersey 
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The equations of motion sor a quantized electromagnetic field subject to the influence of a classical electron 
of arbitrarily prescribed velocity are solved by a simple method involving the corresponding difference 


equations. The solution yields some results which are contrary to those of an earlier theory 


(An expression for 


the transition probabilities between a high-energy state and neighboring states of the field inside a resonant 


cavity is obtained. 


HE behavior of a quantized field which is sub- 

jected to the influence of a classical electron with 
prescribed motion has been by several 
authors.'~* One of the treatments’ is not correct, and 
contradicting results are obtained below. Two of the 
other treatments!“ are mainly concerned with the case 
in which the electron velocity is independent of the 
time and also are not very suitable for calculating 
transition probabilities between quantum states of the 
field. Another treatment! makes use of methods de- 
veloped by Schwinger’ to obtain an expression for the 
state of the field in terms of the initial state. This 
expression is then used to derive transition probabilities 


discussed 


between the lowest-energy state and higher states of an 
uncontined free space field. In the present note, the 
above-mentioned expression is derived briefly by ele- 
mentary methods and is then used to obtain transition 
probabilities between a high-energy state and neigh- 
boring states of the field inside a resonant cavity. 

The system under consideration is the radiation field 
inside a cavity resonator described by the vector poten- 
tial operator A and its conjugate P. In the usual way," 
we expand 


A= di. ge(Our(r), P= pe(ur(r), 


where the subscript & refers to the Ath normal mode of 
the cavity, u,(r) is a normalized function describing the 
spatial dependence of the field, and g and p are the 
coordinate and momentum operators of the radiation 
oscillators satisfying the commutation relationship 
(qx, Px |=ih, all other commutator pairs vanishing. 

Considering the effect of the electron as an external 
influence, the nonrelativistic Hamiltonian for the field 
is 

H=Ho+(e/c)v-A(r), 

where 


H,= Doel Jac? py?+ (w,” Src IT , |, 
w, is the angular frequency of the &th mode, rp is the 


* Parts of this paper were presented before the 1952 Annual 
Meeting of the American Physical Society 

'F, Bloch and A. Nordsieck, Phys. Rev. 52, 54 (1937). 

2. P. Smith, Phys. Rev. 69, 195 (1946) 

3 W. Thirring and B. Touschek, Phil. Mag. 42, 244 (1951 

‘R. R. Glauber, Phys. Rev. $4, 395 (1951) 

5 J. Schwinger, Phys. Rev. 75, 651 (1949) 

6 See, for instance, Schiff, Quantum Mechanics 
Book Company, Inc., New York, 1949), Sec. 50 
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position of the electron, and the components of v are 
ordinary numbers, since the electron is treated clas- 
sically. In a representation in which //9 is diagonal, the 
vector with components a(()ny, n2 ---, which describes 
the state of the radiation field at time ¢ (with the ith 
index referring to the 7th mode), is given by the equation 
ot motion, 


a(t)=S(t)a(O), (1) 


where S(/) is a matrix with elements 
S(t)ny " ny’, no’ 


The only nonvanishing elements of S are 


(e/the)[ gj |n, noi VU, (Kode? 


and 
c{ 2rh(n+1)/w; =[9; |nst, ne 

It can be seen by a straightforward calculation that the 
commutator [.S(/,), S(f2:)] is a pure imaginary mul- 
tiple of the unit matrix. 

In order to solve Eq. (1), we consider the following 
difference equation: 
a(t;) Af; 


[a(t,41) S(t,)a(t,), (2) 


where 


Al, 
A solution of Eq. (2), to the first order in Af, is 


a(l;)=e” tw) Atog(Q), (3) 
Using the fact that if the commutator of two matrices, 
A, and A», is a multiple of the unit matrix, then 


elig42— eAr 


N2o4[A1, Aa] (4) 
and applying it successively to the right side of Eq. (3) 
(and bearing in mind that all commutators may be 
treated as numbers) we obtain 


a(t,)={exp >> S(t,)At,} 


— 


1 pl 
Xfexpd> } [.S(t,), S(t,) ]At, At, Ja(O). 
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Taking the limit as At-0, we have 


a(t)= Jexp f (ha 


0 


t ty 
x exp f at, f du S(t), S(e) Ifa) 
0 0 


This is the solution of Eq. (1). A simple check of this 
solution may be obtained by evaluating the expression 
[a(t+At)—a(t) |/At, using Eq. (4). The limit of this 
expression, as Al->0, reduces to the right side of Eq. (1). 

We apply the above theory to the problem examined 
by Smith.’ He considers the effect of only one mode of 
oscillation, of angular frequency w, and takes u(r) as 
constant inside the cavity along the path of the electron. 
We ask for the probability of the emission or absorption 
of a given number of photons by the field when the 
transit time of the electron is an integral number of 
cycles of the frequency of oscillation, and the electron 
velocity is constant. For (= 2rm/w, m being any integer, 
all the matrix elements of S$‘ S(t))dt; vanish, and 
exp Jo! S(t)dt; is the unit matrix. Since L.S(t)), S(t) ] is 
a pure imaginary number, the absolute values of the 
elements of a(/) are the same as the absolute values of 
the corresponding elements of a(0). Thus the prob- 
ability that the state of the field will be changed is zero. 
This contradicts the results of Smith, and necessitates 
a different interpretation of the experimental work of 
Shulman.’ 

We consider, finally, the situation where a mode of 
the field is initially in a high-energy state, that is, the 
cavity contains a large number of photons, and ask for 
the probability of absorption or emission of a number 
of photons, small compared to the initial value. We 
neglect all but the oscillating mode, assuming that all 
the otl.er modes are in their lowest-energy state, and 
that the probability of their absorption of quanta 
(virtual or real) is negligibly small.’ We write only the 

7C. Shulman, Phys. Rev. 82, 116 (1951). Smith’s results imply 
that transitions are produced when the electron transit time is 
an integral number of cycles, and Shulman measured this supposed 
effect, interpreting his results by Smith’s theory. The main error 
in Smith’s paper is the use of ordinary probability theory instead 
of quantum theory to obtain the probability of a transition in- 
volving more than one quantum. Another aspect of Smith’s 
treatment has been criticized by D. Gabor, Phil. Mag. 41, 1180 
(1950). However, Gabor’s own quantum-mechanical analysis does 
not seem to be correct 

* This is the case if the coupling between the electron and the 
nonoscillating modes is negligible. However, irrespective of the 
coupling, our interest is in the transition probabilities of the 
oscillating mode, regardless of the transitions made by the other 
modes. We can therefore sum over all the quantum states of the 
other modes. Setting 


Snys toni 9 ag? Eg ° 


= Snim“? dnjmj, 
i yea 


we have S expressed as a sum of commuting matrices. Then, 
exp (fo! S(ti)dt,) becomes a product of terms, each one of which 
refers essentially to one mode. Summing over all the quantum 
states of the initially nonoscillating modes makes all the factors 
referring to these modes equal to unity. The subsequent treatment 
is applicable, therefore, even when the absorption probabilities 
for the nonoscillating modes are not negligible, provided the 
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index referring to the oscillating mode, considering all 
the others to be zero. We take a(0),=6mp. Then, from 
Eq. (5) we obtain 


lax(t)| = |>0(1/m!)(B)epl, (6) 


n=) 


B = f S(t; )dty. 
0 


(B")kp= >. 


1,42 


where 


Now, 

Bri, Biyige + + Bin-ap, (7) 
and since the only nonvanishing elements of B are 
Brom» and By im, m being any positive integer, we 
have, setting r= k—p, (B"),=0 for n<r, or for 
n—r being odd. For n2r and n—r even, the number of 
nonvanishing terms on the right side of Eq. (7) is 
equal to the number of possibilities of going from & to 
p in nm steps, each step being +1, namely, 


n'[ (4nt+$r)!(hn—$r)!}. 


Each of these terms has a common factor, corresponding 
to the creation (if k>p) or destruction (if k<p) of r 
real photons. The remaining factor in each term cor- 
responds to the creation and destruction of 3(n—r) 
virtual photons. Because of the convergence of the right 
side of Eq. (6), we can neglect all terms in it with 
n> V(r), say. 

We consider the case p>>r and p>>.\ (r). This means 
that the initial number of photons is large, and that the 
change in the number of photons is small compared to 
the initial number. Then, the B,, ,,,’s occurring in the 
sum of Eq. (7) do not differ much from B, p41, since 
p-—r<i<p+r in the common factor (corresponding to 
emission or absorption of real quanta), and p—}(.V—r) 
<i< p+ 3(\+r) in the remaining factors (correspond- 
ing to emission and absorption of virtual quanta). The 
common factor is, therefore, approximately (3), p41)’, 
the upper sign holding for p>& and the lower sign for 
p<k. The remaining B,, ,4;’s in each term of the sum 
in Eq. (11) can be considered in pairs. For each B,, .41 
there is a B,,;,,; in the same term, and their product is 
—|B *. We therefore have 


i, +1) 7 


(B"). p= (—1)IEn! 


n+r n—r : 
( ): (By pti)" Bp, pti igi 
2 2 


for n—r even and positive, and zero otherwise. Sub- 
stituting in Eq. (6) we obtain as the probability that 
the field absorb or emit r quanta, 

J,(2| By, p41|) 1%, 


a(t) pir — 


(12) 


where J, is the Bessel function of the rth order. If we 
take u(r)=Uo, a constant, along the electron path 
inside the cavity and zero outside the cavity, and if we 
notation is understood to mean that a summation is taken over 
all the quantum states of these modes 
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take the electron velocity to be constant, then 


) 


where d is the distar -e of electron path in the cavity. 
If we set 


sin (wt/2) 


2rp 


ha 


Bp, p+i| =eduy 


(wt 2) 


ky = 2uo( dr phw )2 


(this may be considered the amplitude of the corre- 


sponding classical field), Eq. (8) becomes 


ed key sin (at =) 
hw (wt 2) 


a(t) pgs 
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Equation (9) is identical with one obtained by Ward,’ 
as the approximate probability that a quantum-me- 
chanical electron will absorb or emit r quanta in passing 
through a cavity containing a classical field of amplitude 
Ey. The similarity of the two results is due to the fact 
that the approximations made in going from Eq. (5) to 
Eq. (9), as well as Ward's approximations, reduce the 
problem to one of the absorption or emission of energy 
according to essentially classical rules except that the 
change takes place in discrete quanta. 

The author is indebted to Professor Julian Schwinger 
for enlightening discussions related to the foregoing 
subject matter. 


A Rev. 80, 119 (1950). 
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Optical Studies of Injected Carriers. I. Infrared Absorption in Germanium 
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The infrared absorption of injected carriers in germanium has been observed by a modulation technique 
For injection into low-resistivity material, the data indicate a linear relationship between injected carrier 
density and injection current. For injection into high-resistivity material, departure from a linear relation- 
ship is indicated. The absorption spectrum of injected carriers resembles that of extrinsic carriers. 


HIS note describes some preliminary observations 

on the infrared absorption of injected carriers 
in germanium.' The process was studied for two cases: 
injection into almost intrinsic material (40 ohm cm, 
n type) and injection into doped material (0.5 ohm cm, 
p type). 

The experimental technique was as follows: A de 
light source was focused on a small region of a grown 
p-n junction diode cut with plane parallel faces. The 
diode was masked by a slit so that only a 15-mil region 
immediately adjacent to the barrier on the low-con- 
ductivity side was exposed. A 50 percent on-off square 
wave generator pulsed the diode at about 360 eps and 
injected carriers. The latter modulated the transmission 
of the light through the germanium. After dispersal 
by a monochromator (Perkin-klmer) the modulated 
portion of the dispersed light was detected by a dry- 
ice-cooled PbS cell used in conjunction with an L-C 
tuned regenerative feedback amplifier and recording 
potentiometer. 

Where extreme sensitivity was not important, an 
ac thermocouple was employed as a detector. The 
diode current then 13 cps by a 
mechanical switch operating in conjunction with the 
synchronous rectifier of the thermocouple amplifier. 

If the dimensions of the region of the diode that is 
decay 


was modulated at 


studied are small, compared to characteristi¢ 


Inst. Radio Engrs. 40, 1407 (1952 


'K. Lehovec, Proc 


lengths for injection, then the modulation in light level 
at some particular wavelength is 


Al= ry ane | mG ots >. 


Here /, 


is the incident light intensity, 7) is the trans- 
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hic. 1. Absorption signal at 2.34 as a function of diode current 


at 25°C for injection into 0.5-ohm cm material 
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hic. 2. Absorption signal at 2.34 as a function of diode current 
at 25°C for injection into 40-ohm cm material 


mission of the germanium without injection, (7) is an 
absorption constant characteristic of a certain uniform 
current density i, and d is the thickness of the sample. 
If the light detector is linear, then the normalization 
factor /y7) can be evaluated by observing the signal 
obtained by full modulation of the light, as for example, 
by on-off mechanical chopping. The ratio of the current 
modulation signal M to the chopped beam signal C 


Is 


M/C=1—e ‘kd (for small kd). 


Before proceeding it is of interest to note that 
currents of the order of 200 microamperes were ob- 
servable (signal/noise~2) which, as is implied below, 
amounted to a change in light level of about 1 part in 
10°. This is not the lower limit of sensitivity. 

Figures 1 and 2 show typical plots of M versus diode 
current at a fixed wavelength for the two types of in- 
jection considered. Since the highest signal level shown 
amounted to less than 1 percent of full modulation, as 
indicated by mechanical light chopping, M should be 
proportional to k(t) for a given sample. Since it is 
further to be expected that k should be proportional 
to injected carrier density, M should likewise be pro- 
portional to the injected carrier density. 

Thus, the linearity of the M vs current curve, Fig. 1, 
for the injection into doped material seems in accord 
with simple p-v junction theory. The nonlinearity of 
the M vs current curve, Fig. 2, for injection into high- 
resistivity material seems at first surprising. However, 
this particular situation is complex in that for the 
particular range of current used majority and minority 
carrier densities are comparable and = simple diode 
theory cannot be expected to apply. As some confirma- 
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Fic. 3. Normalized absorption signal (47/C) at 25°C 


tion of wavelength for two injection levels 
tector 


tion of the optical results for this case, the conductance 
between two tin probe points soldered to the high- 
resistivity material was measured as a function of 
diode current. The conductance showed a character- 
istic, at least qualitatively, similar to the M vs current 
curve. It is of further interest to note, in connection 
with the paper which follows, that M® for the high- 
resistivity injection is, to an excellent approximation, 
linear in current for currents greater than about 10 
milliamperes. 

In Fig. 3 plots of M/C against wavelength are shown. 
If the absorption for injected carriers is essentially like 
that for extrinsic carriers, then its wavelength de- 
pendence should be essentially like that of free holes. 
This conclusion arises from consideration of the re- 
spective absorption cross sections for holes and elec- 
trons.” The conclusion is born out by the curves of Fig. 
3. Notably, the fine structure reported by Briggs and 
Fletcher for p-type germanium seems in evidence in 
the curve. We believe that this provides conclusive 
evidence that the presence of the structure is inde- 
pendent of the source of the holes. The question still 
remains as to whether structure is an intrinsic property 
of the spectrum of free holes or results from some more 
or less constant defect characteristic of real germanium. 

Kaiser and co-workers* have reported that when 
p-type material is cooled to 77°K or below, profound 
changes in the free hole absorption occurred. It is of 
interest to see whether the corresponding changes 
occur in the spectrum of injected holes. Our results in 
this connection will be presented in the near future. 


Fletcher, Phys. Rev. 87, 1130 (1952). 


2H. B. Briggs and R. C 
Phys Soc 28, No. Z 32 


§ Kaiser, Collins, and Fan, Bull. Am 
(1953) 
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The radiation produced by the direct recombination of electrons and holes in germanium is studied. The 
observed spectral distribution is in fair agreement with theory. For injection into high resistivity, as well as 
into doped material, the radiation is observed to be a linear function of injection current. Possible explana 
tions for this are discussed. Magnetic concentration of carriers produced changes in the radiation intensity 


Polarization of the radiation at oblique angles of emergence is observed 


HE radiation produced by the direct recombina- 

tion of electrons and holes in germanium was 
observed by Haynes and Briggs.' The present work 
extends the study of this radiation. As in the preceding 
paper,” studies were made on two types of grown p—n 
junction diodes cut with plane parallel faces; one in 
which the injection took place in high-resistivity 
material (40 ohm cm, n type), the other in which the 
injection took place in doped material (0.5 ohm cm, 
p type). 

The experimental technique was as follows: The 
diodes were attached metal blocks 
which limited temperature rises to less than 10°C for 
the data quoted in this report. The diodes were pulsed 
by a 50 percent on-off square-wave generator operating 
in the vicinity of 350 cps. The radiation from the diodes 
was detected by a dry-ice-cooled PbS cell used in con- 
junction with an L-~C tuned regenerative feedback 
amplifier and recording potentiometer. The spectral 
distribution curves were obtained using a Perkin- 
Elmer monochromator with a fused quartz prism. 

Application of standard radiation theory indicates 
that the spectral distribution function /(v) of  re- 
combination radiation from intrinsic material should 


to water-cooled 


DIODE THICKNESS : 0.25 mm 
DIODE CURRENT: 50 ma 
——-—THEORY 


| Se 
1.9 1.8 7 
MICRONS 
Fic. 1. Spectral distribution of recombination radiation in 
germanium at 25°C. The theoretical curve was normalized to have 
the same area under the curve as the experimental curve 


'J. R. Haynes and H. B. Briggs, Phys. Rev. 86, 647 (1952 
2R. Newman, preceding paper [Phys. Rev. 91, 1311 (1953) ]; 
referred to hereafter as I. 


obey the following relation: 
I (v) « e-h!*T[ 1 — e-ar4]), 

Here a, is the absorption constant at frequency v and 
d, the thickness of the material. Figure 1, shows the 
observed spectral distribution obtained for a diode 
and a curve calculated from the above relationship. 
The absorption data were taken from Briggs.’ The 
agreement of observed and calculated curves is prob- 
ably as good as can be expected. The discrepancy that 
exists might arise from a spectrometer calibration 
difference or from errors in the longer-wavelength 
absorption coefficients. The radiation from thicker 
diodes than that employed for the figure showed very 
slight displacements of the distribution curve toward 
lower frequencies as is to be expected. 

If the radiation arises from the direct recombination 
of electrons and holes, then the intensity of total 
radiation from a small volume would be expected to be 
proportional to the n— p product. It was of interest to 
test this hypothesis by variation of the diode injection 
current. Before discussing the results in detail, it is 
worth noting that currents as small as 1 milliampere 
(~0.03 amp/cm*) produced detectable radiation (sig 
nal/noise~4) using an //4 optical system. Presumably, 
by using larger apertures even smaller currents could 
be detected. 


3 
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Fic. 2. Radiation signal as a function of diode current for 


injection into 0.5-ohm cm material 


*H. B. Briggs, J. Opt. Soc. Am. 42, 686 (1952 
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Fic. 3. Radiation signal as a function of diode current for in 


jection into 40-ohm cm material. The dotted curve is the normal 
ized square of the absorption signal obtained from the same diode. 


Figure 2 shows typical radiation signal vs current 
data for a diode in which injection took place into 
doped material. It is essentially a linear relationship. 


This is understandable on the basis of simple diode 
theory. A calculation based on the observed reverse 
saturation current indicates that for forward currents 
up to the order of 1.5 amperes (rms) the majority 
carrier density will remain essentially constant. In 
other words, using the language of chemical kinetics, 
the expected bimolecular reaction, which produces the 
radiation, will operationally appear as first order in the 
minority carrier density, which is indeed what is observed. 

In contrast to this case, it was anticipated that a 
study of the radiation vs current curve for injection 
into almost intrinsic material might yield more direct 
evidence for the bimolecular process. However, as lig. 
3 shows, the radiation vs current data for this case 
again gives an essentially linear relationship. As 
pointed out in I, simple diode theory can not be ex- 
pected to apply for the range of currents used here. If 
the interpretation of the data for the absorption of 
injected carriers is correct, then a nonlinear relation- 
ship between injected carrier density (equals total 
carrier density for regions of interest) and current is 
indicated. As was suggested in I, empirically, the 
square of the carrier density, as observed by optical 
absorption, is linear with current. This is shown as the 
dotted curve of Fig. 3. In consequence, the radiation 
would then be expected to be also linear with current 
if it arises from the bimolecular process. For both 
classes of injection, negative departures from linearity 
would be expected at higher-current levels. 

As an interesting sidelight to the recombination 


NEWMAN 


problem, it has been observed that changes in the 
radiation signal could be produced by introducing a 
large magnetic field (20 kilogauss) perpendicular to 
the direction of current flow. When the magnetic field 
deflected carriers away from the surface seen by the 
detector, increases in radiation signal as large as 30 
percent could be observed. Conversely, when the field 
deflected carriers toward the surface seen by the 
detector, decreases as large as 40 percent could be ob- 
served. The percent changes in signal showed a de- 
pendence on the current level. However, because the 
effect was rather poorly reproducible in its quantitative 
detail, this dependence was not studied as fully as 
would have been desirable. The experiment may be 
considered an optical analog of the Suhl effect. The 
changes in signal level presumably result from changes 
in the ratio of radiative to nonradiative recombinations. 

Germanium has a refractive index of approximately 
4. This implies that all radiation seen external to a 
plane surface was originally directed within a cone 
whose axis is the surface normal and with a 14.5° 
half-angle. All other radiation is totally reflected. 
Using Snell’s Law, one can calculate how the radiation 
within the cone is dispersed on passing through the 
surface. The intensity of radiation in a given plane of 
refraction and at a fixed distance from the radiating 
diode should be proportional to cosy/cos@(T,+7,), 
where y is the angle of external refraction, @ the angle 
of interior incidence, and 7, and 7, are the trans- 
mission coefficients for light polarized, respectively, 
parallel and perpendicular to the plane of incidence. 
The experimental data are satisfactorily fitted by 
this relationship. 

Radiation emerging from the germanium at angles 
of refraction differing from 0° is polarized by the re- 
fraction. At the Brewster angle (~75°) the ratio 
T,/T, is calculated to be 4.5. For a diode which, just 
prior to measurement had received a metallographic 
polish, the value 3.3 was observed as the ratio of the 
intensities of parallel and perpendicular components 
at the Brewster angle. The discrepancy between the 
observed and calculated ratio is perhaps the result of 
the visible slight imperfections which remained in the 
surface after the polishing. No great pains were taken 
to see how high a ratio could be obtained. It is of 
interest to note that the polarization ratio for a diode 
that had been lying around the laboratory for several 
weeks could be raised from 1.3 to 2.5 by chemical 
etching. This implies the presence of a surface film of 
at least 1000A thickness prior to the etch. The film 
may have been accidentally acquired. Rank and 
Cronemeyer' report a related phenomenon. 

It is a pleasure to acknowledge the assistance of 
R. L. Watters, who designed the amplifier used in 
this work and that of the preceding paper. Dr. R. N. 
Hall was an agreeable source of samples and ideas, 
both of high quality. 


41D. H. Rank and D. C. Cronemeyer, Phys. Rev. 90, 204 (1953). 
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The conventional expression for the Hall coefficient in semiconductors is based on the assumption of an 
infinite rate of carrier recombination. If the latter assumption is not made, diffusion currents are present 
which change the value of the Hall coefficient. It is this change in the Hall coefficient which forms a basis 
for an independent measurement of carrier lifetime. Methods for obtaining the value of a parameter m 


which contains the bulk lifetime + and the surface recombination velocity 


s are described. Lifetimes, as 


deduced from Hall measurements, compare reasonably well to lifetimes obtained on the same samples by 


injection methods 


HE theory of Landauer and Swanson! provides a 

basis for the deduction of current carrier life- 
times from Hall coefficient and resistivity measure- 
ments. The essential effect given by this theory is the 
shifting of the intrinsic value of the Hall coefficient with 
lifetime. In the conventional plot of the logarithm of the 
Hall coefficient against the reciprocal of the absolute 
temperature, this shows up as a shifting of the intrinsic 
Hall coefficient line with the change in lifetime. The 
maximum shift permissible in the Hall coefficient for 
infinitesimal and infinite lifetimes is shown in Fig. 1, 
which has been drawn for the particular case of 10" 
donor impurities per cm*, 

The theory' expresses the Hall coefficient R as 
R= R_+-Rp, where R, is the usual Hall coefficient and 
Ry» is that portion of the true Hall coefficient due to 
the diffusion of carriers having finite lifetime. Rp may 
be expressed as the product of a coefficient m contain- 
ing the surface recombination velocity s and bulk 
lifetime + as parameters, and an expression ® which 
is a function only of the mobilities and carrier concen- 
trations. The coetticient m lies between zero and one 
for any combination of surface recombination velocity 
and bulk lifetime. For m=0, either the surface recom- 
bination velocity is infinite or the bulk lifetime is zero. 
For m=1, s must be zero and 7 infinite. 

In the intrinsic range (v= p=n,) the usual 
coefficient R,, is given by 


Hall 


1 1—byb uny 
Ri.= > 
en, (b+1)? pp 


and the diffusion term is given by 
1 (b—1)(bn+1) un, 
KR, = 


el; 2(b+1) Mp 


which combined give the total Hall coeflicient, 


1 pa,pf 1—bnb) m (by+1)(b—-1) 
R,= : + -|, (3) 


en; pt (b+1)? 2 (b+1)? 
where 6 and dy are, respectively, the drift and Hall 


'R, Landauer and J. Swanson, Phys. Rev. 91, 555 (1953). 


electron-to-hole mobility ratios, u, and wy, are the drift 
and Hall hole mobilities, 7, is the number of either holes 
or electrons, and e is the electronic charge in coulombs. 
To illustrate the importance of the effect of lifetime on 
the intrinsic Hall coefficient, we will form the ratio 
R,./Ri. where R, represents the Hall coefficient for 
infinitesimal total lifetime [m=0, in Eq. (3) ], and R,, 
represents the Hall coefficient for infinite total lifetime 
[m=1, in Eq. (3) }. This ratio becomes 


R., 2(1—byb) 
. , (4) 
R s (b +1)(1 by) 


At 300°K our best values for germanium for 6 and by 
are, respectively, 2.0 and 1.3, substituting these in Eq. 
(4) gives a ratio of 3.5. Since 6 and by are functions of 
temperature, the ratio R,./R,, is also a function of 
temperature. This effect may be used directly to deter- 
mine the lifetime of the current carriers in a given semi- 
conductor specimen provided the Hall and drift mo- 
bility ratios are known. The drift mobility ratio may be 
obtained directly from the resistivity curve,’ and the 
Hall mobility ratio may be obtained from the infini- 
tesimal lifetime Hall coefficient curve in combination 
with the resistivity curve, as will be shown later. 

One convenient way of using this shift directly is to 
form the ratio of the intrinsic Hall mobility to the 
extrinsic Hall mobility extrapolated to a common tem- 
perature. The intrinsic Hall mobility uy, is given by 


1—byb om (by +1)(b—1) 
Lilp + at) 


b+1 y. b+1 


Rp 


Here un,=R,/p, is the extrinsic Hall mobility for a 
P-type sample. The desired ratio for a P-type sample 
is then 


Re, 1—bab m (bn+1)(6—1) 
= = aa . (6) 
Hip pik, b+1 2 b+ I 


MHi 
l p> 


For an N-type sample the extrinsic Hall mobility is 
given by 
Min=R,, Pn=bnuny. (7) 


?L. P. Hunter, Phys. Rev. 91, 579 (1953). 
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hic. 1. The extreme positions permissible for the Hall coefh 
cients as functions of temperature are plotted from the theoretical 


equations corresponding to infinitesimal and infinite lifetimes, 
using an impurity concentration of 10" donors per em’ 


The desired ratio for an .\V-type sample is then 
m (by+1)(b—1) 
b+1 


Rip, bib 


pik, by 


Mi; 


+ 
Min b+1 ) 


In Fig. 2 is shown the method of measuring the ratio 
Kui/Mun. The quantities R, and p, are extrapolated 
from the extrinsic range, and the R; and p,; are extra- 
polated from the intrinsic range. At any temperature 
in the range where these extrapolations are sufficiently 
accurate, the ratio may be computed. 

In Fig. 3 is given a chart from which the coefficient 
m may be determined if the temperature and the mo- 
bility ratio r, or r, are known. The chart of Fig. 3 was 
prepared using 6,=1.30 and 6=2.0 at 300°K. The 
temperature dependences of 6 and 6, were taken as 
7° since the best data to date indicate a 77! de- 
pendence for both wy, and yw,, and a T~?* dependence 
for both wy, and u,.*® After m is found the problem still 
remains to determine the contributions of surface re- 
combination and bulk recombination to m. If it is known 
that surface recombination is negligible then m depends 


3M. B. Prince, Bull. Am. Phys. Soc. 28, No. 2, 10 (1953). 
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on the bulk lifetime 7 through the equations, 


) Bw 
m= tanh ) 
Su 2 


1 e¢ bn+p } 1 
> = a ° 
tr kT b(n+p) mu, 1tD 


If the bulk recombination is negligible, 


m= 2D/sw, 


(10) 


under the approximations 2D<st and {<w, where ¢ is 
sample thickness and w the width. If the coefficient m 
is determined by both s and 7 and if the sample is 
rectangular, there is no way of distinguishing s and r+ 
without auxiliary experiments. 

Using the ratio r, or r, as a measure of the intrinsic- 
line displacement requires data taken to sufficiently 
high temperatures to fix the position and slope of the 
intrinsic line well enough for extrapolation. Going to 
such temperatures is sometimes inconvenient and at 
best gives inaccurate values of 7 in the one-microsecond 
range. In Table I is shown some data taken on an 
N-type sample. 

The values of m shown in this table show a smooth 
trend. This is to be expected since they are the results 
of three smooth extrapolations. The accuracy of R, 
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Extrapolation method used to determine the Hall 
mobility ratio rn. n= Mni/pHn. 
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CURRENT 
and R, individually rest upon the accuracy of the mag- 
netic field measurement, but their quotient is inde- 
pendent of the field measurement. The p, extrapolation 
is very well established since it is the average of many 
samples. Therefore, the final accuracy is limited by the 
p, and R, extrapolations. These would seem to give no 
better than +0.1 to the value of m. Such an uncertainty 
in m still yields reasonably good values for 7 in the 10- 
to-100-microsecond range. 

In order to get away from these relatively inaccurate 
extrapolations, it will be shown that the shift in the 
temperature of the Hall coefficient taken at some arbi- 
trary factor c, below the extrinsic value can be related 
to the coefficient m. Also, it will be shown that if a 
sample is prepared for which m=0, the Hall mobility 
ratio by can be found by measuring the ratio of the 
extrapolated extrinsic resistivity to the measured resis- 
tivity at the temperature where R= R,,/c. 

First, considering an .V-type sample, we will derive 
a formula for by. The defining equations are 
; 


Kun 1 


n 


uw, ev 
C,>= eVbu,, 
Lip 1 p—nbbr 


Mp € (p+nb)’ 


(m=0), 





a=e(p+nb)u,, 
The ratio of resistivities r, is detined as 
re=pn/p=a/on= (pt+nb)/Nb, 

and the factor ¢ is defined by 


Mp Mun (ptnb)° 


Mitp Bn V(p- nbbi,) 


( by (p+ nb) 
_ = : (14) 
br. = b (p—nbby) 


by eliminating .V between (12) and (13). Solving (14) 
for by we get 
Pp 


(15) 
nb—(r./c)(p+nb) 


b A= 


From the defining Eqs. (11) and (12) and the relation 


- 
TaBLe I. Data and results of r,, and m for an N-type sample 
from extrapolation method 


Ra X10 4 


4.20 
4.20 
4.20 
4.20 
4.20 
4.20 


1°K 


312 
322 
333 
345 
357 
370 


1000/T 10°* R; 


3.70 
2.28 
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O.86 
0.53 
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Fic. 3. Chart from which m is obtained after r, and 


the temperature have been determined 


(OT rp 


n= .\V+ p, we find 
Nb(r.—1) 
p= 
b+1 


When Eqs. (16) into (15) are substituted, we get the 
desired equation for by, 


N(br.+1) 
(16) 
b+1 


r.—1 
by= (17) 


br. +1—(r2/c)(b+1) 
In the case of a P-type sample, the equation for by is 


b+r,.—(r2/c)(b+1) 
bu = , (18) 


b(r.—1) 


For a P-type sample at the Hall zero, ¢ can become 
infinite while r, remains finite. In this case the equation 
for by becomes* 
b+r, 
buy = . (19) 
b(r,—1) 


* For comparison see W. Shockley, Elecirons and Holes in Semi 
conductors (D. Van Nostrand and Company, New York, 1950). 
Problem 7, page 218. 
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Fic, 4. Chart used to determine m from the extrinsic Hall 
coefficient KX, and the temperature at which the Hall coefficient 
R is a desired fraction c of R,. (c=R,/R) Curves for m=0 and 


m=1 are shown for c= 2 and c=10 for N-type samples, and for 


c=2 and c= @ for P-type samples 


When Eqs. (17), (18), or (19) are used for determin- 
ing by, it is essential that they be applied only to data 
taken on samples for which m is substantially zero. This 
may be accomplished by grinding the surfaces so that 
the surface recombination velocity exceeds 20000 cm 
per second. Under such conditions the error in r,, due 
to the nonzero value of m, will be less than 3 percent. 
Some values of b,, determined in this manner are given 
in Table II. It was found that higher values of c gave 
progressively lower values of by. This might be an 
that m as one approaches the 


indication increases 


« * 


Fic. 5. The resistivity and Hall coefficients of a typical sample 
(W7-E) showing the shift in the Hall coefficient due to surface 
treatment 
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intrinsic range. The results of Table I seem also to bear 
this out. If such is the case, it provides an additional 
source of error in extrapolating the intrinsic range and 
gives us a strong reason for using a nonextrapolation 
method for determining i. 

We will now consider the variation with m of the 
temperature of the Hall coefficient taken at the arbi- 
trary factor c below the extrinsic value. The general 
equation for the Hall coefficient is 


1 wn, p—nbby (b—1) (by +1)np) 
R= 


= + (20) 


e wpb (ptnb)? (p+nb)(n+p) J 


lor an .V-type sample, and c= R,, RK as before, we tind 


by a— p 
= (nbby, 


(b—1 Mba I)np 
be (nb+ py 


p)—m (21) 


n+p 
Substituting 2,?=np and solving for n, we get 
ch nen? 


- Pf n2bby— p’ 
nl = 
by (n2b+ p’)? Pp 


(b—1) (by +1 nip 


(22) 


—m 
n? + Pp 
A plot of Eq. (22) is given in the chart of Fig. 4. 
Since 
n= (2amkT/h)*e4#!*", (23) 
we may associate a given value of 1/7 with a given n,? 
using the intrinsic-resistivity curve. The lines of con- 
stant 1/7 are also lines of constant 7,?. To the right of 
the intrinsic line are shown two sets of m-parameter 
lines. One set for c=2, the other for c=10, Cutting 
across these lines is a line representing an .\-type 
sample with 10 donors per cc. It is seen that 0.1R,, 
Hall coefficient shifts 1000/7 from 2.750 to 2.882 
(16.5°C) for a change from zero to infinite lifetime. The 
0.5R, Hall coefficient changes 5.8°C for the same range 
of lifetime. Since the 0.1 factor coeflicient lies much 
nearer to intrinsic than does the 0.5 factor coefficient, 
it is safer to use the latter for lifetime determination. 
An equation similar to (22) can be plotted for the 
P-type side of the chart and the lines at the upper left 
of Fig. 4 represent R=0.5R,. It was felt to be advan- 
tageous also to plot the conditions for the zero of the 
Hall coeflicient. Accordingly, the equations 


n=n,/(bby)} 


nbb y= p or 


for m=0, and 


nby=p or n=n,/(by)! (24) 


for m=1, are plotted to the left of the intrinsic line in 
Fig. 4. Cutting across these lines is the curve of a P-type 
sample with 10" acceptors per cm’. The (1000/7) shift 
of the Hall zero for the complete lifetime range is seen 
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to be 0.221 corresponding to the temperature shift 
of 25.3°C. 

In principle, the m value of a particular sample may 
be obtained from the chart of Fig. 4 by measuring the 
temperature of the Hall coefficient at some apprepriate 
c factor and marking it off on the curve of that particular 
sample plotted on the chart. A specific sample curve 
may be plotted by determining, for example, the V 
from the extrinsic R, and p,, and using the condition 
of space-charge neutrality, n=.V+p. The absolute 
value of m, so determined, has been found to be good 
to about +0.1. If it is desired to measure m with greater 
accuracy, it is necessary to measure the temperature 
shift of the appropriate c-factor Hall coefficient between 
a sample condition of known m=0 and the unknown 
condition. Such a shift is shown in the data of Fig. 5. 

The sample represented by the data of Fig. 5 was 
measured in both a lapped and etched condition. In the 
lapped condition the recombination velocity on the 
edge surfaces was sufficient to keep the m=0.° The 
A(1000/T) between the lapped and etched conditions 
is found to be 0.0274 at R=0.5R,,. In order to determine 
precisely the values of m corresponding to the measured 
A(1000/7T) values, the following approximate relations 
have been worked out for germanium in the tempera- 
ture range 300°K to 400°K. For 


R=0.5R,, 
R=0.1R,, 
R=0.5R,, 
R=0.0R,, 


From the measured temperature and A(1000, 7) 
values and the use of the equation for R=0.5R,, we 
find m=0.44. The value of the surface recombination 
rate s computed from Fig. 6 is 370 cm/sec. This checks 
very closely the value obtained by drift measurements 
on the same sample. 

For convenience curves of sw and 7/w* against m are 
plotted in Fig. 6. The approximation involved in the 
sw curve is that the effects of the recombination on the 
Hall probe surfaces predominates over al] other re- 
combination effects either surface or bulk. Careful con- 
sideration will show that this is true over a wide range 
of conditions of normal samples. The approximation 
involved in the 7/w* curve is that all surface recombina- 
tion effects are negligible compared to the bulk re- 
combination effect. 

In Table III a comparison is given between results 
calculated from Hall measurements and _ drift-lifetime 
measurements made on several samples. A temperature 
dependence of the drift lifetime was noted, and the 
values compared with the Hall measurements are ob- 
tained by extrapolation to the temperature of the Hall 
measurement. This was always a short extrapolation. 


m= 3.47 (1000/ T+ 2.00) A (1000) 7) ; 
m= 4.47 (1000/7 — 1.10)A (1000/7) ; 
m= 7.70(1000/T — 0.487) A (1000/7) ; 
m= 0.531(11.50— 1000) T)A(1000/ 7), 


(25) 


5 In this measurement (unlike a drift measurement) there can 
be no deviation from equlibrium conditions within the sample if 
the s on the Hall probe surfaces is large enough. 
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Values of by, calculated at the temperature indi 
resistivity and conclu 


Pasie Il 
cated, for four samples of different 
tivity type 


Sample () K 1000 | 


2.81 
3.11 
2.88 
2.4 


In general, if there is a barrier under the Hall probes, 
one expects a floating potential in addition to the volt- 
age due to the diffusion currents under consideration. 
If there is no barrier, the diffusion current voltage 
should be zero. These effects might be expected to be 
appreciable,® but the agreement shown in Table III 
seems to indicate that for normal point contact probes 
they are not very large. 


10 





Sw (CM/sec)CM 








iil oe) SET eee 
0.1 ine) 
m 


Fic. 6, Chart used to determine bulk lifetime r+ or surface 
recombination velocity s from the previously determined value 
of m and the width w of the sample. 


6 J. Swanson (private communication 
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Pabir WL. Comparison of lifetimes as obtained from Hall and drift measurements on four representative samples 


4(1000/7) 


0.00754-0.001 
0.025 +0.003 
0.0055+0.001 
0.020 +0.003 


Sain pole irement 


W33 
W7-k 
W3-5 
W12B-4 


O.OR, 
O.5R 

0.5R, 
O.5R, 


0.44 
0.10 
0.35 


CONCLUSIONS 


Current carrier lifetime can be deduced from Hall 
coefficient and resistivity measurements without re- 
course to the injection of excess minority carriers or the 
measurement of short time intervals. For reasonable 
sizes of samples this method allows the measurement 
of lifetimes in the O.lusec range, and will detect changes 
in lifetime of the order of O.O1usec. On the other end of 
the range it will measure a 1000usec lifetime to about 
10 percent and will just distinguish the difference be- 
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m T psec 


0.036+0.005 
£0.05 


Drift measurement 
T psec s cm/sec 


0.48+0.1 
370470 450+ 30 
2.0 +0.3 
3545 


$0.01 
£0.05 


tween « life and 10%usec. Its chief advantage lies in 
the measurement of very short lifetimes. 

In using this method the best procedure is to use a 
c factor as small as possible, so that any changes in 
lifetime associated with the intrinsic region will be 
minimized, 

The authors wish to acknowledge their indebtedness 
to J. A. Swanson and R. W. Landauer for many helpful 
discussions, to H. Fleisher for drift-lifetime measure- 
ments, and to B. E. Montgomery and V. M. Palmer for 
many of the accurate measurements involved. 
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The Brillouin zone structure of hexagonal metal, in particular magnesium as calculated by Jones, has 
heen examined by Hall measurements. The theory predicts a strong dependence on alloying, and the Hall 
data obtained on alloys of magnesium with aluminum or silver seem to corroborate Jones’ theory. In the 
case of the silver alloys, the absolute value of the Hall constant decreases linearly as a function of alloying 
addition (0.1 at percent silver decreases the Hall constant by 5 percent). In the aluminum alloys the effect 
is not so great (0.1 at percent aluminum decreases the Hall constant by ~2 percent) and a break in the 
Hall constant versus composition curve is detected. This break can be interpreted as being due to Brillouin 


Zone OVE rlap in the ¢ direction 


Familiar conductivity rules for alloys are examined in the light of Jones’ theory and it is shown that 
deviations from these rules are to be expected for the alloys of divalent hexagonal metals. A broad experi- 


mental program is outlined 


I. INTRODUCTION 


L'THOUGH the electronic structure of the metals 

in the first column of the periodic table may be 

regarded as rather satisfactorily established, this is not 

the case for the divalent hexagonal metals of the second 

column. More data on the properties of these metals 

and their alloys are necessary to develop theories 
concerning their general behavior. 

Figure 1 shows the first Brillouin zone for pure close- 
packed hexagonal magnesium as deduced by Jones.' 
The density of states as suggested by Mott? is given in 
Fig. 2. The Brillouin zone is bounded by {0002}, 


{1100}, and {1101} faces. Since this prism can contain 
7 Roy SOK London) A147, 400 (1934); 
Physica 15, 13 (1949); Phil. Mag. 41, 663 (1950) 

2W. Hume-Rothery, Alomic Theory for Students of Metallurgy 
(Institute of Metals, London, 1948), Chap. XXVIII. 


i H Jones, Prox 


only 1.743 states/atom, Jones has added the 6 trun- 
cated prisms to the 4 faces such that 2 states/atom 
are available. Consequently in pure magnesium, overlap 
takes place in the a direction into these prisms but not 
in the ¢ direction. The calculations show that there is 
no energy discontinuity at the edges labeled Q. 

Jones has also shown that small overlap across the 
boundary surface of a Brillouin zone compresses the 
zone in the direction perpendicular to the surface 
concerned, resulting in an expansion in this direction 
in the real lattice. When silver is added to magnesium, 
the average electron-atom ratio for the alloy is reduced 
and there is less overlap in the a direction relative to 


pure magnesium. Consequently a contraction in this 
direction should occur in the real lattice in addition to 
any contraction due only to the size effect of the ions. 
This has been found to be the case by actual x-ray 





BRILLOUIN ZONE 


measurements.’ Raynor has also found that when 
indium which has 3 outer electrons is added to pure 
magnesium, the ¢ parameter decreases (due to size 
effect) up to 0.75 atomic precent addition. Beyond 
0.75 percent the c parameter increases. The explanation 
appears to be that at an electron-to-atom ratio of 2.0075 
the truncated prisms have been filled and overlap 
begins to occur in the ¢ direction in the Brillouin zone. 


II. HALL EFFECT 


The experimental corroboration of the Brillouin zone 
theory for magnesium so far has come from x-ray data 
alone. A more direct approach to the study of Brillouin 
zone overlap can be achieved by examining the effect 
of alloying on the Hall constant. The effects that should 
be observed are outlined below and preliminary results 
on dilute magnesium alloys containing silver and 
aluminum are presented. 

One can write 


1] tyr? — nope” 


R=- (1) 


(Miwa nos)? | 


where R is the Hall constant, uw is the mobility, and n 
is the number of charge carriers per cc, and subscripts 
1 and 2 refer to electrons and holes, respectively. 

In pure magnesium because of the overlapping 
Brillouin zone, the configuration of the 3s electrons is 
such that conduction must be considered a two-zone 
process. Further, since pure magnesium has a negative 
Hall constant the process is one in which electron 
conduction predominates. In such a two-zone system, 
the effect of changing the relative number of electrons 
to holes upon the Hall constant will depend on the 
relative values of their mobilities.Without the latter 
information, it is impossible to separate the effects due 
to either electrons or holes. 

If magnesium is alloyed with elements of Column I, 
the effect would be to reduce the size of the Fermi 
sphere, and should cause a decrease in the number of 
overlap electrons and an increase in the number of 
holes. Alloying magnesium with elements of Column 
III or IV should have an opposite effect. As stated 


8 
Q 














Q (6) 


0 





(a) First Brillouin zone of magnesium as proposed by 
H. Jones. (b) Equatorial section of (a) 


Fic. 1. 


+ W. Hume-Rothery and G. V. Raynor, Proc. Roy. Soc. (Lon 
don) Al77, 27 (1940); G. V. Raynor, Proc. Roy. Soc. (London 
180, 107 (1942); R. S. Busk, Trans. Am. Inst. Mining Met. 
Engrs. 188, 1460 (1950) 
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above, the sign of the change of the Hall constant in 
magnesium resulting from alloying cannot be predicted 
without prior knowledge of the charge carrier mobilities. 
However, as elements of Column III or IV are added to 
magnesium a point will be reached where overlap will 
take place across the B faces in the ¢ direction (see 
Fig. 1). At this composition, some abrupt change in 
the Hall constant versus composition curve would be 
expected, since the effect resulting from holes would 
change abruptly. 

Preliminary measurements have been made on pure 
magnesium and on magnesium alloys containing small 
amounts of aluminum or silver. They were kindly 
supplied to us by Professor Dorn of the University of 
California who had obtained them from the Dow 
Chemical Company. The measurements were carried 
out at room temperature using a technique described 
elsewhere.!. The results are plotted in Tig. 3. The 
absolute value of the Hall constant is reduced by 
additions of either silver or aluminum. The magnitude 
of the changes (an addition of 0.1 at percent of silver 
changes the Hall constant by 5 percent) seems to 
verify the assumption that alloying changes the elec- 
tronic configuration of magnesium rather radically, 
although the exact interpretation of the experimental 
results is not clear. The slope of the Hall constant 
curve versus composition for aluminum is not as steep 
as that for silver; the ratio of slopes is 2.4 to 1. The 
curve of the Hall constant for aluminum additions 
indicates a break between 1.3 and 1.8 at percent 
aluminum; but the break in the x-ray ¢/a curve is 
at 0.75 at percent as reported by Raynor.’ Therefore 
the Hall measurements were repeated. The last point 
was reproducible to within 1 percent but the point 
for 1.3 percent aluminum was less reproducible and 
seemed to be temperature dependent which may be 
the result of overlap occurring as a result of thermal 
heating.® 


‘Albert I. Schindler and Emerson M. Pugh, Phys. Rev. 89, 
295 (1953). 
>It should be noted that Raynor did not make x-ray measure 


ments between 0.75 and 2 at percent. 
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hic. 3. Hall constant as a function of alloying additions. 


In Fig. 4, the number of electrons per atom is 
calculated assuming a one-zone system (in which only 
the electrons are conducting). The calculations then 
show magnesium to have 1.74 electrons per atom. The 
correct calculations for the number of holes as well as 
the number of electrons requires a knowledge of their 
respective mobilities. 


III. CONSIDERATIONS OF CONDUCTIVITY RULES 


Speculations may be made concerning the electrical 
resistivity of dilute magnesium alloys. Linde’s rule 
states that the increase in resistivity of a metal per 
atomic percent addition of a second metal, aside from 
an additive constant, is proportional to (AZ), the 
square of the difference in valences of the two metals 


concerned. This rule was based on experiments with 
monovalent metal solvents. It received theoretical 
justification by Mott® whose theory treated the con- 
duction electrons as though they were free and assumed 
only non-overlapping solvents. The validity of Linde’s 
rule in the vicinity of Brillouin zone overlap is question- 
able and should be checked for divalent hexagonal 
metals. 

For a dilute solid solution one usually writes the 
resistivity p as 


p=m*/Ne (pit po), 


where m*, \, and e are the effective mass, the number 
per unit volume, and the charge of the electron, respec- 
tively. p; is the scattering probability in a pure metal 
arising from displacement of the atoms from their 
mean position due to thermal vibration and is therefore 
temperature dependent. po is the scattering probability 
arising from perturbation to the periodic field when 
foreign atoms are introduced and is usually considered 
temperature independent. Normally the increase in 


®N.F. Mott, Proc. Cambridge Phil. Soc. 32, 281 (1936). 
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. 4. The number of electrons per atom as a function 
of alloying additions. 


resistivity due to the presence of a second metal is 
said to be due to pp which is proportional to (AZ)?. 

An implicit assumption exists that the effect of 
temperature and alloying addition on the resistivity 
are separable and additive (po is not temperature 
dependent and p; is not dependent upon solute concen- 
tration). This may not be valid when the solvent is 
such that alloying additions change the amount of 
overlap and consequently the temperature dependence 
of the overlap. To our knowledge the dependence of 
scattering probability upon alloying addition as a 
function of c/a has not been studied. One would expect. 

(1) p, to be dependent upon c/a, and upon Brillouin 
zone overlap. 

(2) po to be temperature dependent near an overlap. 

A corollary of Linde’s rule is Matthiessen’s rule, 
which states that the increase in resistance of a metal 
due to a small concentration of another metal in solid 
solution is independent of the temperature, or that 
Op/dt (where ¢ is temperature) is independent of 
concentration. By the above arguments p; for hexagonal 
metals depends upon c/a and upon Brillouin zone 
overlap. Consequently 0p/dt should depend upon 
concentration in magnesium alloys. 

In view of the results of the Hall measurements and 
in order to examine the validity of the conductivity 
rules, a broad experimental program has been outlined 
and is being undertaken. Hall and conductivity meas- 
urements are being made on an extended series of these 
alloys as a function of temperature. Measurements on 
single crystals will give the properties as functions of 
crystal orientation. If a similar program is conducted 
on alloys of other hexagonal metal, x-ray studies will 
be necessary to determine how the Jones theory applies 
when the anisotropy is different from that in mag- 
nesium. 
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A Two-Electron Example of Ferromagnetism* 


J. C. Starer, H. Starz, anv G. F. Kostert 
Vassachusetts Institute of Technology, Cambridge, Massachusetts 
(Received June 3, 1953) 


We examine the problem of two holes in an otherwise filled band, or two electrons in an empty band, by 
the method of configuration interaction, using Wannier functions, asking which state lies lower, the triplet 
or singlet. «f the triplet lies lower, it would indicate that the spins set themselves parallel, favoring ferro 
magnetism. We find that if the band is nondegenerate, the singlet will always lie lower, so that ferro 
magnetism requires a degenerate band, such as the fivefold degenerate d band. With a degenerate band 
ferromagnetism can arise under some circumstances, provided the band is not too broad. The cause of the 
ferromagnetism is an intra-atomic exchange effect, causing the two electrons or holes to prefer to align 
themselves with parallel spin when they happen to lie on the same atom. The model leads to a treatment 
of correlation, showing that with increasing interatomic distance the likelihood of finding the two electrons 
or holes on the same atom decreases, vanishing at infinite internuclear distance. The ferromagnetic inter 
action depends both on an intra-atomic exchange integral, which persists to infinite distance, and the 
probability of finding the electrons or holes on the same atom, which vanishes in the limit. 


N a recent paper,' one of the authors has outlined a of the nature of the exchange integral between two 

general procedure for attacking problems in ferro- electrons in a single atom in complex spectrum theory, 
magnetism from the point of view of the energy band and this does not depend greatly on interatomic 
theory. It is the purpose of the present paper to make’ distance. We then can draw two conclusions, one 
a specific application of this method to a case simple correct and the other incorrect, regarding the de- 
enough to handle in detail, and yet close enough to pendence on internuclear distance of the tendency 
physical reality to furnish useful information. First let toward ferromagnetism. 
us remind the reader of the essential features of the In the first place, at small enough internuclear 
energy band theory of ferromagnetism. We start with distances, the energy bands will broaden so much that 
an energy band partly filled with equal numbers of _ the increase in Fermi energy will more than balance the 
electrons of each spin, so that it is not magnetic, and decrease in exchange energy, and the magnetized state 
ask whether the energy is increased or decreased if we — will always lie above the nonmagnetized state. Thus, 
reverse the spins of some electrons, so as to magnetize as pointed out by one of the authors previously,’ we 
the system. If the energy increases, we assume that — shall never be able to have ferromagnetism except for 
the system is nonmagnetic, while if it decreases it is rather narrow energy bands, such as we have for the d 
ferromagnetic. electrons in the ferromagnetic elements. This conclusion 

The energy will change for two reasons when we from the simple energy band theory seems reliable. 
reverse the spin, according to the simple energy band On the other hand, as the internuclear distance is 
theory. First, we shall have to increase the one-electron increased, and the energy bands decrease to zero in 
or Fermi energy of those electrons whose spins we width, the simple energy band theory would tell us 
reverse, for we lift them from the lower part of the that the magnetized state should have a lower energy 
band to previously unoccupied levels, which they must than the nonmagnetized state by the amount of the 
occupy on account of the exclusion principle when their exchange integrals, which as we have seen remain 
spins are reversed. This increase of energy is propor- finite at infinite internuclear distance. This is clearly 
tional to the breadth of the energy band. Secondly, we wrong, for it is obvious physically that at infinite 
internuclear distance it cannot make any difference to 


decrease the exchange energy when we reverse the 
the energy whether the spins on the various atoms are 


spins, for when we use a single determinantal wave 
function, as we do with the naive energy band theory, 
we have a sum of exchange integrals coming in with 
negative signs, between all pairs of electrons with 
parallel spins, and we increase the number of such pairs 
when we magnetize the crystal. The leading term in 
these exchange integrals is an intra-atomic integral, 


parallel or not. 

It is this error in the simple energy band theory 
which was discussed in reference 1, and it was shown 
there that to correct it it is necessary to carry out a 
configuration interaction between many states set up 
from energy band functions in the form of determinantal 
wave functions. This configuration interaction is similar 
' * Supported in part by the U. S. Office of Naval Research, to the one used in the hydrogen molecule, where we 
in part by the Army, Navy, and Air Force. a 

T Staff member, Lincoln Laboratory, Massachusetts Institute 
of Technology, Cambridge, Massachusetts orbitals, which disregard the correlation between elec- 


‘J. C. Slater, Revs. Modern Phys. 25, 199 (1953). See also . : a : 
Solid-State and Molecular Theory Group, Massachusetts Institute TONS, but end up by superposing configurations in order 
of Technology, Quarterly Progress Report, p. 17, July 15, 1952 

(unpublished). 27. C. Slater, Phys. Rev. 49, 537, 931 (1936 
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start by formulating the problem in terms of molecular 





1324 SLATER, ST7T 
to build up a Heitler-London-like solution at infinite 
separation, with each atom electrically neutral, and no 
ionic character in the wave function. In other words, 
the configuration interaction must correct for the 
correlation energy effect. No detailed calculations of 
correlation energy were made in reference 1, but the 
object of the present paper is to carry through a specia! 
case, and to show that in fact we verify the conclusions 
of reference 1, removing the difficulties in the ele- 
mentary energy band theory. 

A similar calculation was carried out by one of the 
authors’ for a special case rather far from the actual 
problem met in ferromagnetic materials, but the method 
employed there can be used in other cases as well, and 
is employed in the present paper. The problem con- 
sidered in reference 3 was the following. We start with 
a band filled with electrons of positive spin, containing 
no electrons of negative spin, and then ask whether the 
energy is increased or decreased when the spin of one 
electron is reversed. The same features come into this 
problem which we have already mentioned: when the 
spin is reversed, the electron of reversed spin can fall 
from the highest energy level of the band of plus spin 
to the lowest energy level of the band of reversed spin, 
thus decreasing its Fermi energy, but at the same time 
the exchange energy is increased. The configuration 
interaction problem, however, is now simple enough so 
that we can handle it in detail. The initial state, of 
maximum multiplicity, must be handled by a single 
determinant, since there is no other way of arranging 
the electronic spins to give the same multiplicity, 
provided we use only the one-electron wave functions 
in the original energy band. The other state, with one 
reversed spin, must be treated by configuration inter- 
action, but this can be done completely. This problem 
can be considered to consist of an electron, with negative 
spin, interacting with a hole of positive spin. The 
ordinary energy band solutions correspond to the case 
where the electron and hole separately wander through 
the crystal. There are special states, however, analogous 
to the states of an exciton, in which the electron and 
hole execute orbits around each other. The lowest of 
these exciton-like states is the lowest state of the 
problem of reversed spin, and its energy was shown in 
reference 3 to approach the energy of the state of 
maximum multiplicity, in the limit of infinite inter- 
atomic distance. The correlation takes the form, in this 
case, of the tendency of the electron and hole to asso- 
ciate into the bound orbital structure. 

The actual calculation of reference 3 was carried out 
by means of Wannier functions. These, as is well 
known, are localized atomic orbitals, located on the 
various atoms, orthogonal to each other, and each deter- 
mined from one energy band. They form a complete 
orthogonal set of functions, so that any function of the 


3J.C. Slater, Phys. Rev. 52, 198 (1937). 
4G. H. Wannier, Phys. Rev. 52, 191 (1937); see also J. C. 
Slater, Phys. Rev. 76, 1592 (1949). 
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coordinates of one electron can be expanded in terms of 
them. If a,(r—R,,) represents the Wannier function 
related to the ith energy band, located on the atom at 
R,,,, then any function of the coordinates of one electron 
can be written as >- (i, m)U,(R,,)a;(r—R,,), where the 
U’s are coefficients. If, as in reference 3, we assume 
that we need only consider electrons in a given band, 
we do not need to sum over 7, and can use the a’s only 
for the band concerned, so that the function reduces to 
> (m)U(R,,)a(r—R,,,). Similarly if we have a function 
involving two electrons, or an electron and a hole as in 
reference 3, we can write the wave function in the form 
4, 7, m, n)U,(R,, R,Jai(n—R,,Ja;(r2—R,), where 
r), Ff. represent the coordinates of the two electrons, and 
where again the summation over i and 7 drops out if 
both electrons are in the same band. The essence of 
the calculation involving Wannier functions is the fact 
that the coefficients U/(R,,), or U(R,,, R,,), behave very 
much like continuous functions of the variables R,,, or 
R,,, R,, though we are interested only in discrete values 
of these variables. The equations giving the U’s are 
difference equations, which resemble differential equa- 
tions and in some circumstances can be reduced to them, 
and these differential equations resemble Schrédinger’s 
equations for free particles. 

Using these methods, the solution of the configuration 
interaction problem for the case of reference 3 reduced 
essentially to a hydrogen-like problem of the stable 
states of a two-particle system consisting of an electron 
and a hole attracting each other. A separation of 
variables was possible, into coordinates of the center of 
mass and relative coordinates of the two particles. The 
separation of the motion of the center of mass corre- 
sponds to the conservation of the sum of the k vectors, 
or propagation vectors, of the particles. The motion of 
the relative coordinates reduces to the problem of a 
single particle in an attractive center of force, whose 
resemblance to the hydrogen problem is obvious. In 
reference 3, the problem was discussed both by means 
of the difference equation and the differential equation, 
similar results being obtained by both methods, but in 
the case of narrow bands, or large internuclear distances, 
the method of difference equations becomes more 
appropriate, and leads to exact results in the limit of 
infinite internuclear distances. It was in this way that 
rigorous proofs could be given that the energies of the 
lowest states of different multiplicity coincide at infinite 
separation. At smaller distances, it was shown in 
reference 3 that ferromagnetism was not excluded, 
until the distance became so small that the energy 
bands broadened to the extent where the elementary 
energy band theory indicated that ferromagnetism was 
impossible. In reference 3, however, it was not possible 
to state positively whether ferromagnetism would or 
would not occur in any definite case. 

We now are ready to state the problem which is 
discussed in the present paper. This is one in which we 
have a crystal lacking just two electrons from an 





TWO-ELECTRON 
otherwise filled band. This could, for instance, represent 
in a simplified way a copper-nickel alloy of such compo- 
sition that the d band was filled except for two electrons, 
the remaining electrons being in the 4s states, which we 
disregard. We ask a simple question: would the system 
have lower energy if the two holes set themselves with 
their spins parallel, as we should expect in a ferromag- 
netic case, or antiparallel? This probiem, being again a 
two-particle problem, can be handled by Wannier func- 
tions in a convenient way. We again can separate vari- 
ables into the coordinates of the center of mass of the 
two holes, and the relative coordinates. Now, however, 
the two holes will repel each other, unlike the hole and 
electron which attracted each other in the case of refer- 
ence 3, and they will not form a stable “atom.” This 
avoidance of like charges on account of Coulomb repul- 
sion is the way in which correlation comes into the 
present problem, just as the attraction of unlike charges 
to form bound “atomic” states was a manifestation of 
correlation in the case treated in reference 3. Fortun- 
ately in the present case, in contrast to that of reference 
3, the sign of the energy difference between the magnetic 
and nonmagnetic states can sometimes be found by 
fundamental methods, and is not dependent on the eval- 
uation of any exchange integrals or other numerical 
calculations. 

We find in the first place that if the band under 
consideration is not degenerate, the lowest state will 
always be one in which the spins of the two holes are 
opposite to each other, so that we shall always expect a 
nonmagnetic system. The argument behind this con- 
clusion is simple. In a problem involving two electrons, 
or two holes, the system will form singlets when the 
spins are antiparallel, triplets when they are parallel. 
The part of the wave function involving coordinates 
will be symmetric in the two electrons for singlets, 
antisymmetric for triplets. When we separate off the 
problem involving the relative coordinates, so that we 
have the analog of a particle moving in a repulsive 
central field, this statement goes into the requirement 
that the wave function involving the relative coordi- 
nates must be an even function, or have even parity, 
for the singlets, and have odd parity for the triplets. 
The wave functions resemble those of a particle in a 
central field, so that the functions of even parity 
resemble atomic s, d, «-- states, and those of odd parity 
resemble atomic p, f, states. We naturally find 
that the lowest state of the problem is an s-like state, 
which corresponds to a singlet, or to the nonmagnetic 
case. Thus we conclude that ferromagnetism will never 
result from holes in a nondegenerate band, even if the 
band is narrow enough not to have trouble with the 
Fermi energy. 

We therefore conclude that a degenerate band, such 
as the fivefold degenerate d band in the iron group, 
is an essential feature in the existence of ferromagnetism. 
When we analyze this problem of the degenerate band 
by means of Wannier functions, we find that we can 
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no longer conclude that the singlet state must lie 
lower, and in fact the triplet will often lie lower, though 
this is not always necessary, so that ferromagnetism is 
definitely possible, though not required, in such a case. 
We can see clearly, from our calculation, the origin of 
the preference for parallel spins in the case of degenerate 
bands. It comes from those cases in which both holes 
happen in the course of their wanderings to be simul- 
taneously on the same atom. Then, by Hund’s rule, 
they will have lower energy if their spins are parallel. 
As they wander apart from each other, they naturally 
retain their magnetic moments. The reason why we 
cannot have this situation except with a degenerate 
band is obvious: with a nondegenerate band, formed 
from a single atomic orbital, the two holes cannot ke on 
the same atom, unless they have opposite spins, on 
account of the exclusion principle. Our explanation of 
ferromagnetism is thus what Van Vleck® terms an 
intramolecular theory, and in fact many of the aspects 
of the present treatment are similar to the viewpoint 
of Van Vleck as expressed in reference 5. 

From the nature of our solution, we can see why it 
is that the energy difference between magnetic and 
nonmagnetic states goes to zero at infinite internuclear 
distance, even though it depends on an intra-atomic 
exchange integral which does not go to zero at infinite 
distance. The way in which this comes about is simple. 
The wave function in the ferromagnetic case may be 
considered to be a mixture of non-ionic states, in which 
the two holes are on different atoms, and in which there 
is no tendency toward parallel alignment of the spins, 
and ionic states, in which both holes are on the same 
atom, and the spins tend to be aligned on account of 
Hund’s rule. The energy difference between magnetic 
and nonmagnetic states in some simple cases proves 
to be the product of two things: the intra-atomic 
exchange integral tending to align the spins, which 
remains finite out to infinite internuclear distance, and 
the square of the coefficient of the ionic term in the 
linear combination representing the wave function, 
which expresses the probability that both holes are 
found on the same atom. This probability goes to zero 
at infinite internuclear distance, since the ionic state, 
with both holes on the same atom, has a higher energy 
in that limit than the other states in which the holes 
are on different atoms. Thus the energy difference 
between magnetized and nonmagnetized states of the 
whole crystal goes to zero at infinite separation simply 
because the probability of finding the two holes on the 
same atom vanishes, and it is only when they are on 
the that the intra-atomic exchange is 
effective in lining up the spins. 

The correlation effect, in other words, is taken into 


same atom 


account most naturally in the present case, not by 
subtracting a correlation energy from the exchange 
energy as given by the energy band theory, but by 


’ J. H. Van Vleck, Revs. Modern Phys. 25, 220 (1953) 
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multiplying the exchange integral of that theory by a 
factor which measures the probability of finding an 
ionic state. This factor goes to zero at infinite inter- 
nuclear distance, but at the actual interatomic distance 
in a ferromagnetic crystal, it seems not unlikely that it 
has not decreased very much as compared to its value 
on the simple energy band theory, so that while the 
tendency to ferromagnetism is decreased somewhat on 
account of this correlation effect, it still remains of the 
same order of magnitude as found in the simple energy 
band theory. A similar conclusion was reached in 
reference 3. If we make this modification, the energy 
band theory should be approximately valid. In partic- 
ular, the increase in Fermi energy when we magnetize 
the system remains approximately as in that theory, 
so that the conclusion that ferromagnetism is impossible 
with broad bands remains unchanged. For a trivial 
reason, however, this increase in Fermi energy does 
not appear in the present calculations. The reason is 
that we are dealing with only two electrons, which 
must be in the bottom of the Fermi band in the lowest 
energy level of the system, which alone we have con- 
sidered; and we are dealing with at least a twofold 
degenerate band in the ferromagnetic case. Thus the 
two electrons can have their spins parallel, and yet one 
can be in the lowest state of one band, the other in the 
lowest state of the other, so that in this special case it 
does not increase the Fermi energy to set their spins 
parallel. This is a special case arising from our two- 
electron problem, and does not in any way affect the 
validity of the general argument. 


2. WANNIER FUNCTION FORMULATION OF THE 
PERIODIC POTENTIAL PROBLEM 


We shall now proceed with the more quantitative 
treatment of the ideas which have been presented in the 
introductory section. Our problem of the motion of two 
holes is very similar to the motion of two electrons. 
Furthermore, though the holes really move in the field 
of all particles, still we can approximate their motion as 
if they moved in a periodic potential. We shall accord- 
ingly treat in the present section, and in the larger part 
of this paper, the problem of two electrons moving in a 
periodic potential, subject to a simple Coulomb repul- 
sion, or a screened Coulomb repulsion. In a later section 
we shall discuss the extent to which this simple case 
forms an approximation to the real problem of two 
holes acted on by all electrons. 

We then, that the 
problem is given by 


H = 7, + Ho+ £12, (1) 


where //,, //. are one-electron Hamiltonians of the two 
electrons in a periodic crystalline field, and where gy2 is 
the repulsion between the two electrons. We shall now 
set up the Schrédinger problem connected with the 
Hamiltonian (1) in terms of the Wannier functions 
defined by the periodic potential //,. In order to have 


assume, Hamiltonian of our 
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our mathematical machinery clearly in mind, let us 
remind the reader of the nature of these Wannier 
functions. Many of these properties are given in 
references 3 and 4, and others in another paper by one 
of the authors.® We start with the one-electron Hamil- 
tonian H;. We know that it has solutions y,(k, r), 
where k is a propagation vector, and 7 refers to the 
various energy bards. That is, these functions satisfy 
the differential equation H,y,(k, r)=£,(k)yi(k, 1), 
where E(k) gives the one-electron energy, as it depends 
on the index i defining the energy band, and on the 
value of k. As Bloch has shown, these solutions satisfy 
the equation y,(k, r+R,,)=exp(ik- R,,)y(k, r), where 
R,, is one of the translation vectors of the lattice. 

In terms of these energy-band functions y, the 
Wannier functions are defined as 


a(r—R,,)= VS (k) exp(—ik-R,,)y¥.(k, r), (2) 


where .V is the number of unit cells in the volume of 
the crystal over which we apply periodic boundary 
conditions, and the y’s are normalized over this volume. 
The summation extends over all k values in the unit 
cell of reciprocal space, there being just .V such k 
values. Equivalent to Eq. (2) is the relation 


v.(k, r)= VS" (R,,) exp(tk-R,,)a;(r—R,,). (3) 


We can then show that the a’s as defined above are 
normalized and orthogonal, in the sense that the 
integral over all space of two a’s connected with 
different 7’s, or different R,,’s, is zero. The a’s form a 
complete orthogonal set of functions, as we have stated 
earlier, in terms of which any function of the coordinates 
of a single electron may be expanded. 

In order to work with the Wannier functions, we 
must know the matrix components of the one-electron 
Hamiltonian between different Wannier functions. To 
state these matrix components in the most concise 
way, it is first desirable to express the one-electron 
energy E,(k) of the energy-band functions in a different 
form. Since it is a periodic function of position in the 
reciprocal lattice, it can be expanded in the form 


E(k) =>-(R,,.)&,(R,,) exp(—ik-R,,). (4) 


Then we can show that the matrix components of //, 
between the various Wannier functions are 


fer@itaye- R,,, )dv=6,,6;(—R,,). (5) 


We can use the expansion (4) for E;(k) to prove 
another valuable result. Let us replace k by p/h, where 
p is a pseudo-momentum, and let the p in this be 
replaced by the operator —ih/V, in the usual manner 
employed in quantum mechanics. Let the gradient V 
operate on a variable R, and let us form the expression 


6G. F. Koster, Phys. Rev. 89, 67 (1953). 
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E,(p/h) f(R), where f is any function. Then we find 
E\(p/h) f(R)=S0(R,,)8(R,,) /(R—R,,.). (6) 


We have now assembled the necessary properties of 
the Wannier functions and the energy operators, and 
can proceed with the formulation of our problem. We 
have already stated in Sec. 1 that on account of the 
complete orthogonal nature of the Wannier functions, 
we can write any function of the coordinates r, and re 
of the two electrons, and in particular the wave function 
¥(rj, r2), in the form 


¥(r1, 2) => (i, 7, m, n)U,;(Rn, R,.) 
Xa,(r,—R,,)a;(r.—R,). (7) 


In a later section, we shall set up determinantal functions 
of the coordinates and spins of many electrons by such 
a method, but our two-electron problem is so simple 
that we may take account of the spin degeneracy at the 
outset by noticing that ¥(1, re) must be symmetric in 
the coordinates rj), r2 for a singlet state, antisymmetric 
for a triplet. These conditions are fulfilled if the U’,,’s 
satisfy the condition 


U;(R,, Rn)=+U,,(R,,, R,), (8) 


where the + sign refers to the singlet, the — to the 
triplet. 

We can now find the matrix components of the 
Hamiltonian (1) between the various products of 
Wannier functions included in (7), and thus set up the 
general equations for the l’;;’s. These equations may 
be expressed in either of the equivalent forms 


Y (RES, (R,) Us, (R,.— R,, R,,) 
+ &(ROU,(R,,, R,—R,) } 
+> (k, i, R,, R,)U (RR, ~R,, R,,— R,) 


x fark. R,,)a,*(ro— RK, ewe 


ax (t— R,,+ R,)a(r2— R,, C R,)di dvs 
= EU ,,( R,,,, R,,), 


or 
[/, (py h)+ 1; (pe h) JU, (R,., R,,) 
+> (k, 1, R,, ROU (R,,—R,, R,,— R.) 


x far R.- R,,,)a* (ro— R,,) gyoay (rt, — R,,, + R,) 


EU,;(R,,, R,). (10) 


Xa, (te— R,+ R,)d: 1d 
Here the notation E,(p;/4) means that p; is to be a 
differential operator operating on the first argument, 
R,,, of the expression U,;(R,, R,), while E,(po/h) 
operates on the second argument R.,. 
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We shall now show that a separation of variables can 
be carried out in Eqs. (9) and (10), into the coordinates 
of the center of mass of the two electrons, and the 
relative coordinates. We have already mentioned that 
this separation of variables is connected with the fact 
that the total k vector of the system is a constané of 
the motion. The reason for this of course goes back to 
the group theory. The Hamiltonian function of Eq. (1) 
commutes with an operation in which both r, and r2 
are translated by one of the lattice vectors R,. We can 
then choose two-electron wave functions which diago- 
nalize this operation, in such a way that the wave 
function is multiplied by exp((K-R,) when we make 
such a translation, where K is a constant vector. If we 
build up our wave functions out of Bloch waves instead 
of from Wannier functions, we can set up a wave 
function having the required properties by using only 
those Bloch waves for which the sum of the k’s of the 
waves for the two electrons equals K. If we use a wave 
function like (7), constructed from Wannier functions, 
our condition reduces to the statement that 


U,(R,+R,, R,4+R)=exp((K-RJU,,(R,,, R,). (11) 


We may now regard U,,; as depending on the two 
quantities (R,,+R,,)/2, which would be the coordinate 
of the center of mass if R,, and R,, were regarded as the 
coordinates of two particles, and (R,,—R,,), rather than 
on R,, and R,,. From (11) we see that a change in the 
quantity (R,,+R,)/2, keeping (R,,—R,,) constant, 
merely multiplies U;;(R,, R,) by a constant. Thus 
the variable (R,,.+R,)/2 must enter the function 
U,;(R,, R,) only in an exponential factor, and we may 
write U;;(R,,, R,) in the form 


1’,,(R,,, R,)=exp(K-(R,,+R,)/2)F,,(R,,.—R,). (12) 


We expect, then, that if we make the substitution 
(12) in Eqs. (9) and (10), these equations will reduce 
to equations for the function F;;(R,,— R,,), the function 
depending on the relative coordinates, independent of 
(R,.+R,)/2. If we substitute (12) in (9) and replace 
R,,.—R,, by the single quantity R,, the resulting 
equation reduces to 


> (RL 6,(R,) exp(—iK-R,/2) 
+ &(R,) exp(iK-R, 2) F(R, R,) 
+>" (k, 1, R,, R,) exp(—iK-(R,+R,)/2) 


x Fy (R,- R,+ R,) fair. R,)a;* (r2)g12 


K ax (ti— Ry + R,ai(re+ R,)dvide.= EP ,,(R,). (13) 
In deriving Eq. (13), we have used the relation &,(— R,) 
= &(R,), which must hold since the energy is always 
an even function of k. Similarly if we substitute (12) 
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in (10), we find 

{exp(—iK-R,/2)F,(p/h) exp(iK-R,/2) 
+exp(iK-R,/2)E;(p/h) exp(—iK-R,/2)}F;;(R,) 
+> (k,l, R,, R,) exp(—iK- (R,+R,)/2) 


%F'.i(R,—R,+ R,) fate ~R,)a;*(r2) g12 


Xaz(r,— R,+R,)ai(re + R,)dv,dv.= EF; ;(R,). (14) 
In Eq. (14), the operator p is assumed to operate on 
the quantity R, which follows it, both in the expo- 
nential and in F;;(R,). 

In Eqs. (13) and (14) we have derived the equations 
for the quantities F;,(R,), expressing the function of 
the relative coordinates. These quantities of course 
depend on the assumed value of K, the combined 
propagation vector of the two particles. In our case, 
we shall be looking for the lowest energy states of the 
system, and ordinarily these will come for K=0, so 
that we shall set K=0 in these equations for our further 
application. The quantity F;;(R,) must have certain 
symmetry properties for the singlet and triplet states, 
to assure that the function U;,;(R,,, R,) shall have the 
properties given in Eq. (8). We readily see that this 
requires that 


F ;;(—R,)= (15) 


sign refers to the singlet, the 


+F,,(R,), 


where as before the 4 
— to the triplet. 

In Eqs. (13) and (14), we have matrix components 
involving the integrals 


fore — R,,)a;*(re)gi2ax (4; —_ R,+ R,)ai(r2 } R, )dv,d: 2. 


Such an integral is the Coulomb repulsion between one 
electron whose distribution is given by a,*(r,—R,) 
Xax(ri—R,+R,) and a second electron with distri- 
bution a,*(re)a,(ro+R,). Each of these distributions 
will integrate to zero, on account of the orthogonality 
of the a’s, unless the two Wannier functions are iden- 
tical. Thus each one will correspond to a multipole, and 
the Coulomb interactions between them will be rela- 
tively small. In our present qualitative discussion, we 
shall consider only the largest integrals, and_ shall 
disregard the smaller ones, though this would by no 
means be justified in later more quantitative attempts 
to discuss ferromagnetism. The largest terms will come 
if R,=R,=R,=0, so that all four Wannier functions 
are located on the same atom. We shall denote such 
terms by the abbreviation 


(16) 


fettrday* exdgrae(rdai(toddodr jg kl). 


These terms are similar to the intra-atomic exchange 
integrals met in the theory of complex spectra; if the 
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Wannier functions were identical with atomic orbitals, 
as they are in the limit of infinite internuclear distance, 
they would become exactly such exchange integrals, 
and hence approach finite values at infinite separation. 
We shall retain all such integrals in our discussion. In 
case any one of the quantities R,, R,, R, is different 
from zero, however, the integral will involve the 
interaction of a multipole with a charge or another 
multipole, and wil! vanish in the limit of infinite 
separation. We shall disregard all such integrals. This 
is particularly reasonable, in that in a real ferromagnetic 
substance, the 4s electrons will shield one atom from 
another, so that gi2 should really be chosen as a screened 
Coulomb potential, which will rapidly make all such 
integrals drop to zero as the multipoles are found on 
different atoms. Such terms would be much less im- 
portant here than, for instance, in the study of impurity 
levels in a semiconductor, or exciton levels in an 
insulator. 

When we make these assumptions, and set K=0, 
Eqs. (13) and (14) become simplified to the form 


> (R,)ES,(R,)+ &)(R,) JF,;(R,—R,) 

+> (k, D)(ij/g/kl)S(R,, 0)F(R,) = EF,,(R,), 
CE. (p/h) +E;(p/h) JF ;;(R,) 

+3" (k, 1) (ij/g/k1)6(R,, OF .(R,) = EF, ;(R,). 


(17) 


(18) 


We are now ready to start the discussion of the solution 
of these equations. The first case we shall take up is 
that of a nondegenerate band; that is, the case where 
we can get a good approximation by assuming that the 
wave function can be expanded to an adequate approxi- 
mation in terms of the Wannier functions of only one 
band, say the ath band. In this case, Eqs. (17) and 
(18) reduce to the simple forms 


> (R,)28,(R,) Faa(R,— R,) 

t+- (aa/g/aa)d(R,, O)Faa(R,)=EFaa(R,), (19) 
2E.(p/h)Faa(R,) 

+ (aa g/aa )6( R,,, O) FP aal R,,) = EF aa (R,). (20) 


3. THE SINGLE NONDEGENERATE BAND 


We can discuss the single nondegenerate band either 
from the point of view of the difference equation (19), or 
the differential equation (20). The former is more ade- 
quate, particularly at large internuclear distances, but the 
latter is somewhat simpler to understand, and we shall 
therefore start with this differential 
equation. Since we are considering two electrons in an 
empty band, and are looking for the lowest-energy 
levels of these electrons, it is reasonable to suppose that 
we are dealing mostly with the bottom of the band, so 
that we can expand the energy operator £,(p/h) in the 
standard way as —/°V? 2m,, where m, is an effective 
mass, and where the Laplacian operates on the appro- 
priate variable. We shall first consider the form which 
Eq. (10) takes, in which the coordinates of the two 
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electrons are considered separately, and then we shall 
come to the corresponding form of Eq. (20), where we 
have introduced the relative coordinates. The suitable 
form of (10) is 


[(—h?/2m,)(V,2+9,2)+ (aa/g/aa)d(R,,, R,.) ] 
XK Uaa(R,, R,)= LU oa(R,., R,), 


(21) 


where the Laplacians V,,? and V,2 operate on R,, and 
R,,, respectively. 

In Eq. (21), we have an ordinary Schrédinger equa- 
tion for the motion of two particles, each of mass m,, 
subject to a potential energy which is a delta function, 
equal to zero when the coordinates of the two electrons 
are different, but positive, equal to the repulsive 
Coulomb interaction (aa/g/aa), when they are the 
same. We can solve (21) for Uaa(R,»,, R,,) as a function 
of continuous variables R,,, R,, but must remember 
that we are interested in only discrete values of these 
variables. The reason why the differential equation is 
not as satisfactory as the rigorous difference equation 
for handling this problem comes from the delta function, 
which is a little hard to interpret with the differential 
equation, but which becomes perfectly simple to under- 
stand in the case of the difference equation, which we 
shall take up later. 

For a first orientation regarding the solutions of (21), 
let us take a one-dimensional case, in which the atoms 
are arranged along a line. We must now consider the 
boundary conditions to be applied, which we have been 
omitting previously. To be specific, let us require that 
our wave function vanish on the boundary of a finite 
crystal. In the present one-dimensional case, if we 
replace our discrete variables by a continuous variable 
x, for the coordinate of the first electron, x2 for the 
second, this means that both x, and x» are to be confined 
to a region between 0 and X, the wave function vanish- 
ing at these values. The differential equation which we 
must then solve is 


(—h?/2m,)(0?/dx2+0?/ dx") U (x1, X2) 
+ (aa/g/aa)6(x1, %2)U (x1, %2)= EU (x1, x2), (22) 


where we have omitted the subscripts on U for con- 
venience. This equation is to be solved in the square 
region 0<x,<Y, 0<a.<X, subject to the condition 
that U vanish on the boundaries of the square. 

If we first disregard the repulsive interaction between 
the particles, the problem of solving Schrédinger’s 
equation for the two particles is just like the wave 
equation for the vibration of a square membrane held 
at its edges. The wave functions will be of the form 
sin (2y7x1/ NX) sin(tomxs/ NX). If ny and ny are different, 
there will be two degenerate states, the one given above 
and that with #,; and #» interchanged, and we may take 
sums and differences, obtaining the functions 


sin(nymx,/ NX) sin (tomxe/ X) 


tsin(omx,/ NX) sin(nyrx,/X), (23) 
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the sum being symmetric, the difference antisymmetric, 
on interchange of x; and x. For m,;=o, only the 
symmetric function exists, the expression of the exclu- 


sion principle. In accordance with the discussion of 


Sec. 1, we see that the lowest state, that for 7; =n.=1, 
is symmetric, and is therefore a singlet state, while the 
lowest triplet state, for 2;=1, 42=2, using the combi- 
nation with the minus sign fron (23), lies higher. 

We now ask for the effect of the repulsion between 
the two electrons. In our two-dimensional representa- 
tion of the problem, this means that in the square 
region in which we are solving Schrédinger’s equation, 
there will be a region along the 45° diagonal, x; =X, in 
which the potential energy is a large positive quantity, 
and the kinetic energy negative. This perturbation will 
have no effect on the triplet wave functions or energy 


levels, for these wave functions on account of anti- 


(c) 


Fic. 1, 


(a) Square within which wave function is defined. 
(b) Symmetric and antisymmetric wave functions along line 
t,— x2 of Fig. 1(a), no repulsive potential. (c) Same as 1(b), with 
repulsive potential. (d) Square for use with modified boundary 
conditions 


symmetry are zero along the 45° diagonal. It will have 
a profound effect on the singlet wave functions and 
energy levels, however, increasing the energy of the 
singlets since the perturbative potential is everywhere 
positive. If the repulsive energy is large, the perturbed 
wave function will be reduced almost to zero in the 
neighborhood of the 45° line. That is, a correlation 
effect will be introduced into the wave function, keeping 
the electrons apart on account of the repulsion, modi- 
fying both wave function and energy of the singlet 
states. 

The nature of the resulting wave functions is shown 
in Fig. 1. Here, first, in Fig. 1(a), we show the square 
in which the wave function is different from zero, with 
the 45° diagonal with respect to which the function is 
even (for singlets) or odd (for triplets). In Fig. 1(b), 
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we show how the wave functions look as a function of 
position along the dotted line of Fig. 1(a), for the case 
without repulsive potentials; this gives a good indica- 
tion of the behavior of the wave function. The sym- 
metric function represents the lowest singlet, with 
n,=n.=1, and the antisymmetric function represents 
the lowest triplet. In Fig. 1(c), we show how the wave 
functions of the same two states may well look in the 
presence of a repulsive potential represented by a delta 
function along the 45° diagonal. The wave function of 
the singlet state has become very small near the 
diagonal, so that it is almost identical with the triplet, 
except close to the barrier, where it behaves in such a 
way as to lead to a symmetric rather than an anti- 
symmetric combination. Since the wave functions are 
nearly identical, the energy levels must also be almost 
identical. Yet the energy of the singlet state, corre- 
sponding to the wave function without the node, must 
still lie below that of the triplet state, which has a node, 
though now they will lie very close together. The proof 
of this would be obvious if we had a one-dimensional 
problem, for we know that in a one-dimensional problem 
the eigenvalue of a state with more nodes is always 
greater than that of one with fewer nodes. This theorem 
does not always hold in more than one dimension; but 
this is a case where it does. For instance, we can build 
up approximate solutions of the form of that given in 
Fig. 1(c) by perturbation theory, from solutions of the 
problem with an infinitely high barrier along the 45° 
line, on one side or the other of this diagonal. We shall 
find straightforwardly that the energy of the symmetric 
combination is always lower than that of the antisym- 
metric combination, though they will approach each 
other for the infinitely great repulsive barrier. 

Another way in which we can make sure that the 
lowest state of this problem will be a singlet is to replace 
it by a problem with slightly different boundary condi- 
tions, as shown in Fig. 1(d). The potential energy of 
interaction between the two particles is the same as in 
the case we have just considered, but we require that 
the wave function vanish along the boundaries of the 
square tilted up at an angle of 45°, rather than along 
the boundaries of the square shown in Fig. 1(a). In 
this case Schrédinger’s equation can be separated, using 
coordinates u=x%\+X2, v=xX;—4X, and the boundary 
conditions can be stated in the form that the wave 
function must go to zero at certain values of u and of 2. 
The repulsive interaction potential depends only on 2, 
so that we are interested in comparing two different 

yave functions, one symmetric and one antisymmetric 
as far as their dependence on v is concerned, but both 
having the same dependence on w. In this case we really 
have a one-dimensional problem, so that we can use the 
rigorous theorem telling us that the lowest symmetric 
state will lie lower than the lowest antisymmetric state. 

The boundary conditions in this rotated frame no 
longer have the simple meaning that each electron can 
move between 0 and YX along the x axis. Instead, the 
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center of gravity of the two electrons can move within 
fixed limits, and the distance between the two electrons 
has a maximum value which it cannot exceed, but 
below which the electrons can move unrestrictedly. 
With the original boundary conditions, on the contrary, 
if the center of gravity is near the wall of the box the 
two electrons cannot get more than a relatively small 
distance apart because they are hindered by the box. 
In the case of either set of boundary conditions, the 
differential equation itself can be separated into the 
motion of the center of gravity and the relative coordi- 
nates, and the difference between the two boundary 
conditions comes only in the regions where the electrons 
are far apart. In the one-dimensional case which we 
have described, it is clear that either type of boundary 
conditions leads to the same qualitative results. It 
seems almost inconceivable that they should lead to 
different types of results in more complicated cases, 
and we shall use boundary conditions of the type 
illustrated in Fig. 1(d) in our further development. By 
this means we not only separate variables in the 
differential equation, into the coordinates of the center 
of gravity and the relative coordinates, but we also 
separate variables in the treatment of the boundary 
conditions. In this problem, where we are dealing with 
wave functions in the continuum, this matter of 
boundary conditions at large values of the coordinates 
is an important question, contrary to the case of 
reference 3, where we were dealing with bound states, 
whose wave functions fell off rapidly at large distances. 
We have now shown in our simple one-dimensional 
case that as the repulsive interaction between the two 
electrons increases, it is true that the energy of the 
lowest singlet state rises toward that of the lowest 
triplet, but never enough to make the two levels cross. 
The singlet state always lies lower, so that the two 
electrons always tend to set their spins antiparallel. 
The three-dimensional case follows almost as simply. 
For the three-dimensional problem we can again sepa- 
rate variables, obtaining separate equations for the 
center of gravity and the relative coordinates. We may 
use the same kind of simplified boundary conditions 
that we did in Fig. 1(d). That is, for the relative 
coordinates, we allow the particles to move freely so 
long as the distance between them does not exceed a 
fixed maximum. In other words, as far as the relative 
coordinates are concerned, the problem is like that of a 
single particle moving in a spherical box, subject to a 
repulsive center of force at the center of the box. On 
account of the antisymmetry principle, the wave func- 
tion of coordinates only must again be symmetric or 
antisymmetric with respect to interchange of the co- 
ordinates of the two electrons, which means with 
respect to inversion of the relative coordinates. The 
spherical symmetry of the problem leads to a solution 
in which we have a function of 7, multiplied by a 
spherical harmonic of angle. The inversion symmetry 
corresponds to the parity. That is, the singlets corre- 
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spond to functions of even parity, or even / value, where 
Lis the ordinary azimuthal! quantum number, while the 
triplets correspond to odd parity. Thus the lowest 
singlet state corresponds to the lowest s state, or state 
of /=0, while the lowest triplet corresponds to the 
lowest p state, or state of /=1. One can now prove 
quite generally that the lowest s state must lie lower 
than the lowest p state. We mzy, without the formality 
of this proof, satisfy ourselves in an elementary way 
that the theorem must be true. We know that when 
we separate variables, the radial wave function is given 
by a one-dimensional Schrédinger equation, which 
differs from one / value to another only by the presence 
of the effective potential energy /(/+1)/r’, in atomic 
units, representing the centrifugal effect. An increase of 
/ then increases the effective potential energy every- 
where. It must therefore certainly be true that the 
lowest energy level of the state for /=1 must lie higher 
than the lowest level for /=0, since the effective 
potential energy is increased everywhere in going from 
the state /=0 to /=1. The three-dimensional case, 
then, behaves like the one-dimensional case,and we 
see here too that the lowest state must be a singlet. 
We shall now give a similar and more quantitative 
discussion based on the difference equation (19), rather 
than on the differential equation. We assume again the 
type of boundary conditions illustrated in Fig. 1(d), by 
which we separate variables, assume that the boundary 
conditions can also be stated in terms of separate limits 
on the coordinates of the center of mass and the relative 
coordinates, and use Eq. (19), together with appro- 
priate boundary conditions on R,. A three-dimensional 
difference equation of the type (19) cannot be easily 
solved ; the relaxation method, used for the approximate 
solution of two- and three-dimensional differential 
equations when approximated by difference equations, 
is probably the best method of handling it. The one- 
dimensional case, however, is easy to treat, and as we 
have just seen it shows all the essential features of the 
three-dimensional problem. Even the one-dimensional 
case is rather complicated if we have interactions 
between other than nearest neighbors; that is, if 
&,(R,) is appreciable except for R, equal to the distance 
between nearest neighbors. We recall, from Eq. (4), 
that a restriction to nearest-neighbor interactions is 
another way of saying that the energy is a sinusoidal 
function of k, the propagation vector, an approximation 
which holds well for narrow bands. We shall then set 
up the special case of Eq. (19) in which R, is restricted 
to an equally spaced set of points on a line, and R, 
refers only to a unit displacement. Essentially this same 
problem was discussed by one of the authors and 
Shockley’ in treating the similar problem of the exciton. 
To simplify notation, let the various lattice points 
be denoted by an index n. Here n=0 refers to R,=0, 
positive and negative values of » to positive and 


7J. C. Slater and W. Shockley, Phys. Rev. 50, 705 (1936). 
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negative R,’s (that is, to the case where the first 
particle is to the right or left of the second), and in 
accordance with our previous discussion, we shall 
impose the boundary condition that our function is to 
vanish for given limits of R,, or of the relative coordi- 
nates; in particular, we assume that the function will 
varish for n=+.V. Let the Faa’s be denoted by Faa("). 
Then Eqs. (19) become 


2Sa[ Foal uN + 1 ) + Pes (n = 1 ) ] = EF aa( nN ) if 


2&4[ P al 1 )+ Feat — 1 ) ] 
+ (aa/g/aa)F aa(0) = EF aa(0). 


n#¥#0 
(24) 


We can at once solve all of Eqs. (24) except that for 
n=(0 by the assumption 
Fya(n)=sin(a(N—n)) if 
F cat —n)=+ Fya(n), 


QO>n>N 
(25) 


where the + sign refers to singlets or triplets. ‘The 
solution (25) is chosen so that it automatically satisfies 
the boundary conditions when n=-+.V. Substitution 
of (25) in the first equation of (24) shows that that 
equation is satisfied if 

E=46&, cosa, (26) 
which is what we expect from Eq. (4), when we re- 
member that we are dealing with the energy of two 
electrons. We note, incidentally, that to have the 
energy a minimum for a=0 [or for k=0 in Eq. (4) ], 
which is the convenient assumption to make, & must 
be negative. 

We must now substitute in Eq. (24) for n=0, to 
determine the propagation constant a, and hence the 
energy of each state. For the triplet states, this is trivial. 
We must have F,,(0)=0, which demands at once 
sin(aV)=0, a=mn/N, where m=1, 2---.\'—1, so that 
we have \—1 triplet states. For the singlets, we have 
—46&, cos(aV) sina+ (aa/g/aa) sin(aV )=0, or 


4&, cot(aV) sina= (aa/g/aa). (27) 


We can solve this transcendental equation by plotting 
the quantity —cot(@\) sina as a function of a, and 
finding the values of @ for which it equals — (aa/g/aa)/ 
4&,, which we remember is a positive quantity, since &4 
is chosen to be negative. In Fig. 2 we show the function 
—cotaN sina, as a function of a, for VN=4. At a=0 the 
function equals —1/N. It goes through zero when 
aN=n/2, 39/2, ---, or in general for a=mm/2N where 
m is an odd integer, so that it goes through zero NV 
times for a between zero and r. At a=7, the function 
equals 1/N. The function becomes infinite when 
a=mrn/N where m is any integer from 1 to V—1; that 
is, it becomes infinite at the same values of a for which 
we have triplet states. 

We now see that if (aa/g/aa)=0, so that we have 
the problem of the free particles, we have NV singlet 
states, corresponding to the values of g where this 
curve is zero. The lowest singlet state, corresponding 
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Kia. 2. Function -cotaN sina, for N =4. 

to a=1/2.\, is the lowest state of the problem, below 
the lowest triplet, which has a=2/.N, as indicated 
previously. To visualize the energies, we remember 
that the energy is given by 46, cosa, where 6&, is 
negative, so that a=0 corresponds to the center of the 
Brillouin zone, a= --7 to its edges, and the energy has 
its minimum at the center of the zone, its maximum at 
the edges. Thus increasing a increases the energy. Now 
as (aa/g/aa) increases from zero, or as the repulsive 
effect. between electrons is introduced, we find the 
singlet values of a from Fig. 2 by finding the inter- 
sections of the curve with the horizontal line at height 
~(aa/g/aa)/48,, depending on the magnitude of the 
repulsive interaction in terms of the band width. As 
this line rises, it is clear that the a’s of all singlet levels 
increase, so that their energies rise, a consequence of 
the positive repulsive energy. These a’s, however, 
approach the asymptotic values which give the triplet 
energies, as the repulsive interaction is indefinitely 
increased; so that no matter how great the repulsion, 
or how narrow the band width, the lowest singlet will 
never rise above the lowest triplet. 

For small values of (aa/g/aa), there are \V_ inter- 
sections of a horizontal line with the curve of Fig. 2. 
That is, there are .V singlet states, and taken together 
with the V—1 triplets, we have 2.’V—1 states in all, 
which is as it must be, since there are 2.V—1 values of 
n, between n- V and +A, for each of which a 
quantity /’,,(”) is defined, and there must be as many 
states as values of this quantity. At a certain height, 
however, the intersection in Fig. 2 corresponding to 
the largest @ value becomes lost, and we must investi- 
gate what happens to this solution, though it is not the 
one that concerns us directly, since it corresponds to 
the highest singlet, and we are principally interested 
in the lowest singlet. It is interesting first to see for 
what value of (aa/g/aa) this occurs. From what we 
have seen before, it comes when — (aa/g/aa)/46,=1/.). 
This has a simple meaning. The quantity —46,/.\V is 
the total band width, —&&,, divided by 2.\, the number 
of lattice points plus one, or is approximately the one- 
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electron energy per lattice point at the top of the energy 
band. Our limiting condition comes when the repulsive 
interaction (aa/g/aa) equals this band energy per 
lattice point. We shall now show that for larger values 
of (aa/g/aa), this solution emerges from the top of the 
band, and becomes a higher and isolated energy level, 
equal in energy approximately to (aa/g/aa) in the 
limit of very high repulsive energy, and corresponding 
to a wave function in which the two electrons are 
attached permanently to the same atom, never wander- 
ing through the lattice. This special solution can be at 
once identified from Eq. (24). In case (aa/g/aa) is very 
large compared to &, we can almost disregard &4 in 
Eq. (24). Then we have a limiting solution in which 
F ga(n) =0 except for n=0, in which case of course F'g_(0) 
must be unity by normalization (it is to be noticed 
that we have not so far normalized our wave functions). 
Equation (24) then tells us that E= (aa/g/aa). 

The physical meaning of this special solution is clear. 
In the limit of narrow bands, where &, is negligible, 
Eq. (24) leads to no nondiagonal matrix components, 
which means that electrons are not likely to wander 
from one atom to another. In our problem of the relative 
motion of the electrons, there is one lattice point, 
R,=0 or n=0, corresponding to an ionic state; all 
remaining 2.V —2 lattice points correspond to non-ionic 
states, with the two electrons on different atoms. These 
2\ —2 states will be degenerate with each other, and 
as soon as the nondiagonal matrix components 6&4 
become different from zero, linear combinations will be 
introduced corresponding to the wandering of electrons 
from one lattice point to another to remove this 
degeneracy. The one ionic state, however, will have a 
much higher energy, and it will remain as an isolated 
state until the &,’s become great enough so that there 
is an appreciable probability of mixing ionic states with 
the non-ionic ones arising from the 2.V—2 remaining 
states. 

The importance of this special ionic state arises from 
its effect on the other states in the limit of narrow bands. 
If our wave functions are all normalized, then the 
completeness theorem demands that the sum of the 
squares of the F,4()’s, for a given , for all the states 
in the band, must equal unity. We have just seen that 
in the limit of narrow bands, the single ionic state will 
have Fya(O) equal approximately to unity, so that this 
means that in this limit, all the other states must have 
Faa(O) approximately zero. In other words, all the 
states, singlets as well as triplets, must lead to a 
vanishing probability of ionic arrangements of two 
electrons on the same atom, in the limit of narrow 
bands, or infinite internuclear distance. This is the 
origin of the correlation effect, tending to keep electrons 
from occupying the same atom in the limit of widely 
separated atoms. We can investigate this correlation 
effect directly, through our exact solution for F,,(0) 
for the various states, and we shall do this presently. 
But it is very important that we can deduce the 
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correlation effect as well by use of the completeness 
theorem, for this can be used in the three-dimensional 
case, where we cannot get an exact solution of the 
difference equations, just as well as in this soluble 
one-dimensional case. The completeness relation holds 
equally well there, and inspection of the difference 
equation will show that this special ionic state occurs 
perfectly generally, and is not limited to the one- 
dimensional problem. 

Let us now see analytically how these results come 
about. First we shall investigate the ionic state, when 
(aa/g/aa) is great enough so that it no longer can be 
described in terms of the solution we have set up 
already. In this case, we easily find that the substitute 
for Eq. (25) is 


Faa(n)= (—1)" sinh(y(V—n)), 


Fqa(—n)= Faa(n ), 


(28) 


where we use only the + sign in the relation between 
Faa(—n) and Faq(n), since this special solution occurs 
only for the singlets. The energy equation, correspond- 
ing to (26), is then 


E=—46&, coshy. (29) 
When we substitute in the equation for n=0, to 
determine the value of y, we find 


4&, ( oth (y \) sinhy (aa/g/aa). (30) 


We may plot coth(y.V) sinhy as a function of y, in a 
way similar to Fig. 2, to determine the value of y 
graphically. When y=0, cothy.V sinhy equals 1/N, so 
that the limiting case — (aa/g/aa)/46,=1/N corre- 
sponds to y=0, just as it corresponds to a=. As 
(aa/g/aa) increases from this value, y increases without 
limit. If V is large, the quantity cothy.V very rapidly 
approaches unity, so that Eq. (30) can be solved 
directly. For large y, Eq. (28) shows that Faa(n) 
decreases very rapidly with increasing ”, so that Faa(0) 
is much larger than any of the other values. This 
verifies our earlier statement that this state is one in 
which practically the entire function is concentrated at 
R,=0, corresponding to the ionic states. Furthermore, 
for large y, sinhy and coshy approach each other, so 
that by comparing (29) and (30), we see that the 
energy approaches (aa/g/aa), as we previously stated. 

It helps one’s understanding of the nature of this 
special state if one sees how the quantities Faa(n) 
depend on mn, for increasing the ratio 
—(aa/g/aa)/4&, of the repulsive interaction to the 
band width. In Fig. 3, we show these functions, for a 
series of increasing values of this ratio. The actual 
values of /,,(”) alternate in sign from one value of 
to the next, and in the interest of clarity, this alternation 
is not shown, but only the magnitude of the F’s. For 
no repulsive interaction, the curve is the simple sine 
curve, reducing to zero for n=+.V, and having a 
maximum for n=Q0. As the repulsion increases in 


values of 
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proportion to the band width, the curves become 
flatter, being made up of sine curves of longer and 
longer wavelength, until finally they become straight 
lines, and the case of an infinitely long wavelength, 
which is the limiting case a=a or y=0. Then as y 
builds up, they start to fall off exponentially as we go 
away from the origin, this falling off becoming steeper 
as the repulsion increases, or the band width decreases 
For infinite repulsion, or zero band width, the falling 
off is infinitely rapid, only the case of R,=0 giving a 
nonvanishing contribution. The curves of Fig. 3 are of 
course not normalized, but are adjusted to give the 
same values for R,=0, in order to make a clear picture 
of what is going on. 

Let us next consider the values of the quantities 
F4a(0) for the other singlet states; we have seen that 
as the detached ionic state builds up, these other 
singlets will approach zero at R,=0. We can investigate 
this at once from Eq. (24). From that equation we see 
that 


F4a(0)/Faa(1)= —48,/(aa/g/aa)—E. (31) 


Since E approaches zero as & approaches zero, for 
these states, we see that the ratio Pag(O)/FPaa(1) goes 
4&,/(aa/g/aa), 


to zero according to the quantity 
or proportionally to the band width. 

In the limit of narrow band width, we can easily 
get analytic formulas for the energy of the various 
levels, by making suitable approximations using Eqs. 


(27) and (30), for the case of large a. We find in this 
way that the energies of the V—1 singlet states which 
coincide at zero band width are 


FE, =46&, cos(mn/N) 


-(16/.V)(&.2/(aa/g/aa)) sin?(mm/N)---, (32) 


where m=1, 2, ---\—1. For the one singlet going to 
the ionic state at zero band width we have 


E= (aa/g/aa)+86,"/ (aa/g/aa): +>. (3.3) 


From Eqs. (31) and (32) we can immediately get a 
verification of our earlier statement that the energy 
separation between singlet and triplet, for large inter- 
nuclear distances, is sometimes given by a product of 
an intra-atomic exchange integral, and the probability 
of finding two electrons on the same atom. In our case, 
the triplet energies are given by the first term of 
Eq. (32), Thus the term, 
(16/.V)(&,2/(aa/g/aa)) sin*(mmr/.V), gives the singlet- 
triplet separation. The intra-atomic exchange integral 


1&, cos(mm.\V). second 
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is (aa/g/aa), and the probability of finding two elec- 
trons on the same atom is F,,(0). To get this, from 
Eq. (31), we must know F,,4(1), which we can find by 
normalization. The values of Faa(m) are given in Eq. 
(25), and for all values of ” except n=0 we can assume 
to our present approximation that a=mm/.V, Since the 
sum of the squares of the /’,,’s must add to unity, by 
normalization, we see that the normalized /',,’s must 
be given by Faa(n)=V~' sin(mnr/N)(V—n). Hence 
Faa(1)=+N~3 sin(mmr/.V). When we combine this value 
with Eq. (31), we find F,4(0), and it is then obvious 
that the energy difference between singlet and triplet 
is in fact given precisely by (aa/g/aa)Faq(0)*, as we 
expected to find. 

We can now illustrate the applicability of our approx- 
imations, by showing in Fig. 4 the seven energy levels 
for the case V=4, as a function of the band width, 
computed exactly by our numerical method, and com- 


pare them with the parabolic expressions of Eqs. (32) 
and (33). In Fig. 4 we plot the dimensionless quantity 
E/(aa/g/aa) as a function of the other dimensionless 
&,/(aa/g/aa). We see clearly the way in 
which the ionic state, which is separated from the 
other states at zero band width, becomes absorbed 


quantity 


into the energy band at large enough band width. We 
also see the way in which the lowest state is a singlet, 
though the singlets and triplets approach each other 
in the limit of zero band width. We recall that in the 
real crystal, where the band width goes to zero at 
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infinite internuclear separation, the situation shown in 
lig. 4 at the origin would correspond to the situation 
in the crystal at infinite internuclear distance. 

We have now followed our case of a one-dimensional 
model, as handled by the exact difference equation 
riethod, about as far as is profitable. We have already 
stated that a comparable treatment of the two- or 
three-dimensional case is not easy in any simple way. 
However, we have carried through a simplified treat- 
ment of a two-dimensional case, which goes far enough 
so that we can see the general method of treatment 
which can be used, and the general type of results to 
be expected. We consider a two-dimensional square 
lattice in the relative coordinate space, and assume that 
there are only nine nonvanishing values of the quantity 
F4a(R,): those for which the x and y components of 
R,, are equal to 0, +1 times the lattice spacing, while 
we assume that /’4,(R,) vanishes for the x and y 
components of R, equal to +2 times the lattice spacing. 
In this way, we can convert the difference equation, 
Iq. (19), into a secular equation, which will have nine 
rows and columns, and can solve this secular equation 
directly. As we shall see in a moment, crystal symmetry 
reduces these secular equations from nine by nine to 
not more than cubic equations, so that they are not 
hard to discuss. We make the same type of assumption 
regarding the &4’s which we used in the one-dimensional 
case, namely that the only nonvanishing components 
were those in which either the x or the vy component of 
R,, equals one unit, the other component being zero; 
that is, we consider interactions only between nearest 
neighbors. Furthermore, we assume the &, to be the 
same for interactions along the x and y axes. 

The Hamiltonian of Eq. (19), under these circum- 
stances, shows the symmetry of the point group of the 
square, so that the quantities Faa( R,,) must transform 
according to irreducible representations of this point 
group. First we have the .1, type of symmetry, in which 
the wave function transforms into itself under each of 
the eight symmetry operations of the group. This is 
the analog of an atomic s state. We find three such 
states, and the cubic secular equation is 


FE’ — (aa/g/aa)E*—328,°E+166,"(aa g aa)=0. (34) 


The first terms in the expansion of the roots, for small 
band width, are 
E= (aa/g/aa)+1668,"/ (aa/g/aa)::-, 


E=+46, 


; (35) 
S&,"/ (aa/g/dda):--. 
The first root is the ionic state, and the lower of the 
other two gives the lowest energy level of the problem, 
a singlet of s-like symmetry, as we should expect. 

We find no solutions of symmetry of type A», func- 
tions transforming like the quantity xy(x*’—y’). We 
have one singlet of symmetry type B,, which transforms 
like (x*—y*), and one of symmetry type B2, which 
transforms like xy. These singlets both have energy of 
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zero. They are analogs of atomic d states, and are 
naturally expected to have energies well above the 
lowest state. 

The triplet levels correspond to the two-dimensional 
irreducible representation of type E, transforming like 
x and y, or like atomic p functions. There are two such 
levels, corresponding to energies E= +2,5,. The lowest 
of these triplets, therefore, lies above the lowest singlet 
as given in Eq. (35). In Fig. 5 we show the way in 
which these energy levels start off as a function of the 
band width. The resemblance to Fig. 4, where we 
plotted the energies in the one-dimensional case, is 
obvious. We find here, again, as we expected, that the 
lowest singlet would lie below the lowest triplet, though 
the energy difference between singlet and triplet is here 
linear in &, rather than quadratic as before. While we 
have not carried through any more complicated prob- 
lems, it seems very obvious that we should have the 
same situation quite generally in this problem of a 
nondegenerate band. Furthermore, we see that we 


could handle a more general case to this same approxi- 
mation without very serious difficulty, taking advantage 
of the symmetry of the point group of the crystal, 
setting up secular equations for the energy, and solving 


to the second power in &,. 


4. THE CASE OF OVERLAPPING BANDS 


We have investigated the case where both 
electrons are in the same nondegenerate band, and 
have concluded, as in Sec. 1, that it does not lead to 
ferromagnetism. Fortunately much of the analysis can 
be used again in considering the degenerate band, to 
which we now proceed. Let us assume that there are 
two bands, a and 6, which must both be used in the 
expansion of the wave function. Thus we must consider 
Faas Fas, Poo, and Fy; but we can eliminate ya by use 
of Eq. (15). Let us set up the equation similar to Eq. 


now 


(17) for this case, making the same assumption as 
before that the integrals involving the g’s are to be 
disregarded unless all four Wannier functions are on 
the same atom. We find, for the singlets, 


>. 284(R,)Faa(Rp— R,) 
+6(R,, 0)[ (aa/g/aa)F oa(R,)+2(aa/g/ab)F (Rp) 
+ (aa/g/bb)Fy(R,) |= EFaa(R,), (36) 


> .[ 6.(R,) &,(— R,) JF.(R,— R,) 
+6(R,, 0)[ (ab/g/aa)Faa(R,) 
+ { (ab/g/ab)+- (ab/g/ba)} Fas(R,) 
+ (ab/g/bb) F(R.) |= EF a(R,), 
>. 28 (R.)Fi,(R,— R,) 
+6(R,, 0)[ (6b/g/aa)Faa(R,)+2(bb/g/ab)F (Rp) 
+ (bb/g/bb)F,(Ry) |= EF (R,), (38) 


(37) 


and for the triplets: ‘ 


284(R.)Faa(R,— R,)= EF qa(R,), 
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> .[6(R.)+ &(— R.) JFas(Rp— R.) 
+6(R,, 0)[ (ab/g/ab)— (ab/g/ba) \Fan(R,) 
= EF .(R,), 


zos 28(R.) Fn (R,— R,)= EF ,(R,). 


The equations for the triplets are separated from 
each other, but those for the singlets are not. Let us 
first inquire what can be done about this. To see how 
to proceed, we must look a little more carefully at the 
type of overlapping bands which we are likely to have. 
A case of accidental degeneracy is so unlikely as to be 
unimportant. The cases which are significant are those 
where, at the bottom of the band, there are two or more 
degenerate levels, arising from crystal symmetry. A 
simple example in the two-dimensional Mathieu prob- 
lem has been discussed* earlier by one of the authors; 
this is the case of degeneracy arising from an atomic p, 
and p, function, and is typical of the sort of degeneracy 
which we shall really encounter in the ferromagnetic 
metals, though of course the problem there, arising 
from d-electron degeneracy in three dimensions, is 
more complicated. In reference 8, it was shown that in 
defining the Wannier functions in such a case, we may 
if we choose consider one band to consist of the lower 
energy state for each point in the Brillouin zone, the 
other band to consist of the higher-energy state at 
each point. In such a case the resulting Wannier 
functions, as well as the energies as functions of k, show 
the complete symmetry of the lattice. However, another 
of the authors (see reference 6) has pointed out that it 
is not necessary to proceed in this way, and in fact it 
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8 J. C. Slater, Phys. Rev. 87, 807 (1952); see particularly pp 
827-831. 
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is not always desirable. We can instead set up energy 
surfaces which are discontinuous along certain 45° lines 
(in a two-dimensional Brillouin zone) or certain planes 
(in a three-dimensional case), combining the lower of 
the two energy surfaces on one side of this line with 
the higher one on the other, in such a way that the 
resulting energy surfaces transform into each other in 
the same way as the atomic p, and p, functions, under 
the various symmetry operations of the crystal. If we 
choose the energy bands in this way, the resulting 
Wannier functions also transform like p, and p, func- 
tions, and in fact reduce to those functions in the limit 
of infinite interatomic distance. For the present purpose, 
this second type of treatment is more appropriate, 
since it exhibits the degeneracy in an obvious way. 

If we suppose, then, that the band a corresponds to 
that generated by atomic p,-like functions, and 6 to 
that generated by p,-like functions, we can at once draw 
certain conclusions about some of the matrix compo- 
nents on grounds of symmetry. Thus the components 
like (ab/g/aa) contain just one factor, the function 
symbolized by 6, which changes sign on reflection in 
the plane y=0, so that the integrals must change sign 
when the sign of y is changed. On the other hand, this 


merely changes the name of one of the variables of 


integration, so that it cannot change the value of the 
integral, which consequently must equal zero. The 
same is true, as we see by inspection of Eqs. (36), (37), 
(38), of each component connecting an FP, with either 
Faq or Fy. Consequently we see that (36) and (38) 
become equations for /,, and F’,, only, while (37) is an 
equation for /’4, only. Furthermore, since the states a 
and 6 differ only by a rotation, there will be a degeneracy 
between Eqs. (36) and (38). We find easily that this 
degeneracy is to be removed by assuming that /,,(R,) 
= +F,,(R,). When we insert these assumptions, Eqs. 
(36) and (38) reduce to 


>, 26. (R,)Paa(R,— R,)+4(R,, 0)[ (aa/g/aa) 


t (aa/g/bb) \Faa(Ry)= EF aa(R,). (42) 


Furthermore, Eq. (37) reduces to 


> .[ 64(R,)+ &(— R.) JP as(Rp— R,) 
+6(R,, 0)[ (ab/g/ab)+ (ab/g/ba) |F a(R,) 


=EF(R,). (43) 


We now see that all the equations which we finally 
must solve are of the same form as that for the single 
band, which we discussed earlier. As in that case, we 
may use the one-dimensional case as a guide in under- 
standing the solution; a problem with p,- and p,-like 
functions on atoms arranged along the z axis would 
show the desired behavior. In such a case the quantities 
&4(R,) and &,(R,) will be equal, so that Eqs. (42) and 
(43) will have the same nondiagonal matrix compo- 
nents. In discussing our solutions, let us first take the 
case where one electron is in each band, so that we are 
finding 4s, from Eq. (40) for the triplet, (43) for the 
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singlet. We remember that for this case, no symmetry 
requirements are imposed on /’,, on account of the 
symmetry or antisymmetry of the wave function y. 
The nature of the equations (40) and (43), which have 
inversion symmetry, demands that the solutions be 
either symmetric or antisymmetric on inversion, and 
we can have symmetric solutions for both the singlet 
and triplet, so that from our earlier discussion we know 
that the lowest symmetric solution will represent the 
lowest energy level of the problem. We now notice 
that the repulsive interaction in the singlet case is 
(ab/g/ab)+ (ab/g/ba), and in the triplet case (ab/g/ab) 
— (ab/g/ba). Since the exchange integral (ab/g/ba) is 
positive, this means a smaller repulsive interaction in 
the triplet. The main consequence of our study of the 
one-dimensional case was the result that the energy 
increased as the repulsive interaction increased (since 
this increased the value of a), so that we conclude 
unambiguously that of these two states, the triplet lies 
lower. We cannot conclude that it is the lowest-energy 
level of the problem, however, until we have examined 
the other singlets, arising from the case where both 
electrons are in the same state a, to be sure that they 
do not lie even lower than this triplet. 

These other two singlets are given by Eq. (42), and 
correspond again to symmetric solutions, with the 
repulsive interaction (aa/g/aa)+ (aa/g/bb). We can 
now see easily that these repulsive interactions are 
greater than with the solutions we have just considered, 
in which the repulsive interactions were (ab/g/ab) 
+ (ab/g/ba). In the first place, as we can see from the 
definitions, (aa/g/bb) = (ab/g/ba), so that the separation 
of levels in either case is the same, and the order of 
levels will be determined by the two repulsive inter- 
actions (aa/g/aa) and (ab/g/ab). The first of these is 
the interaction of a charge distributed on orbital a, 
with itself; the second, the interaction of a charge 
distributed on orbital a@ with another on orbital 8. It 
seems plausible that the second would be smaller than 
the first, and calculation in special cases shows that this 
is indeed the case. Thus, if the two functions a and b 
are atomic p, and p, functions, we can find these 
various quantities in terms of the well-known F inte- 
grals. We find that (aa/g/aa) equals F°+ (4/25)F°, 
(ab/g/ab) equals F°—(2/25)F*, so that in fact the 
second is smaller than the first in this case. Furthermore 
we find in this special case that (aa/g/bb)= (ab/g/ba) 
= (3/25)F?, so that the repulsive interactions for the 
three singlets are /°+ (7/25)F?, F°+(1/25)F*, and 
F°+- (1/25) F°; for the triplet, it is #’— (5/25)F?. On the 
basis of the magnitudes of the repulsive interactions, 
we should certainly say in this case that the triplet 
state was the lowest, and that we should have ferro- 
magnetism. 

We have just been discussing a one-dimensional case 
of the two overlapping bands. Two- and three-dimen- 
sional cases can also be handled, by means of difference 
equations, as in Sec. 3, but here the problem becomes 
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a good deal more complicated. The reason is that the 
Wannier functions, instead of transforming into them- 
selves under all operations of the point group, as we 
tacitly assumed in the case of the nondegenerate band, 
can under some operations transform into each other, 
as the p,- and p,-like functions do. The wave function 
of the whole problem, made of a linear combination of 
these Wannier functions with the coefficients Paa(R,), 
F’,(R,), etc., must transform according to an irre- 
ducible representation of the point group, but this 
imposes somewhat complicated requirements on the 
transformation properties of the /’s. We have analyzed 
a two-dimensional problem, involving the same network 
of nine points as in the case considered in Sec. 3, but 
now making wave functions out of the p,- and p,-like 
Wannier functions. Since the results are rather compli- 
cated, and not very clearcut, we shall not reproduce 
the calculations, but shall state the general results. 
The complications arise because now there are a number 
of different parameters entering the problem, both 
different integrals of the nature of (aa/g/aa), etc., and 
also two quantities of the nature of & . One of these 
arises from the interaction of two p--like Wannier 
functions spaced along the x axis, and the other from 
two p,-like functions spaced along the y axis. There is 
no necessary requirement concerning the relative sizes 
of these parameters, and the result is that we find that 
we can choose values of the parameters for which the 
lowest state is a triplet, but also other values for which 
a singlet lies lowest. 

We find, as in the one-dimensional case, that we can 
separate the problems for F,, and /4»; that is, the case 
where both electrons are in one band, and the case 
where one is in each. As in the one-dimensional case, 
we find that the lowest state for the case where they 
are both in one band is a singlet, and the lowest state 
for the case where there is one in each is a triplet. The 
ambiguity arises, however, in determining whether the 
lowest singlet coming for the case where both are in one 
band lies lower or higher than the lowest triplet. As we 
have stated above, values of the parameters can be 
chosen which lead to either of the situations. If we take 
this as a fair indication of what would be found in a 
more complete treatment of the three-dimensional 
problem with overlapping bands, we should conclude 
that cases can certainly arise where the triplet level lies 
lowest, and where our two-electron problem leads to 
ferromagnetism. On the other hand, there can also 
probably be cases where it does not, and where we 
should have a nonmagnetic situation. It will take 
further work, with a model closer to that actually found 
in the iron group elements, to find which case actually 
exists in the elements known to be ferromagnetic. The 
general lines of the approach would probably be similar 
to those which we have just outlined, using Wannier 
functions having symmetry properties appropriate to 
the crystal symmetry, making linear combinations of 
them having the proper symmetry behavior, and 
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approximately solving the difference equations to get 


the energies of the various states. 


5. DETERMINANTAL FORMULATION OF 
THE PROBLEM 


We have now completed our general argument, so 
far as it relates to two electrons in a periodic potential, 
governed by a Hamiltonian 1/,+ He+ gio. We next wish 
to show that the real problem, in which the Hamiltonian 
comes from attractions between the various electrons 
and the nuclei, and repulsions between the electrons, 
and in which the two electrons we are considering are 
in atoms containing closed inner shells, leads to the 
same sort of results. This is of course to be expected, 
since we know that closed inner shells act on outer 
electrons like potential fields. We also wish to show 
that the problem of two holes in an otherwise filled 
band, which is the case which is close to the real 
ferromagnetic problem, acts like that of two electrons. 
This also is to be expected, on account of Heisenberg’s® 
well-known proof of the equivalence of holes and 
electrons. The proofs of these results are not stated in 
language very well suited to the present problem, and 
on account of the importance of these results, not only 
in the present problem, but in the theory of solids in 
general, it seems worth while giving a general discussion 
of these questions. We shall set up this discussion by 
formulating the problem of holes and electrons in terms 
of determinantal combinations of Wannier functions 
(or of Bloch functions), setting up the matrix compo- 
nents of the real Hamiltonian of the problem between 
such determinantal functions, and showing that they 
take the same form as the matrix components of 
Hamiltonians like 1\+ 12+ gi. 

As a preliminary, let us ask how we should formulate 
the two-electron problem which we have just been con- 
sidering, in terms of determinantal functions. Instead 
of starting with the products a;(r,— R,,)a;(t2.— R,), we 
should form spin-orbital one-electron functions, by 
multiplying the a’s by spin functions in the usual way, 
and forming antisymmetric determinants from them. 
These two-dimensional determinants would form a 
complete orthogonal set for expanding any two-electron 
antisymmetric function of coordinates and spins, so 
that we should express our wave function as a linear 
combination of such determinants, the coefficients of 
this expansion having many similarities to the quanti- 
ties U;;(R,,, R,) which we have been discussing. We 
should then have a problem of spin degeneracy. For 
every pair of orbital functions, such as a,(r—R,,) and 
a;(r—R,,), there would be four assignments of spin: 
each orbital could be associated with either a + or — 
spin. The first step in our problem would be to make 
the correct combinations of these determinants to 
describe the resulting single or triplet state. When we 
had done this, we should end up with wave functions 


9W. Heisenberg, Z. Physik 10, 888}(1931). 
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which were products of functions of coordinates, which 
would be symmetric for the singlet, antisymmetric for 
the triplet, and functions of spins. The functions of 
coordinates would be the same ones which would be 
built up, according to our previous method of discussion, 
by combining the two product functions a;(r;—R,,) 
Xaj(te—R,) and a)(r;—R,,)a,(t2—R,), with plus or 
minus sign. Thus we should be led back to the method 
of discussion which we have already used, but since 
that is limited to the two-electron problem, we prefer 
to state our present discussion in terms of the determi- 
nantal method, which is quite general. 

We wish now to investigate the equivalence of two 
problems: first, that in which a certain number of 
electrons (two in the present case) are moving in a 
self-consistent field determined from other electrons in 
inner shells, and secondly, that in which all the elec- 
trons, including those in inner shells as well as the 
outer electrons, are moving in the field of the nuclei. 
Let there be mo electrons in inner shells, m; outside the 
inner shells. Let the orbitals corresponding to these 
inner shells be filled in all configurations which we 
consider in a problem of configuration interaction, and 
let these same electrons in filled orbitals be the ones 
which we consider in setting up a self-consistent field. 
The Hamiltonian for the self-consistent problem will be 
Ho(ry)+ +++ +Hol(rm) +3 (pairs of outer electrons)g;;, 
where //, represents the one-electron Hamiltonian of 
an outer electron in the field of the nuclei and the 
electrons in closed shells, where r,---rn; refer to the n, 
outer electrons only, and where the g,; terms represent 
the Coulomb repulsion of outer electrons. We realize 
of course at the outset that the eigenvalues of this 
self-consistent Hamiltonian will not agree at all with 
the eigenvalues of the true problem, for the eigenvalues 
of the self-consistent Hamiltonian will include the sum 
of the one-electron energies of all electrons in closed 
shells, and it is well known that this sum counts the 
repulsive interactions between electrons in closed shells 
twice. Nevertheless this correction term, though large, 
will be common to each configuration obtained by 
allowing the outer electrons to be located in different 
outer orbitals, so that it will appear as a constant 
correction in the final answer, and will not affect 
questions relating to the relative position of multiplet 
levels. 

The true Hamiltonian of the complete problem will 
be the sum of one-electron operators, /(r,), for all 
not+n, electrons, where f includes the kinetic energy 
operator and the potential energy in the field of the 
nuclei, and a sum of two-electron operators g,; over all 
pairs of electrons, the g,,’s again representing Coulomb 
repulsions. To expand the solutions of this problem, 
we set up a self-consistent field involving all the elec- 
trons, assume that we have energy band solutions of 
this self-consistent problem, and use either the energy 
band functions, or the related Wannier functions, as a 
complete orthogonal set of one-electron functions. We 
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set up all the (m+ ,)-dimensional determinants formed 
from these one-electron functions, when supplemented 
by spin. Since however we are assuming that the inner 
shells are always kept filled, we shall consider only 
those determinants in which all mo inner spin-orbital 
one-electron functions appear, in expanding the true 
wave function; we explicitly disregard those determi- 
nants corresponding to electrons being excited from 
the inner closed shells. We now wish to compare the 
diagonal and nondiagonal matrix components of the 
true Hamiltonian operator, between determinants 
differing in the orbital or spin configuration of the m 
electrons outside the closed shells, with the corre- 
sponding matrix components of the self-consistent 
Hamiltonian operator between corresponding determi- 
nantal functions formed just from the m, spin-orbital 
functions of the outer electrons. If the two sets of 
matrix components agree (except for the constant 
additive correction in the diagonal matrix components, 
which we have already mentioned), we shall then see 
that either method of treatment will lead to the same 
configuration interaction problem. 

We need the formulas for matrix components of the 
true Hamiltonian operator between determinantal wave 
functions. These well-known formulas" can be expressed 
in terms of certain integrals defined as 

. 


(i/f/j)=d (spin 1) fut Cesvifin (aside 


(ij/g/kl) =>- (spin 1)>0 (spin 2) f usrcesy) 


XK u;* (x52) grote (4181) My (X252)dv 42, 


where x,s; stands for the coordinates and spin of the 
first electron, and so on. The w’s are the one-electron 
functions of coordinates and spin. We note that 
(i7/g/kl) is zero unless the spins of «, and uy, are the 
same and the spins of #; and wu, are the same. In terms 
of these symbols, we find that the diagonal matrix 
component of energy with respect to a determinantal 
wave function equals 


¥ (1) G/ f/N+E (pairs i, NC i/g/if)— Cj/g/ ji) J, (44) 


where the sums are to extend over all one-electron 
orbitals occupied in the determinant, and where the 
exchange integral (7j/g/ji) is zero unless u; and wu; 
correspond to the same spin. The nondiagonal matrix 
component between two determinantal wave functions 
will be zero if the two determinants differ in more than 
two orbitals. If they differ in just two, say by having 
orbitals u; and u; replaced by u,’, u,’, all others being 
common to both determinants, the nondiagonal matrix 


For diagonal components, see J. C. Slater, Phys. Rev. 34, 
1293 (1929); for nondiagonal components, J. C. Slater, Phys. 
Rev. 38, 1109 (1931); note a typographical error there in the 
formula for a quantity called (U/G/U"'). For the nondiagonal 
components, see also E. U. Condon, Phys. Rev. 36, 1121 (1930). 
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component is 

(i j/g/i'j')— (ij/g/j'1’). (45) 
If they differ in one orbital, u; being replaced by u,’, 
all others being common to both determinants, the 
nondiagonal matrix component is 


(i/ {/i )+¥ (RA i)[ (ik/g/i'k) — (ik/g/ki’) 


The formulas which we have just written are correct 
ior the true Hamiltonian, and the determinantal wave 
functions formed from one-electron orbitals of all elec- 
trons in the system. Let us now consider the corre- 
sponding formulas when we use the self-consistent 
Hamiltonian, and determinantal wave functions formed 
from the »; one-electron orbitals for the electrons 
outside closed shells only. The formulas are unchanged, 
provided we make several changes in interpretation. 
First, all summations are to extend only over the 
orbitals representing electrons outside closed shells. 
Secondly, the one-electron operator /, instead of being 
kinetic energy and the potential energy in the field of 
the nuclei, is to be the self-consistent one-electron 
operator /79 previously mentioned. Let us now examine 
the exact formulas (44), (45), (46) for matrix compo- 
nents, and see to what extent they can be thrown into 
this alternative form to represent the self-consistent 
problem. 

First we consider the diagonal matrix component 
(44). In the term >° (7)(7/ f/i), we first have the sum 
over the outer electrons, which we shall consider in a 
moment, and then the sum over the inner electrons, 
which is merely a constant as far as our present problem 
is concerned, identical for all configurations which we 
must consider, and therefore which we may disregard. 
In the double sum over pairs, we have three sorts of 
terms: those in which both electrons of the pair are in 
closed shells, which again contribute only to a constant 
energy, and may be disregarded; those in which one 
electron is in a closed shell, the other outside; and those 
in which both electrons are outside closed shells. These 
latter terms are identical for the true problem and the 
self-consistent problem, so that we do not have to 
consider them further. We must. then show that the 
sum of terms (i/f/i) over the outer electrons, plus the 
sum of quantities (ij/g/ij)— (tj/g/ji) in which one of 
the electrons is in an orbital “; in a closed shell, the 
other in an orbital «, outside closed shells, is equivalent 
to the sum of terms (i //)/7) over the electrons outside 
closed shells, where the symbol (i///)/1) stands for 
S u* (x) Hou, (x dv. 

We now notice that the sum of quantities (ij/g/7/), 
where / is summed over the orbitals in the closed shells, 
is the total Coulomb interaction of an outer electron in 
orbital u,, with the charge density of all electrons in the 
closed shells. Thus this sum, plus the quantity (i/f/7) 
is the diagonal matrix component of the kinetic energy 
of the electron in orbital u;, plus its potential energy in 
the field of the nuclei, and of all electrons in closed 


(46) 
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shells. If our self-consistent Hamiltonian //) consisted 
just of these terms, and if the exchange integrals 
(ij/g/ji) were not present, we should have demon- 
strated the equivalence of the two problems. Let us 
consider these exchange integrals more in detail. 

We may rewrite the integral (7//g/ ji) in the form 


u,* (x1) ;* (x2) g19u (41) Uy (Xe) 


dt» di ly 


fuseouce) 


provided the spins of “, and u,; are the same, a form 
suggested by the method of treating the Hartree-Fock 
equation discussed by one of the present authors." 
This represents the Coulomb interaction between 
the electron in orbital «,, and a charge density 
[ 20,* (xy) j* (ra) 0; (xy), (x2) |/[0* (x1), (x,) |, a charge 
density at point x2, depending parametrically on the 
position x, of the electron in question. In reference 11, 
it was pointed out that the sum of such charges, 
summed over all values of j, both in closed shells and 
for the electrons outside closed shells, has interesting 
properties. It represents a total charge distribution 
amounting to one electronic charge, whose maximum 
density comes at the position x, of the electron in 
question, where it equals the density of all electrons of 
the appropriate spin at that point of space. This sum 
was called the exchange charge density in the reference 
just quoted. 

Our present summation, however, is only over the 
electrons in the closed shells, and has a different signifi- 
cance. We readily find, by integrating over x2, that this 
total charge density is zero. When x, equals x, it 
reduces to the total charge density of electrons in closed 
shells, having the same spin as u;, at the point a. 
Since the total charge density is zero, it must have 
opposite sign at some other positions. In other words, 
we have found that the diagonal matrix component of 
energy in the exact problem includes a sum of one- 
electron energies of all electrons outside closed shells, 
consisting of the kinetic energy of the electrons, their 
potential energy in the field of the nuclei and of all 
electrons in closed shells, and their potential energy in 
the field of these exchange charges whose total charge 
densities integrate to zero. These exchange charges are 
different for each u;, so that we cannot say that the 
true diagonal matrix components are just as if we had 
a self-consistent problem, but if we disregard these 
exchange charges, we can make that statement, and 
we should then conclude that the self-consistent field 
to use in the present problem is that arising from the 
nuclei, and all electrons in inner shells, with no correc- 
tion at all for exchange. Since the important exchange 
effects are between electrons in the same shell, which 
we are taking into account explicitly in our present 
treatment of configuration interaction of the outer 


u;* (x,)u; (x1) 


(47) 


J.C. Slater, Phys. Rev. 81, 385 (1951); see Eqs. (4), (5). 
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electrons, we feel that we shall not make a serious error 
if we disregard these exchange effects between the outer 
electrons and those in the closed shells. It is only to 
the extent to which we are justified in doing so that 
our replacement of the true problem by a self-consistent 
treatment of the inner shells is justified. 

Let us now consider the same sort of question for the 
nondiagonal matrix components of energy. The non 
diagonal matrix components of the form (45), involving 
changes in two outer electrons, are just the same 
whether we use the exact method or the self-consistent 
method, and hence need not be further discussed. As 
for the components of form (46), encountered when 
only one outer electron shifts from one orbital to 
another, the terms in the summation for which k refers 
to an outer electron are the same in the exact and the 
self-consistent method, and need not be further dis- 
cussed. The summation of the terms (ik/g/i’k) over 
orbitals u, in the closed shell gives us just the non- 
diagonal matrix component of the Coulomb interaction 
between the outer electron, and all electrons in inner 
shells. Thus, if we are using for //o the kinetic energy, 
the potential energy in the field of the nuclei, and in the 
field of all inner electrons, these terms give just the 
contribution to the nondiagonal matrix components of 
1, required to take account of the Coulomb interactions 
with the inner electrons. Finally, the sum of terms 
(ik/g/ki’) in which uy goes over the inner shells yields 
nondiagonal matrix components of the interaction with 
the same type of exchange charge, whose total integral 
vanishes, which we have already decided to disregard 
in considering the diagonal matrix components. 

We see finally, then, that if we take the self-consistent 
operator //o as representing the kinetic energy of an 
electron, and its potential energy in the field of the 
nuclei and of the charge of all electrons in closed shells, 
without any exchange correction, then the self-con- 
sistent problem for the outer electrons, and the true 
problem, will have the same matrix components of 
energy for the configuration interaction problem, pro- 
vided we disregard exchange interactions between the 
outer and the inner electrons. We have seen further- 
more that these neglected exchange interactions are 
not the major ones involved in the problem, since those 
are exchanges between the outer electrons, which of 
course we are retaining in our configuration problem. 
Thus we feel that this procedure of replacing inner shells 
by a potential field is justified well enough to make it 
useful, and in particular well enough so that we can 
trust the results of earlier sections, in which we have 
discussed the configuration interaction problem of two 
electrons in such a potential field. 

One word of caution should be spoken here, as a 
warning to those who may use this method of replacing 
inner shells by a potential field. As we have set up the 
method, the wave functions of the outer electrons are 
to be expressed as linear combinations of Bloch or 
Wannier functions of the outer bands, as derived from 
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a self-consistent field problem in which all electrons of 
the system are taken into account (and which therefore, 
in general, is quite a different self-consistent field from 
that involved in our one-electron Hamiltonian Ho, 
though in our present problem of two electrons only in 
outer shells the two are indistinguishable). This means 
that the wave functions of the outer electrons are 
automatically kept orthogonal to those of the electrons 
in closed shells. We must remember that unless some 
such means is adopted for keeping the wave functions 
of outer electrons orthogonal to those of inner closed 
shells, we may run into grave errors in treating the 
outer electrons as a problem by themselves, merely in 
a periodic potential field. For we are likely to end up 
with some sort of wave function for the outer electrons 
which is not orthogonal to the inner shells, and in such 
a case the energy can appear to decrease greatly, in a 
way which has no physical significance. In other words, 
we are running into the fact that a variation method 
may not be used for the wave functions of the outer 
electrons of an atomic system, unless we impose an 
additional condition that the wave functions are kept 
orthogonal to all lower wave functions of the system. 
We have now discussed the determinantal formula- 
tion of our problem enough to justify our use of the 
self-consistent method. It remains only to show that 
the problem of a certain number (in our case two) of 
holes in otherwise filled bands will behave in many 
ways like an equal number of electrons in an empty 
band. In finding each matrix component of energy, we 
first find the component as if all holes were filled, and 
then subtract out those terms coming from the missing 
electrons. Thus, in the terms (i/f/i) in Eq. (44), from 
the diagonal matrix component, we include terms for 
all electrons in the band (which then will drop out of 
our problem as an additive constant, when we compare 
with the self-consistent problem), and subtract from 
this the terms relating to the holes, or missing orbitals. 
These terms then appear with negative sign in the final 
energy. Similarly in the Coulomb integrals (i7/g/17) 
from Eq. (44), we include terms between all pairs of 
electrons in all bands, with the holes filled; we subtract 
the terms between each hole and all other orbitals 
(including those which actually are not occupied on 
account of the holes) ; and finally we add terms between 
pairs of unoccupied orbitals, or pairs of holes. The 
terms which we have subtracted amount to the Coulomb 
interaction between each hole and the complete elec- 
tronic charge of all bands, aside from its own charge. 
In the exchange terms (ij/g/ji), we similarly include 
all terms between all pairs of orbitals, whether occupied 
or not; subtract those between each hole and all other 
orbitals; and add those for interaction between holes. 
In other words, the diagonal matrix component of 
energy equals a constant, minus the diagonal matrix 
components of one-electron energy for the various 
holes, in self-consistent fields determined from the 
nuclei, the complete charge of all electrons, but di- 
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minished by an exchange correction which is just like 
that met in the Hartree-Fock method, and which is 
discussed in reference 11; and finally, plus the Coulomb 
and exchange corrections between pairs of holes, appear- 
ing with the same sign as if they were pairs of electrons. 
As for the one-electron energies, it was showr. in 
reference 11 that we do no great violence to the problem 
to replace the Hartree-Fock self-consistent field, which 
is slightly different for each orbital, by an averaged 
self-consistent field, as given in Eq. (7) of that reference, 
and this is the type of self-consistent field which we 
should use here. 

Before passing on to the nondiagonal matrix compo- 
nents, let us see that these diagonal components are 
consistent with the usual interpretation of holes as 
being particles of positive charge. If our one-electron 
orbitals are Bloch functions, the one-electron energy 
will appear in the diagonal matrix component, and the 
usual energy band interpretation of the behavior of 
holes assumes that the energy of the whole crystal is a 
constant, minus the one-electron energy of the holes, 
which agrees with our present findings. In the usual 
energy band treatment, we do not consider the inter- 
action energy between electrons, unless we are dealing 
with a correlation or ferromagnetic problem, but if we 
consider such terms, we assume that these represent 
Coulomb repulsions and exchange integrals just as if 
the particles were positive electrons. The Coulomb 
and exchange integrals, depending on the products of 
the charges of the two particles, should have the same 
sign whether we are dealing with holes or electrons, 
and this is what we find. 

We have a similar situation for the nondiagonal 
matrix components. Thus, if two holes u,; and u; are 
replaced by holes u,’ and u,’, the problem is just like 
that if electrons in orbitals u,’ and u,’ changed to u; 
and u;, so that the nondiagonal matrix component is 
just that given by Eq. (45), exactly like the matrix 
component between the corresponding electrons. In the 
case where one hole only changes from orbital 1, to 1,’, 
and we are using Eq. (46), the same sort of consideration 
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shows that there will be one-electron terms of opposite 
sign to those for an electron, and representing the 
one-electron nondiagonal matrix component of energy 
in a self-consistent field which may again be replaced by 
the averaged self-consistent field of reference 11; plus 
two-electron terms of the same sign as those found for 
electrons. If we are using Bloch functions, there will 
be no nondiagonal one-electron matrix components of 
energy, but with Wannier functions these components 
are what result in the one-electron energy, as we see 
from Eq. (5), for instance. It is then clear, for instance 
from Eq. (10), that it is right for these terms to come 
in with negative sign for the holes. For when we are 
using the operator form of these nondiagonal matrix 
components, if we are dealing with the top of a band, 
as we usually are with holes, the one-electron energy £; 
for a nondegenerate band will be a constant, minus a 
term in the square of k. When we use the negative of 
this, we find that the correct energy of the band lacking 
a hole will be a constant, plus a term in the square of 
the k of the hole, which is as it should be, the lowest 
energy coming when the hole is at the top of the band. 
The net effect of our calculations of the present 
section, then, is that we are justified in treating a 
simplified problem of electrons or holes in a. self- 
consistent field, to the same extent that we are justified 
in using a single self-consistent field according to the 
methods of reference 11. Furthermore, we tind that the 
exchange integral terms come in with the same sign, 
whether we are dealing with electrons or holes. In other 
words, whichever case we are considering, Hund’s rule 
will still lead to the triplet states of a two-electron 
atomic system lying lowest, and the conclusions of the 
present paper regarding the relative order of levels 
will hold whether we are dealing with electrons or 
holes. This of course agrees with the well-known case 
of atomic spectra, in which the energy separations of a 
shell of equivalent electrons containing two electrons 
(say a p* configuration) are given by the same F and 
G integrals as the separation of a complete shell with 
the same number of holes (as in a p* configuration). 
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The absorption of infrared light associated with the presence of free carriers in germanium has been meas 


ured by injecting these carriers across a p— 


a junction at room temperature. 


The absorption is found to be 


proportional to the concentration of carriers. The absorption as a function of wavelength shows the same 
rather sharp maxima previously observed in normal p-type germanium. These bands are found to change 


with temperature 


Hk presence of donor or acceptor impurities in 

germanium has been found to cause additional 
absorption of infrared light of wavelengths greater 
than the fundamental absorption dimit of two microns.'~* 
Some such absorption would be expected according to 
the classical Drude-Zener* theory of the optical prop- 
erties of the free carriers, which in this case are the holes 
and electrons released by the ionized impurities. How- 
ever, the observed absorption is two to three orders of 
magnitude higher than the Drude-Zener theory would 
predict.'* In addition for p-type germanium, the ab- 
sorption has structure® instead of increasing uniformly 
with the square of the wavelength as the Drude-Zener 
theory predicts for this wavelength range. These 
servations have led us to perform two additional types 
of experiments. First, in order to show that the addi- 
tional absorption, particularly in p-type germanium, is 
carriers, we have measured 
caused by free carriers which 
have been injecled into the germanium. Second, the 
absorption by p-type germanium in thermal equilibrium 
has been measured as a function of temperature. 


ob- 


really caused by the free 


the excess absorption 


EXPERIMENTAL METHOD 


The first experiment depends upon the injection of 
free carriers across a p—n junction when the junction 
is biased in the forward, or low resistance, direction.® 
If the light, whose absorption is to be measured is 
allowed to pass through the sample in a narrow beam 
parallel and near to the junction, the injected carriers 
will cause an increase in absorption which can be 
measured.® 

A single crystal of germanium containing a junction 
between 2.0 ohm-cm, p-type (gallium doped) and 5.5 
ohm-cm, n-type (arsenic doped) was finished in a 
rectangular block 1.5X1.0X0.4 em, the plane of the 
junction being perpendicular to the long dimension. 

'H. Y. Fan and M. Becker, Proceedings of Reading Conference 
(Butterworths Scientific Publications, London, 1951), pp. 132-147. 

2H. B. Briggs, Phys. Rev. 77, 727 (1950); M. Becker and H. Y 
Fan, Phys. Rev. 76, 1531 (1949). 

'H. B. Briggs and R. C. Fletcher, Phys. Rev. 87, 1130 (1952) 

‘E.g., see F. Seitz, Modern Theory of Solids (McGraw-Hill 
Book Company, Inc., New York, 1940), p. 639, 

5 W. Shockley, Bell System Tech. J. 28, 435-489 (1949). 

6 This type of absorption was first suggested to one of us by 
R. L. Wallace, August 30, 1949. Similar suggestions have been 
published: K. Lehovec, Proc. Inst. Radio Engrs. 40, 1407 (1952). 


\n explanation of this absorption is offered in terms of a degenerate energy band scheme. 


The sides exposed to the light were finished plane parallel 
and polished. 

The germanium block fitted in a groove in a Bakelite 
mount (Fig. 1). The attachments 5$,S2 are opaque 
shields with 0.5-mm apertures which limited the light 
beam to a narrow region in the germanium. The ger- 
manium block could be moved with respect to the aper- 
tures with a calibrated screw. P; and Pe are voltage 
probes positioned 0.75 mm apart at each edge of the 
aperture in.S, and making contact with the germanium, 
and /,/> are current leads making pressure contacts 
with the gold-plated ends of the germanium block. 
Sample and mount were supported in front of the en- 
trance slit of a Perkin-Elmer spectrometer, the plane 
of the junction being parallel to the slit. 

The increased absorption caused by the injected 
carriers was determined by modulating the voltage 
applied across the junction with a 10 cps rectangular 
wave obtained from a motor driven commutator and 
detecting the rectangular wave of transmitted light 
with either a lead sulfide photocell or a thermocouple 
followed by an amplifier and rectifier. This signal was 
compared with the signal obtained by eliminating the 
modulation voltage across the junction and inserting 
a light chopper, driven by the same motor as the com- 
mutator at the same frequency, and using the same 
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Fic. Experimental arrangement for measuring infrared light 
semaine by injected carriers; /;/2 are the current leads to the 
p—n junction, P;P2 are the voltage probes, and 8,S» is the light 
shield in which the illuminating slit is cut. 
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detection scheme. If the ratio of the first signal (voltage 
modulation) to the second signal (light modulation) is 
called r, the absorption coeflicient attributable to the 
injected carriers, a;, is given by 


1 1 
a;= In ), 
d 1 es 


where d is the thickness of the sample traversed by the 
light. This formula neglects changes in multiple re- 
flections caused by a@,, an approximation which intro- 
duces an error of less than 4 percent in the experiments 
to be described. This method of measuring a; is not 
subject to errors in determining the reflection coefficient 
or to the errors introduced by changed light paths 
which are normally encountered in measuring absorp- 
tion coefficients. 

The concentration of added carriers attributable to 
hole or electron injection was determined from measure- 
ments of voltage across the probes ?,/’, and current 


Fic. 2. A photograph of the oscilloscope trace of the voltage 
across the probes P,P, as a function of time after the forward 
voltage is applied across the p—n junction. The initial deflection 
\’, is associated with the conductivity of normal germanium before 
the injected carriers arrive. The steady-state value of I's is associ 
ated with the increased conductivity of the injected carriers added 
to the normal conductivity 


through the sample. The voltage across 7). was dis- 
played on an oscilloscope screen through a balanced 
input amplifier. A photograph of a typical oscilloscope 
pattern is shown in Fig. 2. The initial rise V1, arises 
from the conductivity of normal germanium before the 
injected carriers arrive at the probes. The sharp drop 
to an intermediate position is caused by the arrival of 
the injected carriers, so that V2 arises from the combina- 
tion of the conductivity of*the normal germanium plus 
that associated with the injected carriers. For every 
injected carrier added, there must also be an extra 
carrier added of the type normally present in order to 
preserve neutrality. Thus, for an n-type sample, if o, 
and o; represent the normal and increased conductivi- 
ties, respectively, and n and p, equal the concentrations 
of the normal and injected carriers, respectively, 


7, =Nepn, 


o;=Nebnt+ pie(MntHyp), 
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Fic. 3. Modulation infrared light 
versus distance from the p—n junction 
rent = 100 ma. 


so that 


O,— On 


e(up tn) 


Here uw, and uw, are the mobilities of electrons and holes, 
respectively, and e is the electronic charge. Heating 
effects in the germanium sample containing the p—n 
junction restricted the injection currents to values not 
greater than 1 ampere per cm? for which value the 
maximum calculated carrier density was 2X10" per 
cm’. 

Measurements have also been made on p-type and 
n-type samples in thermal equilibrium (hereinafter 
called normal to distinguish them from the injection 
experiments). Extinction coefficients for these samples 
were obtained by the conventional means of measuring 
the ratio of incident to transmitted light, and using a 
value for the reflectivity obtained from a separate ex- 
periment. The carrier densities were calculated from 

‘resistivity measurements using the drift mobilities 
measured at room temperature for lattice scattering’ 
and corrected for impurity scattering according to the 
Conwell-Weisskopf* formula. This method was checked 
by using two p-type samples in which J. D. Struthers 
of these Laboratories had measured the impurity con- 
centration by using radioactive gallium for the im- 
purity. The temperature dependence of the absorption 
of the several p-type samples was measured by putting 
the sample in contact with a copper block, which was 
cooled by an appropriate refrigerant. Higher tempera- 
tures were obtained by passing heavy currents through 
the samples. Temperatures were measured with an 
iron-constantan thermocouple attached to the pressure 
contacts to the samples. 


RESULTS 
The relative modulation of light by injected carriers, 
r=a,d, is shown in Fig. 3 as a function of distance from 


7 J. R. Haynes and W. Shockley, Phys. Rev. 81, 835-843 (1951) 
* FE. M. Conwell, Proc. Inst. Radio Engrs. 40, 1330 (1952). 
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Fic. 4. The extinction coefficient due to injected carriers 
plotted vs carrier density at a wavelength of 2.54. To compare 
with this the extinction coeflicient of several normal germanium 
samples are plotted vs their carrier densities. The heavy straight 
lines are drawn at 45° on the log-log plot indicating a direct 
proportionality. The carrier densities of the two samples indicated 
by arrows were determined by radioactive methods 


the p—n junction. ‘To obtain these points the crystal 
was moved with respect to the illuminating slit. The 
resulting straight lines on this semilog plot indicate 
approximately an exponential dependence of a, on dis 
tance. Because of the high current densities used in 
these experiments, the current is mainly carried by 
field drift rather than diffusion. Thus, the slopes of the 
two exponentials determine the distance the minority 
carriers drift in a lifetime. This distance is approxi- 
mately 0.19 cm on both sides of the junction for the 
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Fic. 5. The extinction coefficient for injected carriers plotted 
vs wavelength of the incident light (total carrier density = 3X 10" 
em’), The absorption maxima at 3.44 and 4.74 previously ob 
served in normal p-type germanium (see reference 3) are clearly 
evident here also 
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current used in Fig. 3. In the experimental results to 
follow, the slit was maintained from 1.5 to 4 mm from 
the junctions. 

The dependence of the abscrption on carrier density 
as obtained by injection methods is compared with 
that obtained by conventional methods in Fig. 4. The 
circled points are values of the extinction coefficient 
(\a,/ 4a) measured for injected carriers as a function 
of the added carrier density (p,). Light of 2.54 wave- 
length was used, with the light slit located on the 
n side of the junction. Essentially the same results 
were obtained by injection into the p side of the junc- 
tion, as is indicated by the doubled-circle point. The 
circled crosses represent the values of the extinction 
coefficient at the same wavelength for normal p-type 
germanium (Ga-doped) as a function of hole density. 
Likewise the circled bars indicate the extinction co- 
efficients for some n-type germanium (As-doped). The 
straight lines on this log-log plot are drawn at a 45 
angle indicating that the extinction coefficient is pro- 
portional to the carrier concentration. This same pro- 
portionality was found using wavelengths of 3.4u, 4.2y, 
and 4.84. This proportionality can be expressed as a 
cross section by dividing the absorption coefficient by 
the carrier concentration. For the injected carriers the 
cross section at 2.54 as determined from Fig. 4 is thus 
1.2A*. For the p-type samples the cross section is 1,.2A° 
and for n-type samples it is 0.07A*. It can be observed 
that the cross section for injected carriers is very nearly 
the sum of the cross sections of the n- and p-type sam- 
ples, as it should be if the absorption in both instances 
is by the free carriers. 

Figure 5 shows the extinction coefficient as a func- 
tion of wavelength for injection into the n-type side of 
the junction for a total injection carrier density (holes 
plus electrons) of 3X10" cm *. The absorption maxima 
at 3.4u and 4.7u previously reported for normal p-type 
germanium’ are clearly present also in the absorption 
by injected carriers into n-type germanium. 

Finally the absorption by normal p-type germanium 
for several different temperatures is plotted in Fig. 6.9 
This absorption is plotted as a cross section, by sub- 
tracting from the observed absorption the absorption 
in a pure sample, which is presumably caused by lattice 
interactions, and dividing by the carrier density. Also, 
for convenience of theoretical interpretation the wave- 
length has been converted to photon energy. It is ob- 
served that the cross section of the 0.39 ev (A=3.2y) 
absorption maximum increases, sharpens, and moves to 
lower energies as the temperature is decreased. The 
absorption of the 0.26 ev (A=4.74) maximum de- 
creases until it practically disappears at low tempera- 
tures. The broad maximum at low photon energies 
(0.06 ev or 20u) increases and sharpens as the tempera- 


ture is lowered. 


® Reports of similar work have been made by Kaiser, Collins, 
and Fan, Bull. Am. Phys. Soc. 28, No. 2, 32 (1953 
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DISCUSSION 


The simplest way to explain the direct propor- 
tionality between the absorption and the concentration 
of the carriers is to assume that the extra absorption 
observed in the infrared is caused by the free carriers, 
whether they be introduced by ionization of chemical 
impurities or whether they are injected across junctions. 

We have considered two other possibilities to explain 
the observed proportionality. First, the absorption 
might be associated with the normal ionized acceptor 
and donor impurities. This absorption would be pro 
portional to the number of such impurities present and 
would thus explain the observed proportionalities in 
normal samples. However, the fact that injected car- 
riers have the same absorption eliminates this as a 
possibility. In addition, experiments have been carried 
out with compensated samples in which the carrier 
density was not proportional to the impurities.’ In 
these the absorption was found to be proportional to 
the carrier concentration and not to the impurity 
concentration. 

A second possibility is that the absorption is associ- 
ated with impurities other than the impurities govern- 
ing the electrical resistivity or with crystal imperfec- 
tions. These are assumed to introduce an energy level 
into the forbidden band from which either electrons or 
holes can be excited by absorbing light. This possi- 
bility is suggested particularly by the absorption bands 
observed in p-type germanium. In order that this ab- 
sorption be proportional to the carrier concentration 
we must assume that the carriers change the population 
of these levels. For instance, consider the absorption 
caused by ionizing a hole trapped on an impurity level 
(Fig. 7). In this case the absorption will be proportional 
to the number of empty impurity levels. If the Fermi 
level is above the impurity level, as shown in Fig. 7, 
the relative population of levels in the impurity level 
and in the valence band will be governed by a Boltz- 
mann distribution. That is, the number of empty im- 
purity levels in thermal equilibrium will be propor- 
tional to the number of free holes. This would thus ex- 
plain the observed proportionality between absorption 
constant and free holes. 

When carriers are introduced by injection, however, 
the holes are not in thermal equilibrium, and we would 
expect that the ratio of empty impurity levels to free 
holes would be considerably different. The fact that the 
cross section for injected carriers is the same as that 
for carriers in thermal equilibrium strongly suggests 
that the absorption is not caused by impurities or 
imperfections. 

Moreover it should be pointed out that in order for 
the cross section to remain constant from sample to 
sample, the concentration of impurity levels must re- 
main constant. Every sample tried had essentially the 
same cross section. This same cross section has also been 
measured on samples prepared in other laboratories 
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Fic. 6. The absorption cross section for free holes measured in 
normal p-type germanium plotted vs the energy of the incident 
light for four different temperatures. The lattice absorption at 
long wavelengths (energies less than 0.1 ev) has been subtracted 
from the normal absorption in order to get the cross section. 


with different doping materials.” It seems most un- 
likely that an uncontrolled impurity or imperfection 
would remain as constant under such a variety of 
situations. 

Finally, it should be observed that in order for the 
absorption to be ascribed to empty energy levels in the 
forbidden band, the cross section for capture of photons 
by these empty levels is required to be extremely large. 
If the number of impurity levels is so small that it 
does not affect the resistivity in fairly pure samples 
where the concentration of donors and acceptors are 
lower than 10" cm’, the impurities must be present in 
concentrations smaller than this. At the same time the 
extinction coefficient for the heaviest concentration of 
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Fic. 7. An energy scheme for impurities or imperfections (£7) 
which could explain how an impurity absorption could be propor 
tional to the concentration of free holes as long as the Fermi level 
is above the impurity level. This is probably not the explanation 
of the observed absorption, however 
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CRYSTAL MOMENTUM IN UNITS OF h/a 


Kic. 8. A proposed energy scheme for the degenerate bands 
within the valence band plotted os the crystal momentum of an 
electron along the direction in which the valence band has its 
maximum energy. The absorption maxima in p-type germanium 
are indicated by the arrows. This scheme is consistent with the 
observed dependence of the absorption cross section of free holes 
on wavelength and temperature. (Here / is Planck’s constant and 
a is the edge length of the unit cube.) 


holes (Fig. 4) is observed to reach values of 10°* (cor- 
responding to an absorption constant of 50 cm‘). 
Even if all of the impurity levels were empty, this 
would require a cross section for capture of photons by 
empty impurity levels in excess of 5000A?, an unreason- 
ably large value. 

Thus to summarize we do not believe the extra ab- 
sorption beyond the fundamental absorption edge can 
be associated with the normal acceptors or donors be- 
cause the cross section measured in normal samples is 
the same for (1) injected carriers and (2) compensated 
samples. We do not believe it is associated with im- 
purities or imperfections because (1) the cross section 
is the same for injected carriers, (2) the concentration 
of such uncontrolled impurities is required to be the 
same for different samples and (3) too large a cross 
section is required. We feel that the most reasonable 
explanation of the extra absorption is that the free 
carriers themselves are absorbing the light by some 
mechanism other than that proposed by the simple 
Drude-Zener theory. 

Bardeen has proposed a modification of the Drude- 
Zener theory! which predicts a higher absorption cross 
section. He points out that the optical modes of vibra- 
tion may contribute to the scattering of the excited 
carriers whereas these modes have only a small influence 
on the scattering of the unexcited carriers. Thus the 
mean free time between collisions would be much smaller 
for the excited carriers than that estimated from the 
mobility of the thermal carriers, and a larger cross 
section for capture of a photon would be expected. This 
may explain the absorption observed in n-type ger- 
manium, where the dependence on wavelength is ap- 


J. Bardeen, Phys. Rev. 79, p. 216 (1950). 
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proximately that predicted by the Drude-Zener theory.' 
In p-type germanium the appearance of absorption bands 
with an unpredicted temperature dependence suggests 
that an entirely new explanation needs to be found. 


POSSIBLE EXPLANATION OF ABSORPTION 
BY FREE HOLES 


A possible explanation of the absorption by free 
holes might be that the light induces transitions between 
the various branches of the degenerate bands.":'’ The 
feature of such degenerate bands which is essential for 
explaining the observed absorption is that there be two 
energy maxima, associated with different bands and/or 
directions, which are within approximately 0.03 ev of 
each other. One possible energy scheme is shown in 
Fig. 8. Here the electron energy of the three degenerate 
bands within the valence band is plotted against the 
crystal momentum in such a way as to be approxi- 
mately consistent with the observations. The scale of 
the momentum axis was chosen so that the effective 
mass associated with the curvature at the top of the 
valence band be made equal to the free electron mass. 
The absorption bands arise because two of the bands 
are assumed to have maxima at values of momentum 
greater than zero. The holes will be concentrated within 
~<kT of the highest maximum, so that if the next 
highest maximum is within k7 of the first, it will have 
an appreciable population. Transitions may thus occur 
from both maxima to the lower band, giving rise to the 
two absorption bands. The long wavelength (low- 
energy) absorption may be caused by transitions be- 
tween the two upper bands. As the temperature is 
lowered, the lower-energy maximum will become de- 
populated and the associated absorption maximum will 
disappear. The other absorption band will increase and 
narrow. Finally, the long wavelength absorption will 
also tend to increase and its cutoff will shrink to lower 
photon energies. These effects are just what are 
observed. 

There are, however, theoretical objections to the 
above explanation. Calculations which have been 
made of the energy band structure indicate that the 
valence band is of the order of 10 ev wide. The detail 
shown in Fig. 8 covers only 0.3 ev. This suggests that 
all of this detail occurs near the center of the Brillouin 
zone, ca, P<h/20a. Such detail does not seem to be 
within the framework of the theoretical calculations.” 
In addition it requires a rather small effective mass (ca, 
io of the free electron mass). These objections have not 
yet been resolved. 

The authors are glad to acknowledge their indebted- 
ness to J. R. Haynes, who suggested the techniques used 
in the measurement of absorption by injected carriers, 
to Conyers Herring for stimulating discussions, and to 
H. R. Moore who designed and built the detector ampli- 
fier system used in the measurements. 


2 W. Shockley, Phys. Rev. 78, 173 (1950 
‘3, Hermann and J. Callaway, Phys. Rev. 89, 518-19 (1953). 
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The atomic heat of germanium below 4°K has been measured with pure polycrystalline and single crystal 
ingots, indium and antimony doped single crystal ingots, and pure crushed material. The lattice contribution 
is in all cases proportional to 7% and corresponds to a Debye temperature of (362+6)°K, which agrees with 
the value calculated from elastic constants. From the degree to which this cubic term represents the total 
measured atomic heat, the estimated upper limit for the ratio of the etiective carrier mass to that of free 


electrons is found to be in the neighborhood of unity. 


I. INTRODUCTION 


HE atomic heat of germanium has been of special 

interest since Critescu and Simon! reported an 
anomalous peak in the atomic heat curve around liquid 
nitrogen temperatures. Recently, two measurements in 
the liquid hydrogen range and higher, which do not 
reproduce this anomaly, have been reported.?* Detailed 
information on the vibration spectrum, such as has been 
obtained by Smith! for diamond and by Hsieh® for 
germanium (which also crystallizes in the diamond 
lattice) is necessary for calculation of the atomic heat 
in this temperature range. Blackman has shown,® how- 
ever, that below about 6/50 or @ 100 (true 7% region), 
where @ is the Debye temperature, it should be possible 
to apply the Debye theory’ and thereby calculate 6 
from elastic constants. This has been done for silicon,” 
but no heat capacity data at very low temperatures 
have been reported for other elements which crystallize 
in the diamond lattice, except for two preliminary com- 
munications’ '! of measurements on germanium in the 
liquid helium region. There was a large discrepancy, 
however, between the two results, amounting to a 
factor of over two in the atomic heat. Since Estermann 
and Friedberg*"’ used crushed germanium in a copper 
calorimeter containing helium exchange gas whereas we 
used ingots suspended in vacuum, we have also meas- 
ured crushed germanium in an effort to determine the 
cause of the disagreement. 

We were also interested in seeing if the linear term 
in the atomic heat below 4°K also reported by Ester- 
mann and Friedberg?’ in one of their specimens was real. 
They attributed this term to the heat capacity of holes 
seven times that of free 


with effective mass about 


* Work assisted by contract between the U. S. Signal Corps 
and the Purdue Research Foundation. 
1S, Critescu and F. Simon, Z. physik. Chem. 25b, 273 (1934 
2 R. W. Hill and D. H. Parkinson, Phil. Mag. 43, 309 (1952) 
37. Estermann and J. R. Weertman, J. Chem. Phys. 20, 972 
(1952). 
4H. M. J. Smith, Trans. Roy. Soc. (London) A241, 105 (1948) 
5Y.C. Hsieh, Phys. Rev. 85, 730 (1952). 
6M. Blackman, Repts. Progr. Phys. 8, 11 (1941). 
7P. Debye, Ann. Physik 39, 789 (1912). 
8 N. Pearlman and P. H. Keesom, Phys. Rev. 88, 398 (1952) 
9T. Estermann and S. A. Friedberg, Phys. Rev. 85, 715 (1952) 
See reference 3, footnote on p. 976. 
'' P| H. Keesom and N. Pearlman, Phys. Rev. 85, 730 (1952). 


electrons, the holes being contributed by impurity 
atoms. We found a term corresponding to electronic 
specific heat in our measurements on silicon,*"' but 
from those results and our earlier measurements on 
germanium it appeared unlikely that such a term would 
be detectable in the latter element, because of its much 
larger lattice atomic heat. 


Il. EXPERIMENT 
A. Samples 


Six ingots, described in ‘Table 1, were used in these 
measurements. All of the ingots were prepared by Miss 
L. Roth of this department. The starting material was 
pure germanium dioxide obtained from the Eagle- 
Picher Company, which was reduced to the metal and 
then purified further. This material was then cast in 
vacuum to form the polycrystalline ingots. The single 
crystals were grown by seeding the melt (doped with Sb 
and In for SX If and SX IV, respectively), also in 
vacuum. X-ray analysis of the SX ingots performed by 
I. Geib of this department showed them to be single 
crystuls. Neither of the last two ingots showed any 
evidence in this analysis of segregation of the impurities 
which had been added to the melt. 

The resistivity of small samples cut from the ends of 
the ingots was measured, and is also given in Table I. 
Carrier concentrations were obtained in two ways: 
(a) by use of empirical relations obtained by Taylor'* 
between Hall constant and resistivity of germanium at 
room temperature, 


logn, = 15.77 —1.23 logp (1) 


15.54— 1.16 logp, (2) 


logn, 


where m, is the number of holes per cm* in P-type 
germanium, #, is the number of electrons per cm* 
in .V-type, and p is the resistivity in ohm-cm: (b) by 
measurement of the Hall constant on the same samples 
on which the resistivity was measured. In the cases 
where both methods were used, the two estimates agreed 
fairly well. 
2 Keesom, Pearlman, Science 116, 630 
(1952) 
wW.E 
lished). 


Lark-Horovitz, and 


Taylor, thesis, Purdue University, June, 1950 (unpub 
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Fic, 1. Schematic drawing of container for crushed germanium. 


The crushed material was prepared ina silicon carbide 
mortar from pure Eagle-Picher germanium. The dust 
was discarded and pieces from 0.1 to 3 mm were used. 


B. Apparatus 


The apparatus in which the heat capacity of the 
ingots was measured has been described previously.® 
For the second series of measurements, about 4 moles 
of crushed germanium was poured into a copper con- 
tainer (see Fig. 1). The container had a volume of 
110 cm’ and weighed 93 grams, about 3 grams of which 
were solder. The pouring hole was later sealed with a 
small lid, 1. Into the other end, D, of the container, V, 
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was soldered a central tube pierced with holes, E. Into 
this tube was soldered a Kovar-to-glass seal, S, on the 
wires of which was wrapped a piece of cigarette paper, P’. 
The phosphor-bronze thermometer wire, 7°, and the non- 
inductively wound heater wire, //, were both wound 
on P. A 1 mm o.d. mone. capillary tube, C, was also 
soldered into a hole in D. The container was pumped 
out through C, and its volume measured before and 
after filling with the crushed germanium. Volume meas- 
urements were made by comparison with a calibrated 
volume, using a manometer. After these measurements, 
this arrangement was used to fill the container with a 
known amount of helium gas. The capillary was then 
pinched off near the can, and the end tinned. Cerro- 
seal solder (50 percent Sn, 50 percent In) was used 
throughout. 

After filling with crushed germanium and helium 
exchange gas, the copper container was hung in the 
same vacuum can previously used to contain the ingots. 
The measuring procedure was then the same as has 
been described earlier.* 


III. RESULTS 


The results of measurements on the ingots are col- 
lected in Table II. No corrections were necessary for the 
heat capacity of wires and Glyptal. The method of 
least squares was applied to these data to calculate 
the coefficients in the relation, 


al?4 v7. (3) 
These coefficients are listed in Table III together with 
their standard errors, S, and S,. The series of measure- 
ments with the largest standard error, those on SX II, 
are plotted in Fig. 2 in the form C,/7 vs T°, to indicate 
the extent to which Eq. (3) represents the data. The 
line drawn is that with the coefficients given in Table II] 
for this ingot, the solid portion covering those points 
which were used in calculating the coefficients. 

The results of measurements on the crushed material 
are given in Table IV. Three separate runs were made: 
A container filled with 3.15 10~° mole of helium gas 
(5.5 mm Hg at room temperature); B container filled 


TABLE I. Germanium ingots 


Weight 


Material ‘g) 


488 
108 


Sample 


“PX I 
PX II 


Pure Ge 
Pure Ge 


polycrystalline 
polycrystalline 


Pure Ge—single crystal 108 


SX I 


Pure Ge—single crystal 101 


SX II 


SX HI Sb-doped single crystal 


In-doped single crystal 


SX IV 


® From Eqs. (1) and (2 


+’ From Hall constant 


Resistivity at room 
temperature Carrier 
(ohm-cm n (cm 


© 5x 104(P 
b 1 10!5(P) 


type and concentration, 


*1K10%—4X 104(V) 


® §>x< 10!5(N)—2 10'4(P) 
b 4x 10'5(N)—2 10"4(P) 
0).003-0.05 #3108 to 1X10" NV 


0.037-0.2 ® 310"? to 4X 10'8(P) 





ATOMIC HEAT OF Ge BELOW 4°K 


Pane IT. Data on atomic heat of germanium ingots 


PN 1: 10/451 PX Il: 9/24/51-—Continued 
Points 10 through 33 used for least s juares fit Points | through 58 used for least squares fit 
Cy Ce 
millijoules millijoules 
Al - 
mole degree ‘ ) kK) mole degree 


545 10? 
545 


719 
720 
795 
880 
867 
137 
234 
161 
576 
594 
623 
823 


3.169 
3.187 
3.254 
2.610 


504 
459 
932 
340 
300 
330 
631 
620 
602 
304 
337 797 
298 827 
428 1.439 
390 1.479 
A04 1.464 
902 1.081 
826 1.126 
746 1.177 
419 0.850 
423 0.848 
399 0.856 
3.190 0.044 
3.068 0.670 
3.053 0.673 
3.858 0.532 
354 3.724 0.552 
3600 0.915 0.566 
357 0.927 0.559 
194 1.220 0.425 
211 2.358 0.440 
227 2.310 0.449 
110 2.719 0.369 
O18 3.183 0.326 
818 4.070 0.255 
652 2.304 ().225 
528 3.354 0.155 
523 0.152 
125 A: 1.250 
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3.162 
2.990 
2.864 
4.091 
3.250 
1.631 
2.970 
2.847 
2.762 
3.720 
1.814 
1.708 
2.210 
2.136 
2.098 
2.804 
2.705 


2.748 0.191 
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PX I: 10/9/51 

ough 21 used tor least squares fit 
1.67110 2 0.045 
1.629 0.662 
1.925 0.500 
1.920 0.561 
2.077 0519 149 
2.085 0.517 | 315 
3.883 0.277 3.452 
3.747 0.287 3.527 
4.735 0.227 , 3.704 
4.549 0.237 3.798 
4.519 0.238 ‘ 3.823 
2.920 0.182 3.878 
2.852 0.187 3.280 
2.698 0.197 3.949 
4.216 0.126 3.971 
3.8064 0.138 3.993 
3.932 0.136 4.011 
2.417 0.860 4.106 
2.406 0.864 4.226 
1.614 1.288 
1.597 1.301 SX 1: 8/27/51 
1.110 1.873 Points | through 4 and 8 through 44 used for least square 

3.635 1.051 1.979 

3.045 2.086 1.994 

3.979 0.796 2.616 

3.989 0.798 2.608 

4.227 1.454 2.867 

4.239 1.440 2.896 

4.247 1.402 

PN 11: 9/24/51 

1 through 58 used for least squares fit 

3.796 1.73710 2 

3.801 1.704 

3.903 1.592 
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2.746 3.550% 10 2 0.979 
4.153 2.079 3.226 
4.182 2.066 3.246 
4.193 2.071 3.239 
4.508 1.747 3.882 
4.537 1.709 3.969 
4.553 1.753 3.869 
3.808 3.013 2.249 
3.824 2.923 2.318 
3.836 2.907 2.311 
3.682 3.285 2.063 
3.694 3.286 2.062 


Wide wn 


he 





Sn ewN 


— ot ome 
N— Oo 





SX I: 8/27/51 
Points 1 through 4 and & through 


1 

(°K) 
3.096 
3.537 
3.541 
3.537 
3.261 
3.271 
3.270 
3.002 
3.005 
2.995 
770 
744 
695 
538 
535 
371 
332 
163 
104 
gOS 
878 
806 
692 
4603 
443 
547 
3.872 
3.895 
3.913 
4.005 
4.081 
4.095 
4.382 
4.422 
4.449 
4.085 
4.710 
4.977 
4.980 
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TABLE IT. 


Continued 
44 used for least squares fit 
( 


Al 
(°K) 


3.297 K 107 


3.735 


4.059 
6.307 
6411 
7.276 
9.018 
12.57 
13.24 
10.98 
2.774 
2.715 
2.700 
2.364 
2.318 
2.307 
3.929 
5.382 
3.643 
3.079 
1.501 
1.250 
1.293 


millijoules 


mole degree 


5: 
1 
46 
37 


2 
1 
1 
1 
1 


432 
1.460 
1.458 
1.031 
1.118 
1.088 

0.854 
0.835 
0.786 
0.673 
0.670 
0.541 
0.519 
0.405 
0.372 
0.275 
0.270 
0.238 
0.192 
0.138 
0.131 
0.158 
2.444 
2.496 
2.510 
2.867 
2.924 
2.938 
3.451 
3.780 
3.724 
4.406 
4.520 
5.428 
5.248 
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SX II: 9/12 /51—Continued 
Points 8 through 28 used for least squares fit 
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\7 
(°K) 
3.82 X10 
0.988 


con 


Lon 


SX IL; 9/19/51 


14 through 43 used 


4.236 
4.240 
4.253 
4.514 
4.240 
3.839 


for least squares fit 


2.280 X 10°? 
2.272 
2.268 
1.684 
2.292 
1.604 
1.697 
2.176 
2.171 
2.076 
3.069 
2.914 
1.429 
2.208 
2.090 
2.086 
3.400 
3.200 
3.014 
4.518 
4.361 
1.429 
1.435 
1.391 
1.716 
1.622 


millijoules 


SX 11: 9/12/51 
Points 8 through 28 used for least squares fit 


SNUDAU whe 


— << 


3.491 
3.598 
3.621 
3.631 
3.335 
3.288 
3.282 
2.985 
2.991 
2.999 
2.608 
2.622 
2.614 
2.297 
2.323 
2.339 
2.002 
2.023 
2.015 
1.815 
1.837 
1.723 


2.223 X10? 


2.101 
2.091 
2.070 
2.776 
1.417 
1.440 
1.918 
1.886 
1.863 
2.888 
2.795 
2.830 
4.267 
4.130 
3.916 
6.02 
5.98 
5.94 
8.17 
8.01 
2.43 
2.37 
2.06 
2.69 
3.19 
3.30 
3.80 


1.826 
1.933 
1.942 
1.961 
1.462 
1.429 
1.406 
1.055 
1.073 
1.086 
0.701 
0.724 
0.715 
0.474 
0.490 
0.517 
0.336 
0.338 
0.340 
0.248 
0.252 
0.206 
0.211 
0.188 
0.186 
0.157 
0.152 
0.132 
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4.196 
4.200 
4.205 
3.749 
3.754 


SX IV: 11/1 


ough 29 used fc 


969 
994 
799 
780 
743 
686 
312 
508 
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51 
least squares fit 


149 10° 


~ 


0.209 
0.191 
0.195 
0.161 
0.160 
0.126 
0.127 
0.128 
0.130 
0.145 
0.191 
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TABLE II.—Continued. 


SX IV: 11/13/51—Continued 
Points 1 through 29 used for least squares fit 
( 
millijoules 
1 Al 
kK) kK mole degree 
730X102 0.911 
3.561 0.698 
0.715 
0.708 
0.459 
0.460 
0.317 
0.325 
0.238 
0.237 
0.246 
0.110 
0.111 
0.143 


3.669 0.139 


with the same amount of gas (11.25 mm Hg at room 
temperature) and 239.5 g crushed germanium; C con- 
tainer filled with 8.271077 mole of helium gas (0.38 
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TaBLe IIT, Atomic heat of germanium ingots. ¢ al3+y7 
S, and S, are the standard errors in «@ and y. 


a . s 


¢ 
Sample joules mole deg joules mole deg? 


PX I 4$21K10° OOS*KI1O > O79XK1IO® 0.32«K10 
PX I 5 4.02 O11 O.19 0.62 
PX II 24/5 4.26 0.05 0.28 0.62 
SX I 27/51 4.33 0.05 O15 O55 
SX II 2/5 3.95 O17 0.39 0.92 
SX III 5/5 3.78 0.06 0.92 0.29 
SX IV 5 3.92 0.05 0.97 O54 


mm Hg at room temperature) and the same amount of 
germanium. A smooth curve was drawn through the 
points of set A (see Fig. 3), and this curve was then 
used to correct the values of sets B and C, also plotted 
in Fig. 3, for the heat capacity of the calorimeter and 
exchange gas. A further correction was made to set C 
to take into account the difference in amount of ex- 
change gas for this run. The atomic heat values calcu- 
lated from runs B and C are plotted in Fig. 4, together 
with a smooth curve representing the measurements on 
the ingots. It is evident that above about 3°K, there is 


TaBLe IV. Data on atomic heat of crushed germanium. 


Set A: Cu calorimeter 
December 3, 1952 
( 
millijoules 


degree 


14.92 
15.11 
10.01 
10.19 
8.082 
8.077 
5.487 
5.582 
3.384 
3.357 


1 
2 
3 
4 
5 
6 
7 
8 
9 


December 5, 1952 


1.27010 2 
1.246 
1.654 
1.635 
1.488 
1.464 
2.053 
2.030 
1.587 
1.626 
2.459 
2.437 
2.083 
2.108 
1.946 
1.930 


2.686 
2.695 
3.011 
3.023 
3.512 
3.529 
3.956 
3.975 
4.147 
4.163 
4.274 
4.281 
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Set B: Cu +e 
December 11, 1952 
Ce 
millijoules 
AT 
(°K) 


1.704 10 ? 


mole degree 


0.655 
0.650 
0.425 
0.408 


( Cour 
millijoules /degree 
7.216 4.57 
1.695 7.254 4.62 
1.377 5.256 3.54 
1.391 5.203 3.55 
1.950 6.086 


( 
millijoules 
( 


( owt 
millijoules degree mole degree 


0.532 
0.544 
0.779 
0.715 
1.167 
0.997 
1.335 
1.335 
1.560 
1.580 
2.097 
2.080 
2.671 
2.663 
3.175 
3.234 


6.185 1.04 
6.431 4.23 
&.447 5.30 
8.214 

10.89 

10.23 

12.64 

12.66 

14.66 

14.78 

18.34 

18.34 

22.37 

50; 22.42 

53: 26.67 
7 27.30 


1.919 
1.847 
1.406 
1.446 
2.184 
2.428 
1.965 
1.962 
1.696 
1.682 
1.841 
1.841 
1.512 


Set C: Cu +Ge +reduced He pressure 


December 19, 1952 
1.84710? 6.298 3.96 
1.884 6.179 3.96 
1.671 4.210 3.09 
1.690 4.170 3.08 
2.249 5.167 3.47 
2.204 5.276 3.49 
1.851 6.284 3.94 
1.932 6.020 3.94 
1.932 6.020 3.94 
2.051 7.566 4.69 

7.351 4.71 

7.351 4.71 
10.13 5.87 
10.13 5.90 
12.64 7.06 
12.66 7.08 
15.73 8.23 
15.73 8.24 
19.48 10.07 
19.33 10.01 
24.86 12.82 
24.98 12.83 


2.183 
2.190 
1.800 
1.792 
1.985 
1.993 
2.185 
2.185 
2.185 
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3.808 
4.140 
4.141 


2.655 
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C,/T (muilhjoules /mole degree”) 
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tT? = (degree x*) 


Fic. 2. Plot of “# T vs 7? for ingot SX Il. The line has the 
equation given in Table III: the solid portion covers the region in 
which points were used for the least-squares analysis. 


no difference between the ingot and our crushed ger- 
manium results. Below this temperature, the points of 
set B are increasingly high with respect to the curve as 
T decreases. When the amount of helium exchange gas 
is decreased by a factor of 30, as was done for run C, 
the points again lie above the curve, but consistently 
below those of the run with the larger amount of ex- 
change gas. 

The difference between runs B and C and the curve 


representing measurements on the ingots is of the order 
of magnitude which would be expected if it were due to 
exchange gas desorbed from the small pieces of ger- 
manium during the heating periods. We estimate the 
area of the germanium as about 3000 cm? (particles 
approximated as 1-mm cubes). From the results of 


Dana and Kamerlingh Onnes,'* and Keesom = and 
Schweers,'® respectively, we estimate 100 joules/mole 
for the heat of desorption and 10° mole/cm? degree for 
the amount desorbed. These values lead to the estimate 
of 10~° to 104 joule/degree per mole of germanium for 
the heat of desorption, It thus appears that the excess 
heat capacity we observe below 3°K in the measure- 
ments on crushed germanium is due to desorption of 
exchange gas. Furthermore, as can be seen from Fig. 3 
and Table IV, at the lowest temperatures about 3 of 
the total heat capacity in these measurements is due to 
the calorimeter, so the accuracy of the crushed material 
measurements is not very high below 3°K. We there- 
fore conclude that there is no significant difference 
between the results on the ingots and those on the 
crushed material. 

It has been pointed out'® that the low heat con- 
ductivity of germanium at very low temperatures 


41E. TI. Dana and H. Kamerlingh Onnes, Communs. Kamerlingh 
Onnes Lab., Univ. Leiden, No. 179c¢; Proc. Koninkl. Ned. Akad. 
Wet. 29, 1051 (1926) 

'8W. H. Keesom and J. Schweers, Communs. Kamerlingh 
Onnes Lab., Univ. Leiden, No. 264c; Physica 8, 1020 (1941). 

'6 7]. Estermann (private communication). 
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might lead to the measurement of erroneously low 
values of the heat capacity of solid ingots, due to im- 
perfect distribution of tne heat input over the specimen. 
For several reasons, this does not appear to have been 
the case in our measurements. In the first place, the 
maximum diameter of our smallest ingot was 15 mm, 
while that of the largest was about 40 mm; the lengths 
varied from 60 to 100 mm. Despite this variation in 
size (and in shape as well, since although the single 
crystals were solids of revolution, their elevations were 
in general irregular), the measured atomic heat did not 
vary significantly from sample to sample, so there was 
no detectable dependence on size or shape. A rough 
calculation of the thermal relaxation time using the 
thermal conductivity measured by Estermann and 
Zimmerman" gives values ranging down from about 
1 second at 4°K for the most unfavorable case of our 
largest ingot and impure material. It is therefore to be 
expected that good thermal equilibrium was achieved 
in the ingots before the first observation in the after- 
period, ten seconds after the end of the heating period. 
Finally, this was certainly not a probiem in the meas- 
urements on the crushed germanium, but above about 
3°K there is no significant difference between these 
results and those on the ingots. Since the heat capacity 
falls as rapidly as the thermal conductivity, it is un- 
likely that the deviations at the lowest temperatures 
are due to this phenomenon. 


IV. DISCUSSION 


The average for a, weighted by standard errors, is 
(4.08+0.22)10~° joule/mole degree‘, which corre- 
sponds to (362+6)°K for 6. This agrees well with the 
value 375°K, calculated by a modification'*:® of the 








Heot Copacity, C (millijoules per degree K ) 





T (degree K) 


Fic. 3. Heat capacity measurements: ®—run A (container plus 
exchange gas); a-—run B (container plus exchange gas and 
crushed germanium); ™-—run C (same as B, with reduced ex- 
change gas pressure). Solid lines refer to scale at left; dashed lines 
to heat capacity values multiplied by three. 

‘77. Estermann and J. E. Zimmerman, Technical Report No. 6, 
Department of Physics, Carnegie Institute of Technology, June, 
1951 (unpublished). 

'§M. Durand, Phys. Rev. 50, 449 (1936). 

'® See reference 8, Appendix II. 
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Hopf-Lechner method,” using the elastic constants of 
germanium recently measured by Bond and collabo- 
rators.”' It can be seen from Fig. 2 that the true 7* 
region, in which @ is constant, extends to about 4°K. 
This is about 6/100, in agreement with Blackman’s 
calculations.® . 

The standard error given above for (a)q is larger 
than any listed in Table III because the latter, being 
calculated by the method of least squares, involve the 
assumption that only random errors are present. We 
therefore estimated our total experimental error from 
the observed spread of the a values of all the ingots 
around their average. In doing this we make the 
assumption that the Debye temperature of pure ger- 
manium is not changed by the addition of small 
amounts of impurities. On the other hand, if our esti- 
mate of the experimental error is too large, our results 
would indicate the presence of such an effect. The 
possible difference in 6 values, however, is not more than 
a few degrees. 

For a degenerate carrier gas in germanium, y, the 
coefficient of the linear term in Eq. (3) will be given by 


y=2.15X10-"'un! joule/mole degree’, (4) 


where u is the ratio of effective carrier mass to that of 
free electrons and is the number of carriers per cm’. 
Hung and Gliessman”: have found that for less 
than about 10'% cm“ the carrier gas will not be de- 
generate, so only for SX III would one expect to find 
a linear term in the low temperature atomic heat. Debye 
and Conwell™ have shown that Hall constant and 
resistivity data in .V-type germanium with » less than 
10'* cm~ correspond well to a value of } for u. Recently 


*» L.. Hopf and G. Lechner, Verhandl. deut. physik. Ges. 16, 
643 (1914), 

*! Bond, Mason, McSkimin, Olsen, and Teal, Phys. Rev. 78, 
176 (1950). 

% CS. Hung and J. R. Gliessman, Phys. Rev. 79, 726 (1950). 

23 J. R. Gliessman, thesis, Purdue University, August, 1950 
(unpublished). 

“4 P,P. Debye and E. M. Conwell, Phys. Rev. 87, 1131 (1952). 
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Fic. 4. Atomic heat of germanium: solid line represents results 
on measurements on ingots; @—calculated from run B with 
crushed germanium; @ —calculated from run C with crushed 
germanium (reduced exchange gas pressure). 


Benedict and Shockley” have derived the value 0.6 for u 
in V-type germanium with » less than 10'° em? on the 
basis of dielectric constant measurements in the micro- 
wave region. Since « should be roughly independent 
of n, it is possible to find at least a rough estimate of 
from Eq. (4). This is 0.6-1.4X10~° for SX IIL so that 
there is good agreement with our observed value, 
whereas values of w much larger than unity would seem 
to be excluded.”® 

We would like to express our appreciation of the sup- 
port of Dr. K. Lark-Horovitz, who suggested the prob- 
lem and provided valuable guidance in its execution. 


2>T. S. Benedict and W. Shockley, Bull. Am. Phys. Soc. 28, 
No, 2, 9 (1953) 

26 Tf the data of I. Estermann and S. A. Friedberg [Technical 
Report No. 4, Department of Physics, Carnegie Institute of 
Technology, June, 1951 (unpublished) ] are analyzed by least 
squares, one obtains (6.57+1.21)X10™° and (5.88+0.9) K10°° 
joule/mole degree‘ for « for their pure and impure samples, re 
spectively, and (19.5+10.3)K107° and (75.9+9.7) K10°® joule/ 
mole degree? for 7 for the two samples. There is thus no significant 
difference between their values of a and ours, while an even higher 
value of uw than they report is required to account for the value 
of y in their impure sample, if it is taken to be significant. 





PHYSICAL REVIEW 


VOLUME 91, NUMBER 6 


SEPTEMBER 15, 1953 


The Heat Capacity of KCl below 4°K* 
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(Received June 10, 1953) 


The heat capacity of KCl has been found to be proportional to 7% below 4°K, with a Debye @ of 233°K. 


This agrees w 


I. INTRODUCTION 


HI. heat capacity of KCI at liquid helium temper- 

atures was first Keesom and 
Clark' shortly after linear terms were found in the low- 
temperature atomic heats of silver and zinc.? Since 
these linear terms were attributed to the heat capacity 
of the degenerate electron gas in metals,* it was ex- 
pected that such a term would be absent in the in- 
sulator KCl, and this expectation was borne out. 
Clark' their measurements with 


measured by 


Keesom and made 


powered KCI in a calorimeter which also contained a 


small amount of He gas for heat exchange. As a result 
they found it difficult, at their lowest temperatures 
(about 2°K), to separate the heat capacity of the KC] 
from the desorption heat of that part of the exchange 
gas which had been adsorbed on the powder. In par 


Tase [. Data for heat capacity of KCI. 


Ce 
millijoules 
Al 
(°K) half-mole °K 


Kebruary 4, 1953 


Point 


3.106 x 10°? 
3.106 
3.912 
3.858 
2.404 
2.394 
3.096 
2.987 
4.419 
4.419 


March 9, 1953 


Cems OuMSwNw— 


0.4678 
0.4277 
0.4253 
0.6903 
0.6855 
0.6861 
1.221 
1.259 
2.006 
1.935 
1.962 
12.07 
12.02 


3.107 x 10° 
3.480 


NOU ewe 


* This work was supported by the Signal Corps Contract. 

'W. H. Keesom and C. W. Clark, Commun. Kamerlingh Onnes 
Lab., Leiden, No. 238c; Physica 2, 698 (1935). 

*W.H. Keesom and J. A. Kok, Commun. Kamerlingh Onnes 
Lab., Leiden, No. 232d; Physica 1, 770 (1933-34). 

3A. Sommerfeld, Z. Physik 47, 1 (1928). 


ith values calculated from elastic constants and also from the vibration spectrum. 


ticular, it was impossible to ascertain if the heat 
capacity of the KCI was proportional to 7°. 

Blackman and others have shown‘ that independently 
of crystal structure, the lattice contribution to heat 
capacity should be proportional to 7* for T less than 
6/50 or 6/100, where 6 is the Debye temperature at 
very low temperatures. Since @ is about 230°K for 
KCl,' this “true 7* region”’ should be found at liquid 
helium temperatures. Despite the fact that Keesom 
and Clark themselves pointed out the limited accuracy 
of their results, various authors® have since concluded 
from these data that the low-temperature heat capacity 
of KCI shows no 7* dependence, even at the lowest 
temperatures. 

We have also experienced difficulty due to adsorption 
in measurements on crushed germanium.® Since our 
results on ingots of germanium were much more re- 
liable, we considered it worth while to remeasure the 
heat capacity of KCI at liquid helium temperatures 
using a large single crystal, as had already been sug- 
gested by Keesom and Clark.’ As they pointed out, 
this would be feasible if the thermal conductivity, &, is 
high enough at low temperatures. Measurements by 
De Haas and Biermasz’ show that the thermal con- 
ductivity of KCI decreases from about 2 watt (cm 
degree)! at 4°K to 0.6 at 2°K. This is considerably 
larger than the thermal conductivity of germanium in 
the same temperature range.* When the larger specific 
heat c, and smaller density, p, of KCl compared to Ge 
are also taken into account, the thermal diffusivity 
k/pc, on which the rate of approach to thermal equi- 
librium depends, is seen to be somewhat larger for KCl 
than for Ge at liquid helium temperatures. Since we 
experienced no difficulty from this source in our 
measurements on Ge, we anticipated that KC] would 
also be suitable for this type of measurement. 


II. EXPERIMENT 


A single crystal of KCI, diameter 37 mm, length 88 


mm, weight 189 g, was procured from the Harshaw 


4M. Blackman, Repts. Progr. Phys. 8, 11 (1941). 

5 See, e.g., F. Seitz, The Modern Theory of Solids (McGraw-Hill 
Book Company, Inc., New York, 1940), p. 114; R. B. Leighton, 
Revs. Modern Phys. 20, 165 (1948). 

6 P. H. Keesom and N. Pearlman, Phys. Rev. 91, 1347 (1953). 

7W. J. De Haas and Th. Biermasz, Commun. Kamerlingh 
Onnes Lab., Leiden, No. 249a; Physica 4, 752 (1937). 

87. Estermann and J. E. Zimmerman, Technical Report No. 6, 
Department of Physics, Carnegie Institute of Technology, June 
1951 (unpublished) 
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HEAT CAPACITY 


Chemical Company. Constantan heater wire and 
phosphor-bronze thermometer wire were secured to the 
crystal with Glyptal lacquer. No correction was neces- 
sary for the heat capacity of the wires and the lacquer. 
The crystal was hung with Nylon thread in a vacuum 
can, and the measurements were carried out in the 
manner described earlier.® 


III. RESULTS 


The results of our measurements are collected in 
Table I. These data are plotted in the form C,/T 
versus T* in Fig. 1, where C, is the heat capacity of 
one-half mole of KCl. The method of least squares ap- 
plied to the data gives for the equation of the line in 
Fig. 1 


C,/T = (15.37+0.09) X 10-°7?— (0.3740.39)10~5 
X joules/mole degree®. (1) 


The coefficient of the quadratic term corresponds to a 
value for 6 of (233+3)°K, and it is evident that there 
is no other significant contribution to the heat capacity. 
The results of Keesom and Clark! are also plotted in 
Fig. 1 for comparison. 


IV. DISCUSSION 


It appears from Fig. 1 that the data of Keesom and 
Clark! agree well with ours above about 3.6°K. They 
found larger values of the molar heat at lower temper- 
atures, which would be expected if, as they suspected, 
some of their helium exchange gas was being desorbed 
from their KCl powder during the heating periods. 
This effect would not be noticeable in the case of our 
single crystal of KCl. 

The excellent agreement of our data with the calcu- 


9N. Pearlman and P. H. Keesom, Phys. Rev. 88, 398 (1952). 
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3.0x 1075 —- = 


§ 


C,/T (joules/half-mole degree”) 
ro) 








10, 15 20 
T* (deg’) 


Fic. 1. C,/T vs T? for KCl. @—Our results. a—Keesom 
and Clark. 


° 


lated straight line drawn in Fig. 1 leads us to the con- 
clusion that below about 4°K (about 6/50), the molar 
heat is proportional to 7°, as predicted by Blackman.‘ 
The reported deviations from this relation® would ap- 
pear to be nonexistent. They apparently were based 
on attributing higher accuracy to the original measure- 
ments of Keesom and Clark' than the authors themselves 
claimed. Our value of 6, 233°K, agrees fairly well with 
that of Durand," 246°K, calculated from his estimates 
of the elastic constants at O°K, based on measurements 
down to liquid nitrogen temperatures, and also with 
Iona’s value, 230°K, found from his calculation of the 
elastic frequency spectrum." 

We would like to express our appreciation of the 
support of Dr. K. Lark-Horovitz, who suggested the 
problem and provided valuable guidance in its execu- 
tion. 


10M. Durand, Phys. Rev. 50, 449 (1936). 
'! M. Iona, Phys. Rev. 60, 822 (1941). 
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Quantitative results are presented on the light-emitting and 
storage properties of silver chloride activated sodium chloride 
crystals excited with high-energy radiation. The characteristic of 
the strong light emission, mostly in the ultraviolet range, upon 
stimulation by longer wavelength light after pre-excitation with 
high-energy radiation, is extensively investigated, as well as the 
fluorescence and phosphorescence. A practically linear stimulated 
light response as a function of the roentgen dose over a range from 
about 10°? to 10° roentgens is found. Such a measurement of 
stimulated light can be performed a considerable time after the 
exposure to the high-energy radiation and still provide a determi- 
nation of the dose. Both the ordinary phosphorescence and the 
stimulated light phosphorescence under suitable conditions may 
decay very slowly and show many other similarities. The meas 
urements show that the amount of energy stored by the crystal 
which can later be released as emitted light is greater than 3 
percent of the energy totally absorbed. After a sufficiently long 


stimulation by visible light the rate of de-excitation becomes 


I. INTRODUCTION 


Hk: more qualitative aspects of the fluorescence, 

phosphorescence, energy storage, and release of 
the stored energy as light in AgCl-activated NaCl 
crystals when excited by high-energy radiation have 
been presented in two letters.’® Here quantitative 
results of more complete experiments and some further 
findings with such crystals will be given. Alkali-halide 
crystals with and without special activation have been 
previously investigated and found to exhibit long-time 
phosphorescence, and energy storage and release by 
light,®* though very little quantitative data on stimu- 
lation properties has been published. The emitted light 
intensities of activated crystals were found to be very 
much greater than for pure NaCl; in fact NaCl(AgC]) 
is one of the most efficient stimulable phosphors, which 
has not been fully recognized and investigated previ- 
ously. It is the large amount of light (see Sec. IV), 
which can be released by stimulation which makes 
these systems particularly interesting. 

The present investigation has been carried out with 
NaCl crystals activated with 1 percent of AgCl’ since, 

* This work was supported by the U. S. Signal Corps Engineer- 
ing Laboratories, Evans Signal Laboratory, Belmar, New Jersey. 

1M. Furst and H. Kallmann, Phys. Rev. 82, 964 (1951). 

2H. Kallmann and M. Furst, Phys. Rev. 83, 674 (1951). 

R. W. Pohl, Proc. Phys. Soc. (London) 49, extra part, 3 (1937). 

‘K. Przibram, Z. Physik 20, 196 (1924); 107, 709 (1937). 

61). Glasser and I. E. Beasely, Phys. Rev. 47, 570, 789 (1935). 

®M. Kato, Sci. Papers Inst. Phys. Chem. Research Tokyo 41, 
113 (1943); 42, 35, 95 (1944). 

7 Weyl, Schulman, Ginther, and Evans, J. Electrochem. Soc. 
95, 70 (1949); Schulman, Ginther, and Klick, J. Appl. Phys. 22, 
1479 (1951 

5}. Seitz, Revs. Modern Phys. 18, 384 (1946). 

® Most of them provided by the courtesy of Harshaw Chemical 
Company. 


very small; further stimulation with light of shorter wavelengths 
produces a rise in the amount of stimulated light and an increase 
in the de-excitation rate. The amount of stored energy which 
can be stimulated as light decays slowly with storage time. This 
effect is closely correlated with the coloration well known with 
pure NaCl crystals; bleaching a crystal results in a reduced 
stimulation. Most of the experiments were carried out with a 
radium gamma-ray source, but measurements with x-rays and 
fast electrons show very similar results. Experiments with fast 
electrons were performed with doses up to 500 000 rep; saturation 
then occurs, but after de-excitation (bleaching) the crystal could 
be re-excited and be used again with no appreciable change in 
properties. The counting properties of these crystals are rather 
poor because of small peak heights. A rather complete explanation 
of these properties can be given by a model assuming a continuous 
distribution of traps over a small range. The energy released 
from these traps goes to the activator, from which the energy is 


emitted as light 


of the crystals so far studied, these were found to have 
the best energy storage properties. The fluorescence 
(integrated intensity) of these crystals under gamma- 
ray excitation was found to be about the same as that of 
an anthracene crystal of the same mass. Upon removal 
of the excitation source the crystal showed a rather 
long-time phosphorescence, especially if the excitation 
time was sufficiently extended. After the decay of the 
phosphorescence to a low level and subsequent irradi- 
ation of the crystal with light in a range from the near 
ultraviolet to the near infrared (designated below as 
stimulating light), the crystal exhibited a strong light 
emission mostly in the ultraviolet region (stimulated 
light). No such stimulation occurs if the crystal is not 
previously excited with high-energy radiation. This 
shows that a portion of the energy absorbed from the 
gamma radiation can be stored in the crystal and be 
released by light. This storage of energy is found to be 
associated with the presence of color centers which 
have been so extensively studied by Pohl’ and many 
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Fic. 1. Light-stimulated intensities for various doses 
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FLUORESCENCE 


other investigators. We have not attempted to work 
out the full relationship between these two effects 
since more careful study of the influence of the acti- 
vators on the behavior of the color centers must first 
be made. The stimulated light also exhibits a fairly 
slow decrease after removal of the stimulating source, 
similar to the phosphorescence after gamma excitation. 
The initial intensity of the stimulated light after 
sufficient excitation was many times greater than the 
fluorescent intensity with the identical gamma-ray 
source, 

Of practical interest is the essentially linear light 
stimulation with high-energy radiation doses (Fig. 1) 
within the range of 10-° to about 10' roentgens (see 
Sec. IV). Also the amount of high-energy radiation 
absorbed by a crystal can be measured at a considerably 
later time. 

II. FLUORESCENCE AND SPECTRAL DISTRIBUTION 


The measuring arrangement was essentially the same 
as that used in previous measurements with solutions 
and crystals.!° 

Since the total fluorescent light output of these 
activated NaCl crystals is of the order of 10 percent 
of the total absorbed energy,'! their fluorescence cannot 
stem from the direct excitation of the activators alone 
because their concentration is not more than 1 percent; 
instead the fluorescence must at least partly originate 
in a transport of energy from the bulk material to the 
activators (see Theoretical Section). 

The fluorescent spectral distribution under gamma- 
ray excitation is depicted in Fig. 2. Two bands occur, 
one ranging from about 2300A to 2600A and a some- 
what weaker band ranging from about 3200A to 4500A, 
essentially the same as those found with light excita- 
tion.® With the use of filters, it was found that more 
than 75 percent of the fluorescent emission lies in the 
ultraviolet below 4000A. The stimulated light emission 
also occurs in practically the same spectral regions, but 
the far ultraviolet band is relatively weaker. The 
gamma-ray-excited emission spectra of crystals from 
different portions of a large crystal from the melt show 
characteristic differences; portions from the 
bottom (cone portion) having a greater relative in- 
tensity in the shorter ultraviolet band. Figure 2 also 
shows the stimulating light spectrum that was most 
often used; this source is designated as a 3600A source. 
The spectrum of the stimulated light is essentially 
independent of that of the stimulating light; thus the 
stimulated band below 4000A appears under 
stimulation with longer wavelengths. The stimulation 
band is found to be broader, especially toward the 
ultraviolet, than the absorption band of the color 
centers of the pure NaCl crystal.” 


those 


also 


1H. Kallmann and M. Furst, Phys. Rev. 79, 857 (1950); 
Broser, Kallmann, and Martius, Z. Naturforsch. 4a, 204 (1949) 

' Furst, Kallmann, and Kramer, Phys. Rev. $9, 416 (1953). 

2N. F. Mott and R. W. Gurnev, Electronic Processes in Tonic 
Crystals (Oxford University Press, London, 1948), p. 111. 
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Fic. 2. Fluorescent spectrum of NaCl activated with 1 percent 
AgCl under gamma-ray excitation. 


III. PHOSPHORESCENCE AFTER HIGH-ENERGY 
EXCITATION 


Starting with a de-excited crystal (see below), it was 
observed that the fluorescent light emission under 
gamma excitation did not rise almost instantaneously 
as with organic crystals; instead a continuous rise was 
found which became more and more gradual (see Fig. 
3). The rise time is independent of the excitation 
intensity in the range 0.05 r/hr to 3.7 r/hr. Upon the 
removal of the exciting source an almost immediate 
drop to about one-third of the fluorescence occurs; then 
there is a more gradual decrease in phosphorescent 
intensity. Figures 4 and 5 show the decay of phosphor- 
escence after various doses of gamma radiation, The 
values there are referred to the reading 1 minute after 
removal of the exciting source; this period is consider- 
ably longer than the time of the initial very fast decay. 
The essential results are that the decrease in phosphor- 
escent light is slower than exponential. However, the 
shape of the curve is practically the same for different 
doses when applied for equal periods of time; thus it is 
the duration of excitation which mainly determines the 
shape of these curves. These results cannot be correlated 
to those found by Kato.® Explanations for these effects 
will be given in the Theoretical Section. 
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Fic. 4. Phosphorescent decay for various doses after excitation, 
at rate of 1 roentgen per hour. 


IV. ENERGY STORAGE AND RELEASE BY LIGHT 


The amount of light which can be released by 
stimulation is considerably larger than the total amount 
of light which is emitted as phosphorescence in several 
days at room temperature. The band of stimulating 
light lies in the range from about 3000A to about 
5000A, though light outside of this range is also some- 
what effective for stimulation (see also Sec. VI). With 
light of about 2500A, however, direct excitation already 
occurs. 

In determinations of the intensity of the stimulated 
light it is not necessary to observe the stimulated light 
while the stimulating light is acting, since the light 
emitted after removal of the stimulating source also 
decays slowly; thus two types of experiments were 
performed. In one series the excited crystal was illumi- 
nated with the stimulating light (usually a 3600A 
source) for a definite time period; then the crystal was 
placed in the instrument and measurements were begun 
within 30 seconds. In the other series of experiments 
the crystal was irradiated with visible light and its 
light emission was measured simultaneously by screen- 
ing of the stimulating light by suitable filters. This 
could not be accomplished for the ultraviolet, which is 
one of the reasons for always using intermittent 
stimulation for these wavelengths. 

A maximum in the stimulated light emission was not 
immediately reached upon the application of the stimu- 
lating light, a behavior similar to that with the fluo- 
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Fic. 5. Phosphorescent decay for various doses after excitation, 
at rate of 40 roentgens per hour. 
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Fic. 6. Stimulated intensity under continuous visible stimulation. 


rescent light. Figure 6 shows as examples the relative 
stimulated light intensities under continuous visible 
irradiation after 120 and 2600 roentgen doses were 
applied; these curves are remarkably similar (see 
Theoretical Section). The time when the maximum is 
reached depends on the intensity of the stimulating 
source, so that, for example, with the stimulating 
ultraviolet intensity reduced by a factor of 10, the time 
for maximum stimulated intensity was increased from 
3 minutes to 20 minutes. A similar shift was found 
with visible stimulation. 

The curves of Fig. 6 further show that the stimulated 
light intensity does not decrease exponentially, but at 
a much smaller rate.'’ A similar effect is found with 
ZnS phosphors. This may also be seen from Table I, 
which presents the stimulated intensities for intermit- 
tent stimulation with varying dark periods in between. 

From these continuous-stimulation curves, a lower 
limit for the entire stimulated light (light intensity 
multiplied by time) can be calculated by integrating 
the curve. This can then be compared to the total 
amount of fluorescent light emitted under simultaneous 
gamma excitation, which is essentially given by the 
maximum fluorescent intensity multiplied by the time 
ultraviolet 


Decrease of stimulated intensity with 


stimulation dose 8000 roentgens. 


TABLE I, 


Intensity 30 sec 
after irradiation 


5000 
170> 

185 000 
130° 

47 500 
550° 

32 000 
29¢ 

26 500 
330° 

21 000 


Time 


200 hr® 
503 hr 
1 min 
25 hr 
1 min 
4.5 hr 
1 min 
65 hr 
1 min 
36 min 
1 min 
24 hr 
2 min 
17 hr 
1 min 


Irradiation 





Gamma, at rate of 40 r/hr 
No irradiation 
Ultraviolet 
No irradiation 
Ultraviolet 
No irradiation 
Ultraviolet 
No irradiation 
Ultraviolet 
No irradiation 
Ultraviolet 
No irradiation 
Ultraviolet 
No irradiation 
Ultraviolet 





7000 
24° 
5700 


*® Excitation time. 
>» Remaining phosphorescence after high-energy excitation. 
¢ Remaining phosphorescence from previous stimulation. 


37t may be noted that these curves do not represent a spon- 
taneous decay but a decrease while the stimulating light acts. 
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for long exposures. These calculations show that the 
total amount of stimulated light (released by visible 
light) is about 30 percent of the total fluorescent light. 
However, since there is considerable additional stimu- 
lation possible by means of light in the near ultraviolet, 
the total amcunt of stored energy which can be emitted 
as light may still lie above this figure. Since about 10 
percent of the absorbed gamma-ray energy is emitted 
as light as shown by comparing with anthracene," the 
portion of absorbed energy which is stored and can 
later be emitted as light in NaCl(AgCl) turns out to 
be greater than 3 percent. 


TABLE II. Stimulated light intensities. 


Percent 
ot first 
ultraviolet 
Irradiation lime Intensity* reading 
20 hr 
1 min 
2 min 
30 hr 
min 
hr 
min 


Gamma, at rate of 40 r/hr 
Ultraviolet 

Ultraviolet 

No irradiation 

Ultraviolet 

No irradiation 

Ultraviolet 


210 000 100 
84 000 41 


36 600 18 


1 
72 
1 


20 000 10 
min 440» 

min 12 

min 7 


Gamma, at rate of 1 r/hr 
Ultraviolet 
Ultraviolet 


5 min §30> 
min 17 37 


Gamma, at rate of 1 r/hr 


Ultraviolet 


630 
130 
130 


65 


min 
min 
min 
min 


Gamma, at rate of 1 r/hr 
Ultraviolet 
Ultraviolet 
Ultraviolet 


100 
100 
50 


} min 
min 
min 


Gamma, at rate of 40 r/hr 
Ultraviolet 


Ultraviolet 


100 
46 


2600 
1200 
min 
min 


min 
min 


Gamma, at rate of 40 r/hr 
Ultraviolet 
Ultraviolet 
Ultraviolet 


100 
35 
19 


5500 
1900 
1050 


min 
min 
min 


Gamma, at rate of 40 r/hr 
Ultraviolet 
Ultraviolet 


100 
46 


19 500 
9000 


« Stimulated readings were obtained 30 seconds after stimulation 
b Fluorescent value 


After application of the stimulating light for a short 
interval and its subsequent removal, the light does not 
completely decay instantaneously; instead a decrease 
in intensity similar to that of the phosphorescence after 
high-energy excitation is found. Examples of such 
curves under various conditions are given in Figs. 7 
and 8. All of the curves in the figures are similar in 
shape to each other (percentage curves) if the same 
light stimulation is used, though the high-energy 
excitation conditions are considerably different. How- 
ever, an increase in the length of the stimulation period 
(with a weaker light source) produced a considerable 
slowing down of the phosphorescent decay of the 
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Decay after 1 minute of ultraviolet stimulation with 
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stimulated light (see Fig. 8); this is analogous to the 
slowing down after prolonged gamma-ray excitation 
(Figs. 4 and 5). 

The stimulated light intensities produced during 
short stimulation periods using the 3600A source after 
various intervals without stimulation are shown in 
Tables I and II. The crystal used for the measurements 
in Table I was cut from the edge of a large crystal grown 
from the melt and shows poorer storage qualities than 
other pieces of the same large crystal (see Sec. TX). 
Table IT shows results with more efficient crystals under 
different. excitation and stimulation periods. The 
periods of darkness were usually long enough for the 
phosphorescence of the stimulated light to decay to a 
relatively small portion (about 1 percent) of its value 
at 30 sec. The ratio of the stimulated intensity after 
the first stimulation to that after the second one was 
usually between 2 and 3 (except with long periods of 
darkness, when the factor was about 4). The ratio 
between successive stimulations then usually decreases 
and approaches nearly one after a large number of 
stimulations are applied. This behavior is similar to 
that observed with continuous stimulation by visible 
light, where the slowing down of the decrease in the 
stimulated light intensities with increasing stimulation 
time was still more pronounced. 

The dependence of the amount of stimulated light 
on the applied dose and dose rate of excitation are 
described in Table III; similar doses were applied but 
at different rates, corresponding to different periods of 


r Rays -*Or/nr 
e-/ min excitation 
a-8 « . 

x -95 x 

e -65300" 

« -6300" 
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Decay after 1 minute of ultraviolet stimulation 
with gamma-ray excitation. 
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Intensities for different excitation rates 
after ultraviolet stimulation. 


Tasce III 


Intensity 
30 sec aiter 1 min 
of uv stimulation 


Dose, 


Rate r/hr roentgens*® 


0.01 0.020 24 
1 j 0.017 22 


380 
420 


1 60 min 1 
oO 1 min 1 


* Different crystals were used with the two doses 

excitation. The results show that the intensity of the 
stimulated light depends essentially only on the total 
dose of radiation rather than on the length of excitation 
time for a given dose. For very much larger differences 
in exposure time than described in the table, the effect 
of the decay of the stored energy becomes noticeable 
(see Sec. V). 

In Fig. 1 the relationship between stimulated light 
intensities and dose are described. The smallest dose of 
gamma radiation measurable with accuracy by stimu- 
lated light was about 10 milliroentgens; somewhat 
smaller doses could be detected, but the readings were 
close to the small residual stimulated intensities present 


TaBLe IV. Stimulated intensities with various doses 
and periods of darkness. 


Intensity 30 sec 
after 1 min uv 


Excitation 
time, min 


Dose, 


roentgens Dark period 


Crystal No. 1 


0.13 15 min 49 
0.14 5 16 min 51 
0.14 5 16 Shr 37 
0.13 5 15 hr 17 


190 
160 
120 


oO min 
62 min 
60 5 hr 


1200 
3750 
2700 
1800 

800 


1S min 
15 80 min 
18.5 hr 
15 64 hr 
15 60 hr 


15 000 
11 000 
10 500 


5 min 
80 min 
16 hr 


min 46 
min 28 
7.5 hr 10 
hr 3 
min 165 
5 min 180 
65 min 130 
15.5 hr 34 
hr 13 


AMAA 
awww 


wn 


1400 
600 


min 
Shr 


9600 
1600 


2 min 
17 hr 
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even with unexcited crystals. For softer high-energy 
radiations, especially x-rays, the minimum detectable 
dose would be smaller because of the greater amount of 
energy absorbed by the same crystal volume for the 
same roentgen dose. The curve of Fig. 1 shows that 
from about 0.01 to 4200 roentgens, a factor greater 
than 10° in dosage range, the intensity of the stimulated 
light was essentially proportional to the dosage. There 
are fluctuations in the curve, possibly due in some 
cases to the differences in the periods of excitation (see 
also next section); however, no systematic deviations 
were found. High-energy electrons (~1.5 Mev)" were 
also used as an excitation source, and the point corre- 
sponding to 4000 r with this source fits rather well in 
the curve obtained for gamma rays. With 40000 r, a 
deviation from linearity becomes noticeable, and at 
5X10° roentgens definite saturation was observed. 
(Part of this saturation effect may be due to the 
increased opacity of the crystal due to the strong 
coloration.) An extensive check of the relation between 
the stimulated light intensity and the previous roentgen 
dose shows that these crystals can be used for quanti- 
tative dose measurements, especially if the relatively 
small decay of the stimulated light intensity with 
storage time is taken into account. A crystal which has 
been highly excited and then de-excited can be re- 
excited with no noticeable change in its properties even 
after having received a total dosage of millions of 


roentgens. 


V. DECAY OF STIMULATED LIGHT INTENSITY 
WITH STORAGE TIME 

The stimulated light intensities are only compara- 
tively slightly diminished if the energy is stored in the 
crystal for a considerable length of time. Results using 
two different crystals are given in Table IV. Crystal 
No. 1, typical of crystals from the center of a large 
crystal grown from the melt, exhibits a decrease of 
stimulated light intensity with a storage time of 160 
hours by a factor of at most 3. Crystal No. 3, which 
was obtained from the edge of the same large crystal 
grown from the melt as was crystal No. 1, exhibits a 
somewhat faster decrease in stimulated intensity with 
storage time for these doses. Experiments with other 
crystals bear out the somewhat faster decay with 
crystals near the edge (see below). 

The slow decrease of energy storage and its local- 
ization are also shown by an experiment using fast 
electrons (beta particles) for exciting a small area of 
the crystal. Subsequent stimulation produced a sharp 
luminescent spot which gave no visual evidence of any 
broadening when the stimulation was repeated after 


the lapse of two weeks. 


“The fast electron generator of the Electronized Chemical 
Company, Brooklyn, New York, was used (see Sec. VIT). 
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VI. DE-EXCITATION 


De-excitation of the crystal is shown by the decrease 
in stimulability.!® Figure 6 and Tables I and V represent 
also such de-excitation. With increasing de-excitation, 
further de-excitation becomes increasingly difficult. 

This decrease in the rate of de-excitation is not 
determined by the absoiute amourt of residual stored 
energy but rather by the percentage of the initial stored 
energy that remains (Fig. 6); it occurs with near- 
ultraviolet light (~3600A) stimulation as well as with 
visible stimulation, but the slowing down occurs with a 
different degree of stimulability. With shorter wave- 
lengths, of about 2500A, the de-excitation process is 
somewhat faster, but with such wavelengths there is 
also some direct excitation, and an equilibrium is 
reached under prolonged irradiation. As a result of 
these measurements, the method of de-exciting strongly 
excited crystals usually consisted of exposing the crystal 
to ultraviolet light in the region of 2500A and then to 
light with longer wavelengths for final de-excitation. 

Even after such a procedure the crystals still retain 
a small amount of residual excitation equivalent to 
about an exposure of the order of 1 milliroentgen (a 
reading of about 5 in Tables I and IV) which could not 
be removed by this method. This small excitation was 
present even with crystals that were not previously 
exposed to high-energy radiation except cosmic rays. 
Preliminary experiments with cosmic rays have been 
inconclusive in deciding whether the residual effect is 
due to them or to a small direct excitation with the 
stimulating source. This will be investigated further. 

Experiments carried out alternately with different 
wavelengths of stimulating light have shown that they 
influence each other in producing stimulation. Typical 
results with intermittent stimulation are shown in 
Table V. The light sources used for quenching did not 
all have the same total energy; thus the source of 
visible light had an energy greater by a factor of 50 
than the 3600A source, while the source in the region 
of 2800A was the weakest. This table shows that in 
spite of these different strengths the shorter wave- 
lengths de-excite more efficiently. Initially, with the 
above-mentioned sources, the stimulated light intensity 
decreases for each consecutive shot of stimulating light 
from the same source. Periods of darkness of the order 
of a day do not appreciably accelerate the decrease in 
stimulated intensity. If a partially de-excited crystal is 
stimulated for a longer period of time (e.g., 10 min or 
longer) and then followed by a dark period of the same 
duration, a subsequent short stimulation (30 sec) of 
and ultraviolet) 


the same wavelength (for visible 


produces a greater stimulated intensity than the pre- 


'§ By stimulability we mean the capability of the crystal to 
emit light induced by irradiation of the crystal with a visible or 
near-ultraviolet light source. It depends mainly on the previous 
excitation of the crystal, for instance by gamma radiation. It is 
essentially zero if the crystal is completely de-excited and not 
again excited by high-energy radiation. 
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ceding long stimulation. This is due to a heating of the 

crystal during the prolonged stimulation and a conse- 

quent faster decay of the emitted light (see below). 
Once the crystal is considerably de-excited, an 


TsBLE V. Stimulation and de-excitation with 
different light sources. 


Stimulation Emission intensity alter 30 sec 
Tegion uy, region 


region uy 
{ 2800A 


uv, region uv, 
Visible ot 36004 


t 3600A ot 2800A 
vee 2 030 000 oe 
30 sec ‘ 3 330 000 tee 
30 sec . tee 1 530 000 
see 850 000 tee 
535 000 ee 
tee 1 000 000 
900 000 
775 000 


30 sec 
30 sec 
30 sec eee 
eee 450 000 
370 000 
280 000 


30 sec 

30 sec* tee 
vee vee vee 370 000 
Sec tee eee 170 000 tae 
Sec tee tee 124 000 

min ee cee 40 000 

min tee ree 12 000 

Se 13 500 +. 
tee 125 000 
100 000 


min 
min tee 
. 36 500 see 
tee 32 000 
33 000 
29 000 
25 000 


30 sec 
2 min 
2 min 
eee eee 30 sec ees 
Sec tee . 14 000 . 
30 tee 44 000 
750 Paar 
1250 


min 

sec een 
8700 

15 000 


10 min 
30 sec ree 
4000 ef 
eee 2900 
3100 


14 min 
3 sec eee 
vee 2200 wee 
tee 6800 
7700 
7100 


30 sec 
30 sec 
ee 30 sec* tae 
30 sec eee 2600 
45 min vee vee 170 
30 sec ree tee 180 
30 sec 165 es 

: 2400 


30 sec 


980 
cee tre 680 
70 min&~ --- 180 


x0 sec 

30 sec 

30 sec 

30 sec ++ ee 
tee 30 sec . tre 390 

30 sec vee tee 470 

tee 30 sec cee tae 480 

30 sec ere tae 

30 sec 

8.5 min 

30 sec 

30 sec 


30 sec 
30 sect eee oh a 
30 sec ote tee 260 
30 sec tee ree 380 
30 sec tee tee 430 


* The crystal had been in the dark for 16 hours 
» Visible light was applied directly after 70 minutes of ultraviolet 
The crystal had been in the dark for 64 hours; the decay after stimu 
lation was slower than with the previous shot. 
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4 @ uv exposure al oc 
Z e-uv exposure ot -20°C 


3 ¥- uv exposure at-40"C 
4 a phosphorescence during caolng 
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t+ 


Time - minutes 





Fic. 9. Effect of temperature on stimulated emission. 
interaction in the de-excitation by different wavelengths 
occurs which can be seen in Table V. After ultraviolet 
stimulation (3600A) the succeeding stimulation by 
visible light produces a considerably higher value than 
the previous similar visible stimulation. There are also 
indications, not shown in this table, that in a similar 
manner stimulation with shorter ultraviolet wave- 
lengths induces an increase in stimulation with longer 
ultraviolet wavelengths. The effect is due to the presence 
of electron traps of different depths (see Theoretical 
Section). 

In order to provide more information about the 
phosphorescent properties of these crystals a small 
number of experiments at different temperatures were 
performed. Figure 9 presents curves of phosphorescent 
decay after stimulation is removed for different temper- 
atures (curves 1-3), while curve 4 gives the light 
emission as function of time for a warm crystal during 
its period of cooling off towards room temperature. 
The curves show how the decay of light emission 
becomes more rapid with increasing temperature. 
Figure 10 depicts something like a glow curve: an 
excited crystal cooled down to —78°C was stimulated 
by ultraviolet at this temperature and then slowly 
warmed up. The first part of the curve shows the 
phosphorescent decay at the low temperature; after 
about two minutes the warming up prevents the further 
decrease of the phosphorescent emission and the light 
emission increases to a maximum followed by another 
decrease as a consequence of a depletion of the phos- 
phorescent traps (see Theoretical Section). However, 
no effort to obtain accurate glow curves was made 
because of appreciable retrapping and the lack of 
saturation of the traps; both of these conditions are 
necessary for the usual interpretation given to glow 
curves. 


VII. OTHER EXCITATION SOURCES 


The experiments described above are concerned 
almost entirely with excitation by gamma rays. Fast 
electrons (beta particles) also produce a similar excita- 
tion of the crystal, and the results described above are 
also valid with this type of excitation (see also Fig. 1). 
Though some experiments with fast electrons were 
performed using a 10-millicurie strontium 90 source, 


H. KALLMANN 


most of the quantitative results with fast electrons were 
obtained by using pulses from a discharge tube.'® The 
equipment provided a pulse of 1.5-Mev electrons for a 
period of about 10~® second. The radiation intensity 
transferred in one pulse to the crystal was of the order 
of 7X10° erg/cm? [10000 rep (roentgen-equivalent- 
physical) ] at about 120 cm from the source as deter- 
mined by calorimetric measurements. 

The amount of light stimulated after the electron 
excitation was essentially the same as that with gamma- 
ray excitation for the same amount of absorbed energy 
if the decay of the stored energy in the interval between 
excitation and stimulation was taken into consideration. 
The decay of the light emitted after stimulation fol- 
lowed practically the same curves for both types of 
excitation; also the same type of variability among the 
different crystals was obtained, although in the case of 
the electron pulse the density of excitation is 10" times 
larger than in the case of gamma-ray excitation. With 
large doses (500 000 rep) either obtained ‘by changing 
the position of the crystal with respect to the discharge 
tube or increasing the number of pulses, a definite 
saturation of the light emitted after stimulation was 
obtained; thus the light emitted after 30 seconds of 
ultraviolet stimulation with 500 000 rep and 30 000 rep 
were found to be about equal. However, de-excitation 
of the more excited crystals occurred at a slower rate. 

With alpha particles’? the main features of the 
phenomenon were the same, but the observed fluo- 
rescent and stimulated light intensity was smaller for 
the same amount of absorbed energy for alpha-particle 
excitation than it is for gamma-ray and fast-electron 
excitation. Because of the observed deterioration of 
crystals under alpha-particle excitation,'® extensive 
experiments with the alpha-particle source were not 
carried out. 

X-ray excitation also produces results similar to 
gamma-ray excitation, as can be seen from Fig. 7; also 
the stimulated light intensity for a 1000-r x-ray dose 
fits rather well with the results shown in the curve of 
Fig. 1. The tremendous storage and stimulation proper- 
ties of these crystals can be demonstrated by the ability 
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Time - runutes 


Fic. 10. Light emission of warming crystal, stimulated at —78°C. 


16 Electronized Chemical Company. 

7C, E. Mandeville and H. O. Albrecht, Phys. Rev. 90, 25 
(1953). 

18]. Broser and H. Kallmann, Z. Naturforsch. 5a, 381 (1950). 
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to depict an object by means of x-rays. The latent 
image of the object in a crystal can later be photo- 
graphically recorded by first stimulating the crystal and 
then placing it directly on a photographic plate. Such 
a picture was made with as little as 0.1 r from a 60-kv 
x-ray source. The resolution on these photographs was 
good. Using a 1-r dose, two clear pictures of the same 
latent image were made after a lapse of about 30 
minutes after the x-ray exposure, during which time 
the crystal was exposed to sunlight for several minutes. 
With about 100 r, even after a lapse of 5 days, the 
latent image was still made visually observable on the 
crystal by stimulation with an ultraviolet lamp, al- 
though by far the greater portion of the emitted light 
is in the invisible ultraviolet. 


VIII. COUNTING PROPERTIES 


Some experiments on the counting properties of these 
crystals have been carried out by L. Bittman and N. 
Linson at this laboratory. The peak heights of the 
fluorescent light flashes emitted under gamma-ray 
excitation were found to be smaller than those of 
anthracene when measured with a circuit with short 
time constant, in spite of the high fluorescent efficiency 
of these crystals. An explanation will be given in the 
Theoretical Section. 


IX. ENERGY STORAGE WITH DIFFERENT 
CRYSTALS'® 


As previously remarked, the light emission properties 
of these crystals depend on the degree of activation 
and on the location in the original melt. Investigation 
has yielded the following results: Crystals with acti- 
vations of 0.1 percent and 0.2 percent AgCl were found 
to be inferior to those with 1 percent activation with 
respect to fluorescent, phosphorescent, and stimulation 
efficiencies; but their fluorescence is not weakened as 
much as the storage efficiency. Those with 5 and 10 
percent activation showed a slightly smaller fluorescent 
and storage efficiency than the 1 percent crystal, but 
the peak heights of the 5 percent activated crystals 
have been found to be slightly higher than the 1 percent 
activated crystals.” Investigation of specimens taken 
from different portions of a quite large crystal grown 
from the melt made by Harshaw Chemical Company 
has revealed characteristic differences in the storage 
and fluorescent properties of the various sections of 
the large crystal. Table VI indicates the type of varia- 
tion for the various portions of this large crystal. 
Specimens from the bottom (cone portion) of the large 
crystal have smaller stimulabilities than those from the 
central portion, but the phosphorescence of the stimu- 
lated light decreases more slowly with the crystals 
from the cone portion. The fluorescence of specimens 
from the cone portion are, however, somewhat higher 

18 Some of the crystals were supplied by the courtesy of Squier 
Laboratory, Signal Corps. 

* Bittman, Furst, and Kallmann, Phys. Rev. 87, 83 (1952). 


OF NaClI(AgCl) 1363 


TABLE VI. Response of specimens from different portions of a 
large NaCl(AgCl 1 percent) crystal. 


Crystal 
No. 


20 


Thickness 


0.75 cm 
Bottom O08 cm 
Center 0.85 cm 
Top 1 cm 
Top 0.8 cm 


Tie0* Itie0/T ig” Ista0® Iets0/Zser004 Itiea/T oe 


235 80 3.1 0.34 

310 120 4.6 0.39 
240 8 0.8 
270s 68 1.3 
19021 1 


Section 


Bottom 


* Ito = fluorescent intensity after 60 minutes of irradiation 

> Jey =fluorescent intensity after 4 minute of irradiation. 

© Tao =stimulated intensity 30 seconds after termination of stimulation. 
4 [390 = stimulated intensity 300 seconds alter termination of stimulation. 


than those from the top section. Similar results were 
obtained with portions from other large crystals grown 
from the melt. These results indicate—and this is the 
reason for their presentation—that the different traps 
which are so important for all the light-emitting 
phenomena of these crystals are not purely a function 
of the activator (its concentration) but depend con- 
siderably on the way the crystal is grown. This indicates 
that the fluorescent and storage effects are not com- 
pletely correlated to each other. Crystals with higher 
concentrations of silver chloride (5 percent and 10 
percent) seem to be inferior to the 1 percent crystals in 
both fluorescent and stimulation properties. 


X. COLORATION AND BLEACHING 


In experiments with considerable excitation, the 
NaCl(AgCl) crystal became colored, as is well known 
for alkali halide crystals ;*" the stimulation was found 
to be fairly closely correlated with the coloration. 
Those crystals which exhibited high fluorescence but 
smaller stimulation capabilities were also found to have 
less coloration for the same dosage than crystals with 
better stimulation qualities. These experiments show 
further that the fluorescent efficiency is partially 
independent of the storage and stimulation efficiencies. 

Coloration and stimulability have the following 
properties in common: (1) Both proceed parallel to 
each other until the crystal becomes quite opaque and 
saturation sets in. Considerable stimulability remains, 
however, when the crystal appears transparent, most 
likely because the stimulability measurements are more 
sensitive than those of coloration. (2) As with color 
centers, where the action of light in any part of the F 
band bleaches all the rest of the band, de-excitation 
with one wavelength also decreases the stimulability by 
other wavelengths; however, it is not completely re- 
moved. (3) The growing of the crystal appears to be 
important for both the coloration of the crystal and 
the storage and stimulation qualities, as indicated by 
the influence of position of the specimens in the crystal 
grown from the melt. (4) The decay of the stored energy 
as determined by the amount of stimulation is similar 
to the decay of the degree of coloration as reported by 
Alger.”" The number of trapped electrons as determined 


1 R. S. Alger, J. Appl. Phys. 21, 30 (1950). 
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from the saturation of light emission (~10" per gram) 
is about the same as the number of vacancies associated 
with the color centers.’ There are, however, features 
occurring with color centers and stimulable energy 
storage which are not correlated with each other (see 


Theoretical Section). 


XI. THEORETICAL CONSIDERATIONS (DYNAMICS OF 
PHOSPHORESCENCE, STIMULATION, AND 
DE-EXCITATION) 


The experiments described above on the slow rise of 
the fluorescent light emission, on the phosphorescent 
decays after excitation and stimulation, and on the 
stimulability and the de-excitation of the crystal can 
all be explained by using the relatively simple model 
depicted in Fig. 11. The valence band and the lowest 
excited band of the bulk material are shown, and it is 
assumed that practically the entire excitation of the 
crystal by high-energy radiation takes place from the 
valence band to various higher excitation bands of the 
bulk material. The electrons excited to these bands will 
return to the valence band mostly by means of passing 
through the band of lowest excitation energy shown in 
the figure. In the energy gap between these two bands 
there are a number of trap levels distributed over a 
range of energy; these traps are assumed to be much 
less numerous than the number of atoms of the bulk 
material. These are divided into two types, designated 
by p and s for reasons discussed below. In addition 
there are levels of the activator atoms. It is assumed 
that most of the deep traps are not directly associated 
with the activators, since strong trapping also occurs 
without activators being present. The amount of direct 
excitation from the valence band to activator or trap 
levels is assumed to be negligible. The electrons or 
excitation energy which reach the excited band of the 
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Fic. 11. Energy level scheme for emission and storage 
with activated NaCl crystals. 
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bulk material will go either to the traps or to the 
activators from which light may be emitted. From the 
curve of fluorescent light as a function of time, it can 
be concluded that a considerable amount of excitation 
energy goes to the traps. 

The less deep traps, p, are assumed to be responsible 
for the phosphorescence, whereas the deeper traps, 5, 
are associated with the storage phenomenon. The num- 
ber of s traps is calculated from the saturation of 
stimulation at about 510° roentgens to be about 10!” 
per gram of the bulk material. Two types of traps are 
assumed because it was found that the energy storage 
exhibits only a very small short time component, smaller 
than expected from the appreciable intensity of the 
short time component found in the phosphorescence 
even after prolonged periods of high-energy excitation. 
The stimulable stored energy, on the other hand, decays 
only very slowly with time and is still considerable 
after 1000 hours. Nevertheless, it is not completely 
certain that it is necessary to discriminate between 
two different types of traps. The experiments are not 
conclusive enough to exclude the possibility of postu- 
lating a continuous distribution of similar traps from 
the highest p traps to the deepest s traps. Certainly 
some of the observed long time phosphorescence is due 
to the spontaneous release from s traps. 

It was indicated in Fig. 3 that the fluorescent light 
emission reaches a rather steady value after about 20 
minutes and then rises only very slowly within days. 
This rise of the fluorescent radiation is due to the fact 
that not all of the electrons in the excited level of the 
bulk material reach the emission centers; instead a 
considerable portion are trapped in the p and s levels. 
Only if the number of electrons released from these 
raps by collisions with the lattice becomes equal to the 
number of electrons falling from the excited state into 
these traps, will the net consumption of electrons by 
the traps stop and the light emission increase. For an 
energy level i lying below the excitation band by an 
amount £,, the time 7; when equilibrium (between 
filling and release) will be reached for this level (7; also 
gives the decay time of the trap) is given by the 
following well-known equation: 


1/7,;= 7; exp(—E,/kT), (1) 


where y,= €,”:, ¥: is the frequency factor of the average 
number of vibrations made per second by the electrons 
occupying these traps, €; is a factor which is a measure 
of the retrapping and structure, and the exponential is 
the Boltzmann factor. 

A rise in the fluorescent curve and its practical 
leveling off after a certain time could perhaps also be 
explained by the assumption that the saturation occurs 
not because of an equilibrium between the number of 
electrons trapped and those released by heat, but rather 
because all of the available traps are filled to capacity 
(saturated). This is very often observed in ZnS phosphor 
but is not observed for these crystals under the condi- 
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tions of the investigation, since it was found that the 
rise time curve of the fluorescent light is practically 
independent of the intensity of the exciting radiation 
(Fig. 3), clearly indicating an equilibrium between 
filling and emptying of the traps but no trap saturation.” 
According to Eq. (1), the rise with time ¢ of the tluo- 
rescent intensity 7 should be given by 


I=A+B Int, (2) 


where the constants A and B are dependent upon the 
special model which is chosen for the light emitting 
processes. Equation (2) holds as long as equilibrium 
is not reached for all traps. It is valid for a time period 
extending between a time equal to the time constant of 
the shallowest trap to that of the longest living traps. 
After a time r,, given by Eq. (1), where EF; is replaced 
by the energy of the deepest trap, no further rise occurs. 
The experimental curve (Fig. 3) rises over a period of 
days and can be represented rather well by Eq. (2). This 
formula is derived under the assumptions that the num- 
ber of electrons in the excitation levels are proportional 
to the excitation intensity, and that they contribute 
either to light emission or filling the traps. The filling of 
the traps is assumed to be proportional to the number of 
traps, and the trapping cross section to be the same for 
all depths of traps. It is further assumed that the re- 
trapping probability does not vary considerably during 
the period of observation; this is borne out by the 
similarity of curve shapes in Fig. 3 for different dose 


rates. Finally, the crude simplification is made that for 


. 
4 
“py 


a given time of excitation /, all traps of an energy 
where E,/kT =log(y,t), are filled to equilibrium while 
all others of greater energy are not filled at all. 

If the factor y, is assumed to be of the order of 10! 
per second, a value of } ev for the center of the £, band 
can be obtained from the phosphorescence experiments. 
This value is only a crude estimate, since y is not known 
accurately enough. Without retrapping and with strong 
coupling of the traps with the lattice, a factor of 10” 
per second is usually assumed. For the energy levels 
involved here, a change of y from 10" to 10” produces 
a change of only 15 percent in the calculated energy. 
A more accurate determination of the trap-level energies 
can be made if the experiments are performed at a 
series of different temperatures; this is contemplated 
for the future. 

The strong probability of trapping by these levels 
can be concluded from various experiments. It was 
observed that the fluorescent efficiency of these sub- 
stances is of the order of that of anthracene (10 percent 
absolute yield). At the same time, in counting experi- 
ments the peak heights of light flashes produced by 
single gamma quanta or alpha particles are found to be 
smaller than in anthracene. This indicates that a con- 
siderable portion of the excited electrons do not immedi- 


= The possibility still remains that local saturation occurs in 
the “channel” of the electron; however, pulse measurements 
appear to show that this is not the case. 
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ately lead to light emission but first fill traps. Investi- 
gations are under way to show this effect more directly. 
The very large number of available traps is further 
shown by the small peak heights from alpha particles, 
since even the strong excitation density produced by 
alpha particles is not enough to saturate the available 
traps around an alpha-particle track. In ZnS the 
situation is mostly reversed. 

The experiments show that the phosphorescent effects 
both after excitation as well as after stimulation are 
quite similar. It is, therefore, probable that the directly 
excited electrons and those released by stimulation 
populate the same excited band since they are subject 
to being trapped by the same trap levels. If the shapes 
of the decay curves in Figs. 4 and 5 are considered, it is 
seen that they deviate considerably from being expo- 
nential and that their “decay times” vary with the 
time of excitation and extend from minutes to hours. 
This dependence of the decay time on the period of 
excitation can be explained as follows. According to 
Eq. (1) the lifetime of the electrons trapped in these 
levels depend strongly on their energy; thus, if this 
energy covers a range of about 0.2 ev, the lifetime of 
these traps would vary from minutes to more than a 
day. If now the excitation is extended over a certain 
period 7’p, all traps which have a lifetime 7; smaller 
than 7’, are filled practically to equilibrium; a further 
extension of the excitation will not increase the popu- 
lation of these traps, but only those traps with lifetimes 
greater than 7'z will have their population increased. 
Thus, if the same dose is given once within a very 
short period of excitation and then with a very long 
time of excitation, the percentage decay such as shown 
in Figs. 4 and 5 should be more gradual with long 
excitation time than with short excitation time, since 
with short excitation time the trap levels with longer 
lifetimes have the same population as those with shorter 
lifetimes but contribute less to emission. This is pre- 
cisely what was found under both excitation and 
stimulation. 

To account for these effects it is sufficient to assume 
a relative small energy range (of the order of 0.2 ev) 
with a rather uniform and continuous distribution. 
This does not necessarily include the deeper s traps 
(see below). With this assumption and simplifications 
such as those used with Eq. (2), one obtains an expres- 
sion for the light intensity 7 as a function of time ¢ of 


the type 
L 1) 


é 
[= kf i, 
bR 6 


where 6=1/r of Eq. (1), de is the reciprocal of the 
irradiation time 7p, and K is a constant. 

This equation can be used to compare the amount of 
light emission obtained after removal of the source for 
different times of 7 and to compute the relative decay 
curves. Such comparisons are shown in Table VII, and 
a fair agreement is found. The largest deviations occur 


(3) 
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TasLe VIT. Comparison of phosphorescent intensities with 
those calculated from Eq. (3). 


Phosphorescent intensity 
t=5 minutes 
Measured Calculated 


Irradiation 
time TR 
minutes 


{=1 minute* 


Measured Calculated 


0.001 
0.08 
0.53 
0.81 


0.002 
0.09 
0.48 
0.79 


0.02 
0.25 
0.72 


1 0.04 
13 0.39 
1000 0.71 


12 000 1 1 


Phosphorescent decay” 
Measured Calculated 


1" 
minutes 


1.0 

0.82 
0.74 
0.40 
0.23 
0.03 


1 1.0 
5 0.79 
10 0.64 
200 0.46 
1000 0.39 
9000 0.12 


*fis the time after removal of the exciting source. 
6 7 p= 12 000 minutes 


when the decay time approaches the irradiation time; 
the values calculated from the equations are then too 
small. This is expected from the complete neglect of the 
filling of traps with lifetimes greater than the irradiation 
time. It may be noted that the same reasoning would 
give an hyperbolic decay law if the traps were filled to 
saturation rather than equilibrium. Equations (2) 
and (3) are derived from the basic equations of trap 
dynamics.*4 

The light emission stimulated by visible or ultra- 
violet light reaches a maximum only several minutes 
(up to 20 minutes in the experiments performed) after 
the stimulation is initiated. This rise comes about 
because some electrons released from the s traps are 
first utilized for filling p traps instead of going to the 
emission level. Thus the stimulated light intensity 
would be expected to show a rise similar to that of the 
fluorescent light intensity if depletion of the electrons 
in the s traps by the stimulating light did not take 
place. If the stimulating light is very weak, the depletion 
in the s traps is small and a rise curve for the stimulated 
light rather similar to that of the exciting light is 
obtained. If the stimulating light intensity is strong, 
the s traps are rather quickly depleted and the light 
emission decreases long before the nearly steady value 
of the emission curve can be measured. 

Since the stored energy which can be stimulated has 
a long lifetime and still amounts to 20 percent after 
60 000 minutes, the s levels associated with the stimu- 
lation must have [from Eq. (1)] a depth below the 
excitation level of at least 1 ev. The long lifetime 
explains the linearity of the stimulated light with dose 
for quite different dose rates. From the preferable 
stimulation by light of energy greater than SOOOA, 
one might be inclined to assume that the energy £, of 
these traps is considerably more than 1 ev; the notice- 


2H. W. Leverenz, An Introduction to Luminescence of Solids 
(John Wiley and Sons, Inc., New York, 1950), p. 269 ff. 
2H. Kallmann and B. Kramer, Phys. Rev. 87, 91 (1952). 
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able decay of the stored energy, however, indicates 
that this is not the case. 

To explain this difference in the energy required by 
the stimulating light and the thermal release, one 
resorts to the often assumed shift in the curves of 
potential vs configurational coordinates between the s 
trap levels and the first excited band (Franck-Condon 
principle).2° A similar effect occurs also in ZnS phos- 
phors, but here for similar trap depths the wavelength 
of the stimulating light lies in the infrared. 

Although this assumption not only explains the 
difference between the energy fv of the observed 
stimulation band and the thermal de-excitation energy, 
but additionally explains the stimulation and de-exci- 
tation curves as functions of time (see below), it is felt 
that this explanation needs considerably more explo- 
ration. It is noteworthy that such a difference between 
the energy associated with the stimulation frequency 
and the thermal de-excitation energy occurs for trapped 
and stimulable electrons of many other materials. 
However, it is rather surprising that this effect is so 
marked in the NaCl(AgCl), where one assumes that the 
electrons are relatively free in the excited level, which 
would indicate a flat rather than a steep potential curve. 
A similar assumption about the potential curves also 
explains the shape of the de-excitation curves of Fig. 6 
and the de-excitation shown in Tables I and V for 
visible and ultraviolet light. With progressing de- 
excitation the decrease is more gradual than exponential 
and is slower with visible than with ultraviolet light. 
If the energy range of the s levels were very narrow, 
an exponential de-excitation curve would be expected 
since all electrons absorb the stimulating light equally 
strongly. A deviation from an exponential law such as 
found would also be expected if retrapping decreased 
with increasing excitation of the crystal. Since, however, 
it was found that these de-excitation curves are essenti- 
ally independent of the dose (Sec. IV), one must assume 
that retrapping is constant to a first approximation. If 
the s traps cover a wider energy range, light of frequency 
vy can empty only those traps with energies larger than 
a certain energy E£; with maximum efficiencies. The 
release of electrons from trap levels deeper than £; will 
be much less probable, since the Av of the stimulating 
light is not large enough to raise the electrons above 
the upper potential curve. On account of the space 
extension of the wave function, some releasing will still 
take place but with a very small probability. Thus one 
finds that at the beginning of stimulation de-excitation 
is rapid, but that it slows down considerably as soon as 
the electrons in the favorable energy range are ex- 
hausted; however, it does not stop completely since 
also the electrons in deeper traps are still released. 
This explanation also makes understandable the more 
pronounced slowing down with visible light. 

From Table IV, which shows that after 40 days a 


26 P. Pringsheim, Fluorescence and Phos phorescence (Interscience 
Publishers, Inc., New York, 1949), p. 147. 
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major portion of the stored energy has decayed ther- 
mally, it can be estimated that the s traps have an 
energy depth around 1 ev and a width of not more than 
several tenths of an ev. On the other hand, conclusions 
about the range of the s trap band cannot be made from 
the width of the stimulation band, since the decay of 
the storage enezgy indicates that the s traps have a 
considerably smaller range than the width of the 
stimulation band. The width of the stimulation band 
must already be inherent to a single s level; this can 
also be understood from the potential curve picture and 
the considerable space extension of the wave function, 

If the stored energy is already depleted to a certain 
extent by stimulation, it is observed that stimulation 
by visible light following one with ultraviolet light 
exhibits a larger stimulated intensity than a similar 
stimulation with visible light before the ultraviolet 
stimulation (Table V); these effects together with the 
arguments expressed previously in this section also 
indicate that considerable retrapping occurs. The traps 
easily emptied by visible light are depleted first. If then 
ultraviolet stimulation is applied, electrons in deeper 
traps are raised to the excitation level, and some are 
retrapped in those levels easily emptied by visible light, 
especially during the period of phosphorescence after 
the ultraviolet stimulation is discontinued. In this way 
the traps which are easily emptied by visible light are 
partially refilled, so that stimulability by such light is 
increased. An analogous argument explains the increase 
in ultraviolet stimulability after different short shots of 
ultraviolet stimulation (see Table V). It also makes 
understandable the observation with certain crystal 
specimens that after a long period of stimulation, a long 
dark period increases the stimulability with the same 
light. 

The s traps are associated with the traps responsible 
for the coloration of the crystal, as was shown in Sec. X. 
We have, however, not investigated this relationship 
precisely enough to determine how the introduction of 
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the activators modify the properties of the traps 
responsible for the coloration. 

Another problem which we would like to mention is 
the following: It is generally assumed that the electrons 
in the excited band behave like free electrons hampered 
in their motion by traps. This would imply that the 
probability of recombination of the electrons with the 
positive charges accompanied by light emission should 
depend on the total strength of the excitation as is also 
assumed in ZnS. (Light emission there is proportional 
to the number of electrons in the conduction band 
multiplied by the number of positive charges.) Thus, 
as a consequence, the light emission curves (both 
fluorescent and phosphorescent) should depend on the 
degree of excitation. However, the experiments de- 
scribed above show no pronounced effect of this kind. 
This may be due to the production of excitons rather 
than free electrons. 

The results derived from the small number of heating 
and cooling experiments are also in agreement with the 
presented model. Since the s traps are considerably 
deeper than the p traps, it was found that the phos- 
phorescence was completely altered by changing the 
temperature, whereas heating up to about 70°C had 
only slight effects on the storage capability of the 
crystal. The rapid decrease in phosphorescent light 
emission, while the crystal was being cooled, is due to 
the fact that the p traps release much fewer electrons 
per unit time at lower temperatures. 

The above considerations deal mostly with the 
dynamics of trap filling, emptying, and refilling, and 
with only roughly determined positions of the energy 
levels of the traps. They are sufficient to show that the 
situation is quite different from those found discussed 
in the theoretical papers of Williams and Johnson 
which deal mainly with thallium-activated potassium 
chloride.*® 

°F. E. Williams, J. Chem. Phys. 19, 457 (1951); P. D. Johnson 
and F. E. Williams, J. Chem. Phys. 20, 124 (1952). 
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Inelastic Scattering of Thermal Neutrons in Lead 
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The total thermal inelastic scattering cross section of lead has been measured from transmission of a 
single crystal, from 2-8 angstroms (0.02-0.0013 ev) at 80°K and 295°K, and is found to be in quantitative 
agreement with current theory of one-phonon process of energy exchange with the lattice. Measurements of 
differential cross section at 1.08 angstrom (0.07 ev) are in agreement with Debye-Waller theory. Thus 
inelastic cross section through the thermal range is found to fit the two theories in their ranges of validity. 


ee of thermal energies may be scattered 
in a crystal either elastically or by an inelastic 
process in which energy is exchanged between the 
neutron and lattice thermal vibrations. The total 
scattering cross section is the sum of a coherent part 
and an incoherent part arising from spin dependence of 
cross section or random isotopic distribution. The latter 
component is isotropic and practically independent of 
temperature and neutron energy, and in lead is also 
negligibly small. ‘The total scattering may therefore be 
considered as the sum of elastic Bragg diffraction and 
of inelastic, or thermal diffuse scattering. Figure 1 
shows qualitatively the variation with wavelength 
of the cross section for the various processes, which add 
to give the total scattering plus capture cross section. 
The shaded region represents the thermal inelastic pro- 
cess by which the neutrons are thermalized to tempera- 
ture equilibrium with the surrounding lattice. It has been 
considered theoretically by Weinstock! and by Klein- 
man. Qualitatively, at long wavelengths where energy 
is much less than thermal, the most probable result of 
scattering is a gain of energy (curve 1 in Fig. 1). The 
cross section decreases linearly with decreasing wave- 
length, reaching a minimum in the vicinity of the Bragg 
cutoff. With further decreasing wavelength, the cross 
section again increases, and, as energy-loss processes 


C, 
wet ss! 


c APTURE 


INCOHERENT 
NEUTRON WAVE LENGTH A 


Fic. 1. Qualitative features of the cross section for scattering 
and capture of thermal neutrons in crystals. Curves 1 and 2 are 
components of inelastic cross section for energy gained and lost. 


* Present address: Joint Establishment for Nuclear Energy 
Research, Kjeller, Norway. 

'R, Weinstock, Phys. Rev. 65, 1 (1944). 

21D. Kleinman, Phys. Rev. 81, 326 (1951). 


(curve 2) become more probable, the total inelastic 
approaches the total free cross section. In the region 
A>A“where all scattering is inelastic, Bragg diffraction 
is no longer possible and the cross section may be 
determined directly from the transmission. Measure- 
ments by Palevsky, Hughes and Smith** in this 
region (A>4A, E=0.0002—0.003 ev) on Fe, Be, and 
graphite verify the linear dependence on temperature® 
and wavelength and are in good quantitative agreement 
with the theory. In the present experiments, measure- 
ments at 80°K and 295°K have been extended from 8A 
through the 1-5.7-angstrom (0.08-0.0025) ev region of 
Bragg diffraction to check validity of the theory in that 
range. Inelastic scattering can be distinguished from 
elastic through the angular and wavelength dependence 
of the latter. Total inelastic cross section as a function 
of wavelength was measured by transmission of a high 
resolution monochromatic beam through single crystals 
at wavelength for which no elastic scattering was 
possible. At one wavelength, 1.08A, the differential 
inelastic cross section vs angle was observed by measur- 
ing scattered neutron intensity in non-Bragg directions. 


NEUTRON BEAMS 


reactor was used as a thermal 
maximum of its Maxwellian 


Brookhaven 
source, with 
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uw 


(100) DIRECTION 


> 


NEUTRON WAVE LENGTH } ANGSTROMS 
Fic. 2, Neutron transmission of 9.35-cm Pb crystal in (100) 
direction. Computed positions of Bragg peaks are as shown. 


3 Johnson, Palevsky and Hughes, Phys. Rev. 82, 345 (1951). 
4H. Palevsky and R. R. Smith, Phys. Rev. 86, 604 (1952). 
5 Palevsky, Hughes, and Smith, Phys. Rev. 87, 221 (1952). 
6 Except for anomalous temperature dependence in graphite. 
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Fic. 3. Neutron transmission through 5.08 cm of same Pb 
crystal as Fig. 2 but in (110) direction. 


distribution near 1 angstrom. Selection of high-resolu- 
tion monochromatic beams over the range 2-8 ang- 
stroms required different techniques in different wave- 
length ranges, and a combination of crystal diffraction 
and mechanical choppers. From 2-5 angstroms, a 15’ 
half-width beam from a } in.X2 in. graphite collimator 
was reflected from the (200) or (111) planes of a lead 
crystal at incident angles of 25° to 90°. Since the 
diffraction rocking curve due to mosaic spread of the 
lead crystal was about 15’, wavelength resolution was 
from 0.003 to 0.01. At the same angles, however, second- 
and higher-order reflections of the much more abundant 
neutrons of ~1A are also present and had to be elimi- 
nated. Beryllium, with Bragg cutoffs of 3.6 and 3.9 
angstroms, was satisfactory as a filter to transmit only 
neutrons of A>3.6A. For shorter wavelengths, a me- 
chanical velocity selector was used. 

The mechanical selector consists of a series of four 
cadmium disks, each with 36 radial slots, mounted on 
the same rotating shaft. Disks are 12 in. in diameter, 
0.030 in. thick, with 2-in. long slots 2 degrees wide and 
spaced 8 degrees apart. They were located 33.3 cm 
apart along the shaft, and adjacent disks rotated 
slightly, defining a series of helical paths of 0.07-0.35 
radian/meter. The resolution AX/A is constant for all 
velocities, being determined by the angular displace- 
ment of the disks. The velocity of the neutrons trans- 
mitted is proportional to the rotational speed, 3600 
rpm, corresponding to 2700 meters/second (A= 1.46 
angstroms) when set at 25 percent resolution, or 1080 
meters/second (3.6 angstroms) when set at 10 percent 
resolution. In contrast to velocity selection by diffrac- 
tion, the transmitted beam contains no shorter wave- 
length The beam was 
therefore first passed through the velocity selector to 


harmonics. reactor neutron 


select a broad wavelength spread, then diffracted from 


the lead crystal to obtain higher resolution. 

For A>5.7A, the Bragg cutoff for lead, the crystal 
monochromator could no longer be used. In this region, 
however, diffraction effects no longer occur in the 
transmission sample, so high-wavelength resolution of 
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Fic. 4. Thermal inelastic scattering cross section for neutrons 
in lead as determined by total transmission measurements. 
Direction of beam and velocity selector used are indicated by 
points. 


the neutron beam is not required. The velocity selector 
was set for a 10 percent resolution and used for the 
5.7-8-angstrom region, with a 6-in. filter of BeO placed 
in the beam to eliminate fast neutrons not stopped by 
the Cd disks and further to reduce the background 
from neutrons below the BeO cut-off wavelength of 4.7 
angstroms. Transmission measurements in this range 
were duplicated using the chopper time-of-flight 
apparatus also. 


Sample 


The transmission sample used was a single crystal 
grown in a graphite mold by lowering a melt of 99.99 
percent Pb at about 0.5 in./hr through an electric tube 
furnace about 20°C above the melting point. From this 
2-in. diameter ingot a 3.60-in. length was cut. Since lead 
recrystallizes at room temperature, the end faces were 
machined carefully and chemically etched to remove 
surface grains formed by the cutting process. 


TRANSMISSION MEASUREMENTS 


For room temperature measurement beam intensities 
and backgrounds were measured with and without 
the sample in the beam, with results as shown in Fig. 2. 
For 80°K measurements, the sample was placed inside 
a soft glass Dewar flask and in contact through a metal 
support trough with liquid nitrogen below the beam 
level. Attenuation in the soft glass walls of the Dewar 
was relatively small. Figure 2 shows curves of trans- 
mission versus wavelength. Near the cut-off region it is 
smooth, representing only inelastic scattering, but with 
decreasing wavelength, more Bragg reflections become 
possible and the curve is accordingly irregular. Diffrac- 
tion has been minimized by choosing the direction of 
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transmission as a major crystallographic direction of 
symmetry. The wavelength for which many planes 
satisfy the Bragg condition, A= 2d sin@, then coincide 
in a number of cases, as indicated, leaving regions in 
which no elastic scattering occurs. Figure 3 represents 
similar curves for a different crystallographic direction. 
Even ir these favorable directions, for \<2 angstroms 
the Bragg peaks become so numerous and close together 
that they begin to overlap, preventing inelastic scatter- 
ing measurements in the intervals between. The 
inelastic component of the total cross section, which 
varies smoothly with A, corresponds to a transmission 
curve which is the upper envelope of those shown in 
Figs. 2 and 3. For each of these latter curves there are 
gaps between the Bragg wavelengths, at which the 
inelastic cross section can be calculated. Figure 4 shows 
points thus determined, together with cross sections 
calculated from measurements with the velocity selector 
and chopper in the longer wavelength region. 

The dashed line shown in Fig. 4 represents the in- 
elastic cross section as calculated by Kleinman on the 
basis of one-phonon theory, plus capture cross section 
calculated from the latest value 0.18 barn at 2200 
m/sec. The agreement between calculated curves and 
measured values is very good with regard to dependence 
on both wavelength and temperature. 

For wavelengths shorter than about 2 angstroms, the 
cross section should continue to increase, but is no 
longer represented by the single phonon calculation 
which begins to decrease as the proportion of multiple- 
phonon processes becomes appreciable. Also, the 
measurement of total inelastic cross section by trans- 
mission becomes impossible to do with accuracy because 
of the profusion of Bragg reflections. 


DIFFERENTIAL SCATTERING MEASUREMENTS 


In this region, however, as the neutron energy 
becomes comparable to the Debye temperature of the 
crystal, the scattering is no longer isotropic but should 
follow the Debye-Waller dependence on direction. 
Measurements of the differential cross sections versus 
angle have been made using a monochromatic beam of 
1.08A neutrons from the (200) plane of a Pb mono- 
chromator crystal. Scattered intensity versus angle 
from a large-grained 0.350-in. polycrystalline Pb slab, 
as measured with a neutron spectrometer, is shown in 
Fig. 5. The diffraction peaks are broadened by a wide 
counter aperture used to increase intensity of the diffuse 
scattering. Between the peaks intensity is attributable 
to thermal inelastic plus multiple elastic scattering. 
Measurements were therefore made at 16°, 31°, 49°, and 
63°, between the successive peaks. Poor geometrical 
conditions make the solid angle subtended by the 
counter difficult to determine. Therefore, as a calibra- 
tion, similar intensity vs angle curves were measured 
for 0.250-in. and 0.114-in. slabs of vanadium, for which 
the cross section is entirely incoherent, therefore 
isotropic. From the ratio of intensity for Pb and V, 
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Fic. 5. Scattered intensity of 1.08A neutrons from 0.350-in. poly- 
crystalline Pb slab. Arrows indicate points between Bragg peaks 
where differential inelastic cross section was measured. 


with corrections for background, the differential cross 
section can be determined. 

Although the counter was placed between diffraction 
peaks, neutrons scattered two or more times could 
strike it, and must be included in the calculations. 
Making the reasonable assumption that such multiple 
scattering is isotropic, its probability can fairly easily 
be calculated for the case of an infinite slab sample 
from the known capture and scattering cross sections, 
and we find 
Ipp—B  [(oin/o)(1—T)T+ (0,/0)?(1—T)(1—T’)T” Jpn 


IWw-B  [(o./0)(1—T)T+ (0,/o2X(1—T)(1—T’) Ty 
where Jp,, 7y=scattered intensities from Pb, V; B 
= background; @in, o,, ¢= inelastic, total scattering, and 
total cross sections; T=exp(—nox)= transmission 
through slab; 7’=fraction of primary scattered neu- 
trons which emerge from the sample without secondary 
scattering or capture; and 7”’’=factor (~1) for ab- 
sorption in multiple scattering. Since defining slits 
allowed the counter to view only a 2 cmX5 cm area 
of the sample, however, the calculation of 1—7”’ and 
T” was more complex and required numerical integra- 
tion of a function of the form exp(—nox) over all 
directions and the volume of the sample. For the two 
cases used, 0.350-in. Pb compared to 0.250 in. V, and 
0.163-in. Pb compared to 0.114-in. V, the relations 
derived by this process were 


Cin Ipp—B 

(2), nf 2=?)-0ss, 
o Pb Iy- B 
Cin ITp,—B 

(“) = 0.78( — —) 0.8, 
a / pp Iy—B 


respectively, the last terms in each case representing 
corrections for multiple scattering of 3.25 and 1.9 
barns. Since this multiple scattering correction is 
uncertain to perhaps 0.5 barn and since at small angles 
it considerably exceeds the primary diffuse scattering, 
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Fic. 6. Differential cross section for thermal inelastic scattering 
of neutrons in Pb: Points are measured values for 1.08-angstrom 
neutrons, and curves are computed Debye-Waller factors assuming 
Debye temperature of 88°K for Pb. 


the expected error is relatively large. In Fig. 6 are 
shown the measured cross sections at four values of 
sin 6/X for 295°K and 80°K (where @=} scattering 
angle). The curves shown are computed from the 
Debye-Waller relation 1—e~*” on the basis of an 88° 
Debye temperature. Agreement between experiment 
and theory is at least as good as can be expected from 
the accuracy of the data. 
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CONCLUSIONS 


The direct transmission experiments show that the 
total inelastic scattering cross section is well represented 
by one-phonon theery both beyond the cutoff and 
throughout the lower-energy part of the diffraction 
region, to wavelengths of 2 angstroms (0.02 ev). At 
shorter wavelengths, where the neutron temperature 
is comparable to the crystal Debye-temperature, the 
one-phonon theory is not expected to apply and direct 
measurement was not possible. Here, however, the 
differential scattering cross section was confirmed to be 
represented by the Debye-Waller factor (1—e*”) and 
the total cross section may be determined by integra- 
tion over all angles. Thus the total thermal inelastic 
cross section as a function of temperature and wave- 
length may be computed from theory at least over the 
range A>1 angstrom (E=0 to 0.08 ev), and probably 
to higher energies, covering the thermal region. 

The author is indebted to D. Kleinman for many 
suggestions and discussions, D. Fishbach for collabora- 
tion in differential scattering measurements, W. 
Augustyniak for development work on the mechanical 
selector and spectrometer, and R. R. Smith for assist- 
ance in the chopper measurements. 
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The Hall Effect in Yttrium, Lanthanum, Cerium, Praseodymium, Neodymium, 
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The Hall effect has been studied from 300°K to 20.3°K in The Hall coefficient of cerium is found to go through a thermal 
metallic yttrium, lanthanum, cerium, praseodymium, and neo- hysteresis loop in a manner similar to the electrical resistivity 
dymium. The ferromagnetic rare earth metals, gadolinium, and other properties. Values for the ordinary Hall coefficients are 
dysprosium, and erbium have been studied quantitatively only obtained where necessary from the temperature variation of the 
above their respective Curie temperatures with gadolinium being Hall effect. The Hall coefficients are used to calculate for each 
measured to 350°C. The measurements have been made at many — metal the effective number of carriers, n*, (n*=1/NeRo), on a 
temperatures using an alternating current method. Yttrium, | simple one-band model. In addition, the two-band model, assum- 
lanthanum, gadolinium, and erbium are found to have negative — ing electron conduction in the 5d band and hole conduction in the 
Hall effects at all temperatures studied. Cerium, praseodymium, — 6s band, is used to understand the positive effect in three of the 
and neodymium show positive Hall effects throughout the temper metals and to obtain curves for the number of holes in the 6s 
ature range investigated. Dysprosium metal exhibits a negative band as a function of the ratio of d-electron mobility to s-hole 
Hall effect from 300°K down to about 130°K, but below that mobility. No ordered change in the magnitude and sign of the 
temperature the effect is positive. This reversal is interpreted as _ effect along the rare earth series is observed. 
being due to a change in the sign of the extraordinary Hall effect. 


I. INTRODUCTION bility,® crystal structure,® and thermal expansion’ show 
remarkable behavior in this temperature range. It has 
been suggested® that this behavior is associated with a 
shift of an electron between 4f and 5d states. Since the 
Hall effect gives information about the numbers and 
types of carriers of electrical current, it was thought 
that this study might give evidence supporting or 
contradicting the hypothesis of a 4/>5d shift. 

Some of the rare earth metals have been reported to 
show more than one crystal structure. Lanthanum,*? 


HE development of methods for preparing highly 

pure rare earth salts' and metals? has made 
possible the study of the properties of many of the rare 
earth metals of high purity. 

The study of the Hall effect in rare earth elements is 
of interest because of their electronic structures, which 
differ principally in the occupation of 4f states and not 
in the occupation of valence states which are ordinarily 
considered to be the ones which become of importance 
in electrical conduction. It has been found® that there cerium,®* and praseodymium’"'-” have been reported 
is a regular change in the magnitude and sign of the to exist with both the face-centered cubic (f.c.c.) and 
Hall coefficients of the transition metals of the fifth and hexagonal close-packed (h.c.p.) structures or in mix- 
sixth periods as electrons fill 5d and 6d states. This tures of the two. Because crystal structure may be 
investigation was initiated to determine what effect important to the Hall effect, an attempt was made to 
the filling of 4f states has on the Hall effect in the rare determine the crystal structures of the Hall sample 
earth elements. Because of its similarity in electronic metals and to correlate changes in the Hall effect with 
structure to the rare earths, the Hall effect in metallic changes in structure. 
yttrium was also studied. Besides allotropy, another property of these metals 

The temperature range below room temperature was which affects interpretation of the results of Hall effect 
of special interest because many of the metals show measurements is the magnetic property. Several of the 
abnormal properties in this range. For cerium, in metals are ferromagnetic’: and most are rather 
particular, the electrical resistivity,4 magnetic suscepti- highly paramagnetic®”"* in this temperature range. 

Because magnetization has a strong influence on the 


* Contribution No. 246 from the Institute for Atomic Research Hall effect.15 s sebiiet omnes’ ten inte Rey f 
and Department of Physics, Iowa State College, Ames, Iowa. all effect,” one might expect the interpretation o 
Work was performed in the Ames Laboratory of the U. S. Atomic ; 

Energy Commission §C. La Blanchetais, Compt. rend. 220, 392 (1945). 

t Now at Motorola Research Laboratory, Phoenix, Arizona. 6A. F. Schuch and J. H. Sturdivant, J. Chem. Phys. 18, 145 
Part of the material reported here appears in the first author’s — (1950). 
thesis presented to the Graduate Faculty of the Iowa State 7F. Trombe and M. Foex, Compt. rend. 217, 501 (1943). 
College in partial fulfillment of the requirements for the Doctor 8 EF. Zintl and S. Neumayr, Z. Electrochem. 39, 84 (1933). 
of Philosophy degree ®W. Klemm and H. Bommer, Z. anorg. u. allgem. Chem. 

'F. H. Spedding et al.. I. J. Am. Chem. Soc. 69, 2777 (1947); 138 (1937). 

II. J. Am. Chem. Soc. 69, 2786 (1947); III. J. Am. Chem. Soc. 1 A, W. Hull, Phys. Rev. 18, 88 (1921). 
69, 2812 (1947). 1A. Rossi, Nature 133, 174 (1932). 

2F. H. Spedding and A. H. Daane, J. Am. Chem. Soc. 74, 2W. Klemm and H. Bommer, Z. anorg. u. allgem. Chem. 
2783 (1952). 264 (1939). 

§E. Justi and M. Kohler, Abhandl. braunschweig. wiss. Ges. 18 F, Trombe, Ann. phys. 7, 385 (1937). 
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TABLE I. Spectrographic analyses of metal samples 
used in Hall effect measurements. 


Metal Analysis 


Yttrium Al, very weak; Ca, weak; Fe, very weak; Dy, 
0.5%; Ho, 0.01%; Tbh, 0.29%; other rare 
earths, not detected. 

Lanthanum Si, 0.1%; Ca, 0.05%; Fe, 0.02%; Ta, other 
rare earths, not detected 

Si, 0.02%; Ca, 0.04%; Nd, 0.03%; 
Pr, Ta, not detected. 

Ca, 0.04%; Nd, 0.06%; other rare earths, not 
detected. 

Ca, 0.02%; Fe, other rare earths, not detected. 

Ca, 0.02%; Sm, 0.06%; Fe, Co, not detected. 

Ca, very weak; Ho, 0.05%; Y, 0.02%; Fe, Ta, 
not detected. 

Si, trace; Ho, 0.02%; Y, 0.02%; Ca, Fe, very 
weak ; Ta, not detected. 


Cerium La, 0.03%; 


Praseodymium 


Neodymium 
Gadolinium 
Dysprosium 


Erbium 


results to be complicated by the extraordinary Hall 
effect. 

Hall effect measurements were made on metallic, 
polycrystalline yttrium, lanthanum, cerium, praseo- 
dymium, and neodymium in the temperature range 
from 20.3°K to 300°K. The ferromagnetic metals were 
studied quantitatively only above their respective 
Curie temperatures where they are paramagnetic. 

Sample purities were determined spectrographically 
and the results are shown in Table I. In Table II are 
shown the histories of the samples used and the symbols 
on the graphs reporting results refer to this table. 


II. APPARATUS AND MATERIALS 


Measurements of the Hall effect were made using an 
ac method in which the sample is placed in a steady 
magnetic field and an alternating primary current 


flows through the sample at right angles to the field.!* "8 


TABLE II. Histories of metal samples used in 
Hall effect measurements. 


Sain ple History 


Y-0 Cast, unannealed. 
Y-1 Cast, annealed 36 hours at 500°C, slow-cooled to 
room temperature. 
Cast, annealed 97 hours at 370°C, quenched to room 
temperature. 
Cast, annealed 97 hours at 370°C, quenched to room 
temperature. 
Cast, annealed 79 hours at 410°C, quenched to room 
temperature. 
Pr-1, plus: cooled to 20.3°K, annealed 79 hours a 
410°C, and quenched to room temperature. 
Pr-3, plus: cooled to 20.3°K, annealed 79 hours at 
410°C, and quenched to room temperature. 
Cast, annealed 37 hours at 400°C, slow-cooled to 
room temperature. 
Cast, unannealed. 
Cast, unannealed. 
Cast, annealed 45 hours at 500°C, slow-cooled to 
room temperature. 


16W. F. Leverton and A. J. Dekker, Phys. Rev. 80, 732 (1950). 
174. W. Smith, Phys. Rev. 35, 81 (1912). 
18. A. Wood, Phys. Rev. 41, 231 (1932). 
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The resulting Hall voltage is alternating with the 
frequency of the primary current and can be amplified 
electronically and measured. In this method, if the 
frequency is high enough,’ no correction is required for 
other thermoelectric, thermomagnetic, and galvano- 
magnetic effects. 

A block diagram of the electronic equipment is 
shown in Fig. 1. The amplifier gain was approximately 
410° with a noise level, referred to the input, of 
about 5X10 volt. The band width was 1 cycle per 
second, this narrow band characteristic being attained 
through the use of two parallel-tee feedback networks 
in the amplifier. 

The current supply was capable of delivering up to 
5 amperes of current to the sample, and in most cases 
the measurements were made using primary currents of 
approximately 1 ampere. The magnet provided fields 
up to 5600 oersteds and the fields were uniform to 
better than 1 percent over the region occupied by the 
Hall samples. 

Because of the wide temperature range over which 
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Fic. 1. Block diagram of Hall effect equipment. 


measurements were made, it was necessary to provide 
some means for adjusting the positions of the Hall 
contacts to equipotentiality. This was done by means 
of a three-contact method" in which this adjustment is 
made through the use of a potentiometer connected to 
the double contact (see Fig. 1). By adjusting the 
movable contact of the potentiometer, one obtains the 
condition of equipotentiality. Because of the high 
resistivity of the rare earth metals, this adjustment 
was very useful since large voltages resulted from 
slight shifts of the contacts due to temperature changes. 
After the potentiometer was set for minimum output 
voltage, with zero magnetic field, the remaining signal 
was bucked out by means of a small voltage of variable 
phase and amplitude from a transformer in the current 
supply circuit. 

The impedance of the amplifier input circuit was 
high compared to the resistance of the Hall samples. 
For each Hall coefficient determination, the gain of the 


” F, Kolacek, Ann. Physik 39, 1491 (1912), 
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amplifier was effectively measured by comparing the 
amplifier output when first the Hall voltage and then 
the voltage from a standard resistance and voltage 
divider in the primary current circuit was applied to 
the amplifier input. The results obtained with this 
equipment were in agreement with those obtained 
using a de potentiometer method and the same sample 
of gadolinium. 

Various temperatures for the sample were obtained 
by boiling either liquid nitrogen or liquid hydrogen and 
passing the evaporated gas over the sample (see Fig. 2). 
By controlling the rate of ebullition and by introducing 
varying amounts of heat through a heater attached to 
the sample holder, temperatures between 20.3°K and 
300°K could be attained. For the higher temperatures 
liquid nitrogen was used except in the case of cerium 
where it was necessary to cause the temperature to 
change continuously without reversal. The lowest 
temperatures were obtained by raising the level of 
liquid hydrogen in the Dewar until the sample was 
immersed. Temperatures were measured by means of 
copper-constantan thermocouples fastened to each end 
of the sample holder. The average of these two was 
taken to be the temperature of the sample; the greatest 
temperature difference between the ends of the sample 
was found to be 4°K. The thermocouples were calibrated 
at 10°K intervals against a platinum resistance ther- 
mometer. 

Cancellation of magnetic moment in the primary 
current circuit and rigid construction of the sample 
holder and support were used to prevent vibration 
which would, if it occurred, cause spurious voltages to 
appear in the Hall voltage circuit. The sample holder 
was made of copper and brass for rigidity and this 
was fastened to a supporting piece of Synthane micarta 
which was, in turn, rigidly supported at the top of the 
Dewar. The Synthane was chosen for its mechanical 
strength, low thermal conductivity, and small magnetic 
susceptibility. Using this type holder and support, the 
Hall voltage in copper was linear with field up to 
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15000 oersteds, the highest field used to test for 
vibration. 

The Hall voltage contacts were tungsten wires with 
knife edges pressed under bending against the sides of 
the sample. These contacts provided reliable, low- 
resistance connections te the sample over long periods 
of time and throughout the temperature range over 
which measurements were made. Samples were easily 
removable for annealing. 

Hall samples were cut from the castings and filed to 
the final dimensions of 2.4 0.50.1 cm. Samples to be 
annealed were wrapped in tantalum foil and sealed 
under high vacuum in quartz tubes, with lanthanum 
turnings as a getter. Companion samples accompanied 
the Hall sample through all heat treatments and needles 
were filed from the companion samples for x-ray 
structure analysis. 


III. RESULTS AND DISCUSSION 


When magnetization is present in a metal sample of 
the usual form, the Hall coefficient Vyt/IHo can be 
expressed!® by 


V yt/IHo= Ro(H+4naM); (1) 


where V;;=Hall voltage, t=sample thickness, J = pri- 
mary current, 1 )>=applied field, H= magnetizing field, 
M=intensity of magnetization, Rj=ordinary Hall 
coefficient, and @ is a parameter which can be inter- 
preted as a measure of the average magnetic field due 
to magnetization which acts on conduction particles. 

In the neighborhood of the Curie point, values of a 
for nickel have been found to be of the order of 60; 
above and below the Curie temperature, a was found 
to be smaller.'® 

In the case of a paramagnetic material, M= xJ//, 
where x is the magnetic susceptibility, and, for the 
usual Hall sample, which is a thin plate, 7= 1 >—4nM. 
For this case Eq. (1) becomes” 


V nt/THo= Ro (1+-4aax)/ (1+ 4:1). (2) 


When a Curie-Weiss law of paramagnetism is obeyed, 
the result is 


V ut/THo= Ry(T—04+4aC)/(T—0+49C), (3) 


where @=Curie temperature, C=Curie constant, and 
T= temperature. 

In a paramagnetic, if a and C are sufficiently large, 
the measured Hall coefficient at some temperature, 
i.e., Vyt/THo, would be appreciably different from the 
ordinary Hall coefficient Ro, while the Hall voltage 
would still be proportional to the applied field. In the 
work reported here, high applied fields were not avail- 
able so that a test for the condition of linearity with 
applied field could not be made for fields greater than 
5600 oersteds. At all the temperatures at which data 


2” N. Rostoker and E. M. Pugh, Phys. Rev. 82, 125 (1951). 
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were taken, the Hall voltage was proportional to the 
applied field. 

The experimental curves for the ferromagnetics above 
the Curie temperatures showed the same general 
temperature dependence described by Eq. (3) so that, 
for these rare earth metals, a and C must be large 
enough to give an appreciable extraordinary Hall effect 
at temperatures where they are paramagnetic. In a 
truly paramagnetic region, the ordinary and extraordi- 
nary effects would be inseparable by the magnetic 
saturation method." In this work it was assumed that 
the metals were paramagnetic and Eq. (3) was used to 
attempt to separate the two effects by choosing Ro and 
a to best fit the experimental curve. 

Hall effect data may be interpreted on the basis of a 
simple one-band theory in which the effective number 
of carriers per atom contributing to conduction n* is 


n*= 1/VeR», (4) 


where .V is the number of atoms per unit volume, e the 
charge on the carrier, and Ry the ordinary Hall coeffi- 
cient. For each metal n* is calculated from the observed 
Hall coefficient. 

A two-band theory of Mott®! developed by Sond- 
heimer” has been used to understand the observed Hall 
effect and magnetic properties in nickel!® and_ the 
observed Hall effect in the transition elements of the 
fifth and sixth periods.’ According to the theory, 
conduction takes place in two overlapping bands, one 


nearly full and the other nearly empty. The expression 
for the Hall coefficient according to this theory can be 
written 


1f n,—naud/p,? 
=— ' (5) 
Nel (n,+ napa/ps)* 


where .V is the number of atoms per unit volume, e the 
magnitude of the electronic charge, m, the number of 
holes per atom in the nearly-full band, vq the number 
of electrons per atom in the nearly-empty band, ua the 
mobility of the electrons, and uw, the mobility of holes. 

This relation, with the observed Hall coefficient Ro 
and a relation between m, and ny, gives n, as a function 
of the mobility ratio wa/u.. 

Three of the metals studied were found to have 
positive Hall coefficients. From the electronic configur- 
ation of these elements, it appears that the two-band 
theory is necessary to explain the result. For each 
metal, including those having negative Hall coefficients, 
it was assumed that conduction is by electrons in the 
5d band, by holes in the 6s band, and that there are 
three electrons available to be distributed between these 
bands. The 4f band is assumed to contribute nothing 
to conduction. It is to be noted that in the case of the 
so-called condensed cerium the assumption is made 


21N, F. Mott, Proc. Phys. Soc. (London) 47, 571 (1953). 
2 FE. H. Sondheimer, Proc. Roy. Soc. (London) A193, 484 
(1948). 
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that there are four electrons available for conduction; 
this is believed to occur because the 4/ electron has 
moved to the 5d and 6s conduction bands. The conse- 
quent relations between n, and ng are ng=1+n, and 
for condensed cerium #g= 2+ 7,. 

In Fig. 3 are shown graphs of n, as a function of 
ua/u, Obtained from the two-band expression for the 
Hall coefficient, the observed ordinary Hall coefficients, 
and the above assumed relation between n, and ng. 
For those metals having positive coetlicients, n, has 
two possible values for some choices of the mobility 
ratio, and there is a maximum value for the mobility 
ratio, while in the light of the assumptions listed above 
for those having negative coefficients, the mobility 
ratio is limited only by the requirement that the 6s 
band be filled to such a level that conduction in this 
band is by holes. 

It can be seen from Fig. 3 that if one were to assume 
a fixed mobility ratio for all the metals, a value of 0.1 
or less would be satisfactory for all observed Hall 
coefficients, and then differences in magnitude and sign 
could be attributed to slight changes in n, in going from 
element to element. In every case the 6s band would be 
nearly full. A less likely explanation is that n, is fixed 
and a different mobility ratio exists for each metal. In 
all probability only slight variations in wg/u, occur for 
the different metals. 


A. Yttrium 
The Hall coefficient Vyto/THo, V «= Hall 


voltage, 4y=room temperature thickness, /= primary 
current, and //y)>=applied magnetic field, is shown 
plotted as a function of temperature in Fig. 4. The 
effect was negative at all temperatures studied, and the 
Hall voltage was proportional to applied field up to 
5600 oersteds at 20.3°K, 78°K, and 300°K. The effect 
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Fic. 3. Number of holes in the 6s band as a function of the mobility 
ratio from the two-band theory of the Hall effect. 
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Fic. 4. Hall coefficient of yttrium as a function of temperature, 


of annealing (Table I) was to raise the values of the 
Hall coefficient below 50°K while leaving those above 
that temperature unchanged. 

The room temperature value of the Hall coefficient, 

0.770 10-” volt-cm/amp-oersted, corresponds to 2.7 
negative carriers per atom effectively contributing to 
conduction if one assumes the unlikely one-band 
treatment and uses Eq. (4). 

It should be noted that the two-band treatment is 
capable of accounting qualitatively for the temperature 
dependence of the Hall coefficient in yttrium since, as 
the lattice contracts, either the ratio of the number of 
holes to electrons or the mobility ratio or both, could 
change. 


B. Lanthanum 


The Hall effect in lanthanum metal was studied in the 
temperature range from 20.3°K to 300°K. At all 
temperatures studied the effect was negative and the 
Hall voltage was found to be linear with magnetic field 
at 20.3°K, 78°K, and 300°K. 

Measurements made on a cast, unannealed sample 
resulted in a value of —0.35X10-" volt-cm/amp- 
oersted for the room temperature Hall coefficient. 
Annealing at 350°C raised this value to —0.8x10-" 
volt-cm/amp-oersted, and although further heat treat- 


ment resulted in additional changes, the magnitude 
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Fic. 5. Hall coefficient of lanthanum as a function of temperature. 
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did not depart by more than 10 percent from this value 
of —0.8X10-” at room temperature. 

In an attempt to get the metal into the face-centered 
cubic (f.c.c.) structure, it was annealed 97 hours at 
370°C and quenched to room temperature. The x-ray 
diffraction pattern from a filed needle showed h.c.p. 
lines but the line intensities were not correct for that 
structure. Coincidence of f.c.c. and h.c.p. lines could 
not explain the intensity distribution since a non- 
coinciding cubic line was missing. No correlation could 
be made between structure changes and Hall coefficient 
changes resulting from heat treatments. 

A typical curve of the observed Hall coetiicient as a 
function of temperature for an annealed sample is 
shown in Fig. 5. All curves obtained showed the same 
temperature variation but the magnitudes were different 
depending on the heat treatments. The curve shown 
represents the temperature dependence and average 
magnitude. The sign is negative as in the case of 
yttrium, and the effective number of carriers con- 
tributing to conduction is very nearly the same in the 
two cases. The temperature variation is more complex 
in the case of lanthanum, however, showing both a 
maximum at 170°K and a minimum at 40°K while 
yttrium shows only a maximum at about 50°K. 

The value —0.8 10-” volt-cm/amp-oersted for the 
Hall coeflicient at room temperature corresponds to a 
contribution to conduction of 2.9 electrons per atom on 
a simple one-band model. 


C. Cerium 


After annealing 97 hours at 370°C and quenching to 
room temperature, cerium showed only f.c.c. lines and 
the room temperature Hall coefficient Vylo//Ho was 
found to be +1.81%10°" volt-cm/amp-oersted. This 
was reproducible for several samples within limits of 
probable error of about 0.5 percent. This result com- 
pares favorably with the value +1.9210~” volt-cm 
amp-oersted found by Smith* using a dc method. 

The room temperature value after the first and 
subsequent cycles to 20.3°K was about +1.4x10~-" 
volt-cm/amp-oersted. X-ray analysis of the companion 
sample after cycling to low temperatures showed no 
evidence of the presence of h.c.p. structure. The low 
room temperature value after cooling may be due to 
dislocations produced during the transition to and 
from the condensed state.® Reannealing and quenching 
always raised the room temperature coefficient back to 
the higher value. The Hall effect was positive at all 
temperatures at which it was observed and the Hall 
voltage was found to be linear with magnetic field to 
5600 oersteds at 20.3°K, 78°K, 100°K, and 300°K. 

A graph of the Hall coefficient as a function of 
temperature, which is typical of several such curves 
obtained, is shown in Fig. 6. In every case the first 
cooling after annealing resulted in a curve which was 


23A.W. Smith, Phys. Rev. 8, 79 (1916). 
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above those observed subsequently without reannealing. 
The first cooling curve showed the rapid decrease at a 
slightly lower temperature than did subsequently ob- 
tained curves. The details of the first cooling curve 
were not as reproducible from sample to sample as 
were those of the second cooling curve. 

The large increase,in the Hall coefficient as the metal 
is cooled to 110°K could be the result of the extraordi- 
nary effect, but this seems unlikely. The magnetic 
susceptibility of cerium is reported® to obey a Curie 
law in this temperature range with a Curie temperature 
of —51°K. To show such a large extraordinary effect 
so far from the Curie temperature would require a to 
be of the order of 1000 at 110°K if one assumes 
Ry= +1.0X 10-” volt-cm/amp-oersted. Values of a up 
to 60 have been reported for nickel!® in the neighborhood 
of its Curie temperature. 

The sudden decrease of the coefficient near 110°K on 
cooling and the increase near 180°K on warming can 
be correlated with reported anomalies in resistivity,‘ 
magnetic susceptibility," specific heat, crystal struc- 
ture,® and thermal expansion.’ It has been suggested 
by Pauling® that these anomalies are accompanied by 
a shift of an electron between 4f/ and 5d states. 

These changes in the Hall coefficient Viyto//Ho 
could be interpreted in at least three ways. First, they 
could represent changes in the effective number of 
carriers accompanying the 4f/¢5d shift. Second, if the 
rise of the upper part of the curve is due to the extra- 
ordinary Hall effect, then the sudden decrease at 110°K 
could be due to the decrease or vanishing of magnetic 
moment in the metal due to the 4/>5d transition and 
a simultaneous change in n, and ng which weuld yield 
nearly the same Ro. Third, the change in the Hall 
coefficient may be due to a combination of changes in 
the magnetic moment and in the effective number of 
carriers accompanying a 4f>5d shift. Evidence for the 
second possibility is that the high temperature limit 
of the upper branch of the curve seems to be about the 
same as the high temperature (180°K) limit of the 
lower branch. 

The increase at low temperatures along the lower 
branch of the loop may be the result of the extraordinary 
effect. It has been suggested™* that the transition to 
the condensed state may be incomplete, and if this 
were true then there might be an extraordinary effect 
in the noncondensed phase (which is probably h.c.p.) 
causing the rise. 

The value of the Hall coefficient at 180°K on the 
lower branch, which is assumed to be the ordinary 
coefficient Ro, because there seems to be little or no 
temperature dependence there, corresponds in the one- 
band model to 1.6 holes per atom effective in conduc- 
tion. This result assumes an increase in density of 18 
percent associated with the transition to the condensed 
state. Although the work here indicates that the 


4 Parkinson, Simon, and Spedding, Proc. Roy. Soc. (London) 
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Fic. 6. Hall coefficient of cerium as a function of temperature. 
transition may be incomplete at that temperature, 
these values for the change in density and linear 
dimension were taken from the x-ray structure findings 
of Schuch and Sturdivant® which were carried out at 


78°K. 
D. Praseodymium 


The Hall effect in praseodymium metal was positive 
at all temperatures studied, and the Hall voltage was 
linear with applied field to 5600 oersteds at 20.3°K, 
78°K, and 300°K. The room temperature value of the 
Hall coefficient was found to be +0.709-+-0.008& 10-” 
volt-cm/amp-oersted. This value was not affected by 
annealing or cooling within the limits ef probable error 
shown. 

X-ray crystallographic analysis resulted in h.c.p. 
lines of incorrect intensity distribution and in extra 
lines which could not be indexed as either h.c.p. or f.c.c. 

The temperature variation of the Hall coefficient is 
shown in Fig. 7. Investigation of the magnetic properties 
of praseodymium™ have indicated a paramagnetic 
Curie point at O°K. The increase in the magnitude of 
the Hall coefficient below 100°K could be associated 
with an increasing extraordinary Hall effect as a Curie 
point at 0°K is approached. 
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The room temperature value corresponds to a contri- 
bution to conduction of 3 holes per atom on the basis 
of a simple one-band model. 


E. Neodymium 


The room temperature value of the Hall coefficient 
for neodymium was found to be +0.971+-0.006X 10-” 
volt-cm/amp-oersted. This corresponds in the one-band 
model to 2.1 holes per atom effectively contributing to 
conduction. 

Figure 8 shows the Hall coefficient as a function of 
temperature. The small maximum at 70°K may be 
associated with a magnetic effect. It has been reported! 
that an extrapolation of magnetic susceptibility data to 
temperatures lower than those at which measurements 
were made indicates a paramagnetic Curie temperature 
at about 70°K, which is approximately the position of 
the first minimum in the Hall coefficient. Although no 
magnetic data exists below 80°K, it is also possible that 
the rapid rise below 40°K could be associated with the 
extraordinary effect as a paramagnetic Curie point is 
approached, 


F. Gadolinium 


The Hall effect in gadolinium was studied from 30°C 
to 350°C. These measurements were made with the 
sample in a vacuum furnace. At all the temperatures 


indicated, the Hall voltage was proportional to the 
applied magnetic field /o, the maximum value of 
which was 5600 oersteds. According to published data 
on the magnetic properties above the Curie point," the 
demagnetizing field was less than 10 percent of the 
applied field at temperatures above 80°C. The value of 
the Hall coefficient V yto/THo at 350°C is —4.48x 10- 
volt-cm/amp-oersted. The increase as the temperature 
is lowered might be attributed to the extraordinary 
effect in a paramagnetic region. 

Using the magnetic data of Trombe," one obtains 
from Eq. (3) a calculated curve which fits fairly well 
the experimental curve (Fig. 9) for temperatures above 
120°C. if takes Ro= —0.95X10-" volt-cm/amp- 
oersted and a= 240, The calculated values are indicated 


one 


te} 
a 


auP- OERSTEO, 


VOLT-cw 


No-1 RUN} 
Nad-1 RUN2 
© Nd-1 RUNS 


\ 


° 
oe 


ALL SYMBOLS - WARMING 


o 
id 


Yate xi0'? 


The 





ee a a eS a 
40 60 120 160 240 280 86320 
TEMPERATURE? K) 


° 
oo 


Fic. 8. Hall coefficient of neodymium as a function of temperature. 
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AND SPEDDING 
by the crosses on Fig. 9. The dotted curve is the curve 
calculated using Ryp= —0.4X 10~” volt-cm/amp-oersted 
and a=600. At lower temperatures, the calculated 
curve falls below the experimental curve, indicating 
that a is increasing as the temperature is lowered toward 
the Curie point, if one assumes Rp constant. One can 
see that this is not a precise way to determine Rp and a. 
The value —0.95X 10-” volt-cm/amp-oersted for the 
ordinary Hall coefficient corresponds in the one-band 
analysis to 2.1 negative carriers per atom. 


G. Dysprosium 


The Hall coefficient Vyto/7Ho for dysprosium metal 
is shown in Fig. 10 plotted as a function of temperature. 
The effect was negative in the temperature range from 
290°K to about 130°K but reversed sign and became 
positive at lower temperatures. The increase in magni- 
tude followed by the decrease and reversal of sign is 
believed due to the extraordinary Hall effect. It has 
been reported that the magnetic susceptibility of 
dysprosium exhibits a maximum at about 180°K." 
This may be due to the existence of two magnetic 
states, and one could understand the behavior of the 
Hall effect if it were assumed that the parameter a@ is 
positive in sign for the high temperature (paramagnetic) 
state and negative for the state which persists below 
180°K. 

Below 169°K the Hall voltage was not a linear 
function of the applied field and evidence of remanence 
appeared, with the Hall voltage forming a hysteresis 
loop with applied field. The temperature range in 
which this occurred is indicated by the dotted portion 
of the curve. 

Because of the limited temperature range over which 
data were taken, it is difficult even to get an estimate 
of Ry and a. Assuming both are constant in the high 
temperature range, and using Eq. (3), the magnetic 
data of Trombe, and the experimental values at 290°K 
and 220°K, one finds Ro= —1.310-" volt-cm/amp- 
oersted, and a=18. Calculated values of Vyto/THo for 
intermediate temperatures, using these values for Ro 
and a, do not agree well with the observed ones, due 
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Fic. 9. Hall coefficient of gadolinium as a function of temperature 
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Fic. 10. Hall coefficient of dysprosium as a 
function of temperature. 


possibly to rapid variation of a with temperature in 
this range. 

The number of negative carriers per atom corre- 
sponding to Ro= —1.3X10-" volt-cm/amp-oersted is 
1.5 in the one-band model. 


H. Erbium 


The Hall effect in erbium was negative in the temper- 
ature range from 100°K to 300°K and at 78°K and at 
20.3°K. The temperature variation of the Hall coeffi- 
cient Vyto/THo is shown in Fig. 11. The increasing 
magnitude as the temperature decreases appears to be 
that resulting from the extraordinary effect near a 
Curie point. 
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Fic. 11. Hall coefficient of erbium as a function of temperature. 
. 

Since the curve is nearly flat at room temperature, 
the value at this temperature is very nearly Ro. The 
room temperature Hall coefficient, —0.341 10~-" volt- 
cm/amp-oersted, corresponds to 2.1 negative carriers 
per atom in the one-band treatment. 
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Infrared Absorption in P-Type Germanium* 


W. Kaiser, R. J. Coiurns, and H. Y. Fan 
Purdue University, Lafayette, Indiana 
(Received June 11, 1953) 


Infrared absorption in p-type germanium was investigated at various temperatures down to 5°K. The 
absorption coefficient is proportional to the hole concentration and shows band structure, a strong band 
beyond 10 microns and two weaker bands at shorter wavelengths. The strong band is shown to be caused by 
excitations within the filled band because of the presence of holes. The relative strengths of the two weaker 


bands change with temperature, only one being observable at low temperatures. 


HE absorption of infrared radiation (hy less than 

the forbidden energy gap) in p-type germanium! 
shows spectral structure in contrast to the case of n 
type, where the absorption increases smoothly approxi- 


mately \*. Figure 1 shows the absorption curves 
reduced to unit carrier concentration, after subtracting 
the lattice absorption.? The p-type curve shows two 
weak bands* at 2200 cm™! and 3500 cm~', followed by 
a much stronger band beginning around 1800 cm™. 
The smoothly rising ”-type curve is much lower. 
Regarding the mechanism of absorption, the follow- 
ing observations are to be noted. (A) Samples having 
different either indium or 


hole concentrations with 





Fic. 1. Absorption coefficient reduced to unit carrier concentra- 
tion for germanium. The lattice absorption independent of carrier 
concentration has been subtracted. 


*Work supported by a Signal Corps contract. 

1R. J. Collins and H. Y. Fan, Purdue Semiconductor Progress 
Report, June 30, 1953 (unpublished); Kaiser, Collins, and Fan, 
Bull. Am, Phys. Soc. 28, No. 2, 32 (1953). 

2R. J. Collins and H. Y. Fan, Phys. Rev. 86, 648 (1952); 
R. C, Lord, Phys. Rev. 85, 140 (1952). 

8H. B. Briggs and R. C. Fletcher, Phys. Rev. 87, 1130 (1952). 


aluminum as acceptor give approximately the same 
absorption curve reduced to unit hole concentration. 
(B) The Fermi level in these samples varied from 0.1 
ev to 0.24 ev above the valence band, whereas the 
strong absorption band corresponds to hvy<0.1 ev. 
(C) P-type material with fairly high acceptor con- 
centration after being converted to high-resistivity 
n type by adding donor impurities to the melt showed 
only weak absorption, characteristic of ” type. It fol- 
lows from (B) that the strong absorption band can- 
not be due to excitation of electrons from the valence 
band to empty levels within the energy gap. Further- 
more, in view of (C) it cannot be due to excitation of 
electrons from localized states to higher excited states. 
It could only be caused then by excitations within the 
valence band due to the presence of holes. This indicates 
an overlapping of bands and complicated band struc- 
ture. The evidence is not as conclusive, however, for 





Fic. 2. Absorption coefficient for indium-doped p-type ger- 
manium with room temperature resistivity 0.07 ohm-cm. The 


lattice absorption has been subtracted. 
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INFRARED ABSORP 
the two short wavelength peaks, which correspond to 
hv close to one half of the energy gap. 

Figure 2 shows typical absorption coefficient curves 
for indium-doped samples at 300°K, 77°K, and 5°K. 
For different samples the low temperature curves are 
also proportional to the room temperature hole con- 
centrations, At 77°K the hole concentration in these 
samples is the same as at room temperature. Thus, the 
mechanism for the strong absorption band seems to be 
the same as at room temperature. This conclusion is 
supported by the measurement of gold-doped samples.‘ 
These p-type samples with an acceptor activation 
energy of 0.23 ev have very few holes at 77°K. At 
300°K the measured absorption is the same as in other 
samples of corresponding carrier concentration, and at 
77°K the absorption becomes negligible. 

There is some uncertainty about the interpretation 
of the absorption at 5°K. Within the limit of measure- 
ments the long wavelength absorption has not reached 
a peak. It is, therefore, uncertain whether we have 
here the same band observed at the higher temper- 
atures. Furthermore, the Hall coefficient of the samples 
reaches a maximum at some low temperature, the 
magnitude and temperature depending on the sample 
purity, and drops again to about the room temperature 
value by 5°K. The resistivity at 5°K, on the other hand, 
can be orders of magnitude higher than at 300°K.® 
Consequently, it is not certain that the measured Hall 
coefficient gives the true hole concentration in the 
valence band, and we cannot be sure that the long 
wavelength absorption is due to the presence of free 
holes. 

Figure 3 shows the absorption curves above 1000 
cm! at various temperatures. Of the two peaks ob- 
served at room temperature the one at longer wave- 
length decreases with decreasing temperature, unseen 
at 77°K, whereas the one at shorter wavelength in- 
creases and shows a shift toward longer wavelength. 

4Benko, Fan, and Lark-Horovitz, Purdue 
Progress Report, June 30, 1952 (unpublished). 

5 Measurements by H. Fritzsche [see C. S. Hung and J. R. 
Gliessman, Phys. Rev. 79, 726 (1950) J. 


Semiconductor 


TION 


IN P-TYPE Ge 


>TH IN MICRONS 





201 °K 
o—e 400°K 
382°K 
———« 453°K 


o ») 








WAVE NUMBER M 


Fic. 3. Absorption coefficient for indium-doped p-type ger- 
manium with room temperature resistivity 0.04 ohm-cm. 


Up to the highest temperature the sample is in the im- 
purity range, the hole concentration remaining practi- 
cally constant. A possible explanation for the temper- 
ature variation of the two bands might be that the 
one at longer wavelength is connected with holes of 
higher energy. It is also possible that the longer wave- 
length peak involves the absorption of an optical 
phonon.® However, the two peaks are~0.1 ev apart, 
whereas the strong lattice band in germanium cor- 


responds to only 0.04 ev. 


6 Suggested by Professor J. Bardeen in a private discussion. 
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Auger Peaks in the Energy Spectra of Secondary Electrons from Various Materials 


J. J. LANDER 
Bell Telephone Laboratories, Murray Hill, New Jersey 


(Received June 5, 1953) 


Ihe energy spectra of secondary electrons from carbon, beryllium, aluminum, nickel, copper, barium, 
platinum, and the oxides of beryllium, aluminum, nickel, copper, and barium have been measured with 
equipment of high stability and sensitivity. Characteristic peaks due to Auger electrons emitted as a result 
of absorption of a valence electron by an excited x-ray level were observed for all these materials. 

The peaks exhibit structure which is of some theoretical interest. The structure can be related to the 
distribution in energy of electrons in the valence band, and it complements that observed in soft x-ray 
emission work. Since the emission of the Auger electron is not subject to the selection rules governing the 
emission of x-radiation, additional information can be obtained from the Auger electron energy distribution. 

Excitation of Auger peaks by a beam of low velocity electrons provides an interesting technique for 


surface analysis. 


“Plasma” peaks of the type reported by Ruthemann, and interpreted by Pines and Bohm, were also 


observed 


1. INTRODUCTION 
ol gaekdiean discrete maxima in the energy spectra of 


secondary electrons excited by a primary beam of 
moderate voltage (roughly from one hundred to a few 
thousand volts) are the principal subject of this report. 
“Peaks” or “humps” of this type have been reported 
by others, but their nature has not been established.' 
The features, observed in distributions obtained by us 
from a number of materials, are attributed to Auger 
electrons emitted after excitation of x-ray levels by the 
primary beam or secondarily by x-radiation excited by 
the primary beam. 

We will be concerned with the following process: an 
atom which has lost an electron from an inner level 
(K, L, etc.) returns toward the normal state by absorp- 
tion of an electron from an upper level (valence, K, etc.) 
and the energy released in this transition appears in the 
form of an Auger electron ejected from a nearby upper 
level. These processes will be described, using the 
Skinner notation, as VK, V--L, K->1L, etc. They 
complement those in which the energy balance is 
restored by emission of x-radiation. The selection rules 
governing the radiative process limits the information 
obtainable by the x-ray method. The Auger process is 
not subject to this limitation. For example, in the soft 
x-ray spectroscopy of carbon, the distribution of 
valence p electrons is largely reflected in the radiation 
distribution curve, whereas the Auger electron dis- 
tribution curve should reflect the distribution of both 
p and s electrons. 

Unfortunately the Auger electron distribution does 
not reflect the distribution of valence band electrons in 
a simple manner. Consider the three processes shown 
in Fig. 1. These all yield Auger electrons with energy 
W«—2W. Energy is here taken relative to that of an 
electron at rest in free space, —W’x is the energy of the 

'For a discussion of related work and appropriate references 


see the review article by K. G. Mc Kay, Advances in Flectronics 
(Academic Press, Inc., New York, 1948), pp. 72 and 83. 


x-ray level involved in the process (here assumed to be 
a K level), and —W is the average of the initial energies 
of the two electrons. 

To obtain an approximate distribution function for 
the Auger spectrum, assume that the probability of 
transitions yielding electrons in the energy range 
d(W«—2W) is proportional to the product of the densi- 
sities in the regions dW’ and dW’ of the valence band, 
equidistant from W, and for which electron densities 
are given by a distribution function p(W). The number 
of Auger electrons, dN, in the range d(Wx—2W) can 
be obtained by integration with respect to AW. The 
integration limits are Wa—W and zero if W is in the 
lower half of the band, or zero and W— ¢ if W is in the 





é Wy Late -2W 








“Wit ete. 





Fic. 1. Auger electron emission resulting from transitions of 
type V-K, VL, etc. The three processes A, B, and C yield 
Auger electrons with equal energies. 
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upper half. Thus, 


dN(Wx—-2W) 


0 
~aw f p(W—AW)p(W+ AW)d(AW) 
Wa-W 


W—¢ 
aw f o(W—AW)p(W+AW)d (All). 


it) 


Integrals of the above type might be called Auger 
transforms. It is expected that more complicated ex- 
pressions will be required for a generally satisfactory 
theory. For simply behaved materials it is clear that 
the energy range of the Auger distribution should be 
double that of the valence band. Commonly the maxi- 
mum in p is in the upper part of the valence band. In 
this case the Auger distribution should also peak in the 
upper part of the spectrum and then fall to zero at a 
value (in the vacuum) equal to Wx—2¢. The Auger 
spectrum will show much less detail than the soft x-ray 
spectrum. 

Excitation of characteristic Auger electrons by 
x-radiation has been the subject of considerable inves- 
tigation since the classic work of Auger.? A working 
analytical instrument based on this process has been 
described recently by Steinhardt and Serfass.? Excita- 
tion by an electron beam of moderate energy provides 
an experimental alternative with features of specific 
interest which will be discussed in the final section of 
this paper. Excitation of high energy processes by high 
energy electrons has been described by de Broglie and 
Thibaud.‘ 

The spectra from numerous materials have been 
re-examined using equipment which was well stabilized 
and capable of good resolution and high sensitivity. The 
characteristic peaks observed have, in general, sufficient 
intensity to make the technique interesting as a means 
of surface analysis, and they show structure which is 
of some theoretical interest. Features observed in the 
low and high voltage regions of the energy distribution 
curves agree substantially with those reported by others 
and have not been described in detail. The literature is 
voluminous and the review of McKay is sufficiently 
comprehensive. 


2. APPARATUS 


Desirable features in the required equipment are high 
stability, high sensitivity, good resolution, and good 
vacuum conditions. The construction of the spherical 
electron analyzer used to obtain high sensitivity and of 
the electron gun used to obtain high stability (see Fig. 
2) is somewhat novel. The principal items of apparatus 
are described briefly below. 
2P. Auger, Compt. rend. 180, 65 (1925). 

3R. G. Steinhardt and E. H. Serfass, Anal. Chem, 23, 1585 
(1951). 
4M. de Broglie and H. Thibaud, Compt. rend. 180, 179 (1925). 
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\_ |— 
Fic. 2. Spherical electron velocity analyzer, electron gun, and 
target at 45° to gun and analyzer. 


(a) The beam voltage source consisted of two 105- 
and nine 150-voltage regulator tubes in series across a 
filtered 2500-volt de supply stabilized by drawing 10 
milliamperes. 

(b) The electron gun (see Fig. 2) was a tungsten 
ribbon filament 0.040 in. wide, 0.50 in. long, and 0.001 
in. thick, welded to nickel leads and on which was 
floated a flattened 6AKS5 grid by means of mica supports. 
A 0.050-in. hole in the surrounding rectangular plate 
defined the beam. Deflection, and to some extent 
focusing, was accomplished by adjusting voltages on 
the square box array of plates following this hole. 
Deflection voltages were supplied by a regulated source. 
The grid over the filament produced a triode with an 
average transconductance of about 1000 micromhos in 
the range of operation, which was normally with a 
cathode bias resistor of 20 000 ohms, a plate current of 
about 0.2 milliampere and grid at about —4 volts. High 
beam current stabilization was thus obtained when the 
filament temperature was sufficiently high. 

(c) The velocity analyzer (see Fig. 2) consisted of two 
90° sections less one-half the gap distance at each end, 
cut from glass spheres coated with Aquadag, dimensions 
as shown in the drawing. Ten-mil object and twenty- 
mil image slits were located at distances from the 
analyzer plates equal to the average radius of curvature 
of the analyzer plates. The two-dimensional focusing 
principle of the spherical analyzer was used to obtain 
high sensitivity. The resolution of the instrument was 
better than one percent, as checked by measuring half- 
breadths of curves from elastically scattered primary 
electrons. In a preliminary stage of construction the 
collector and image slit were replaced by a fluorescent 
screen. It was found that the analyzer produced an 
excellent image of electrons drawn from a wide tungsten 
ribbon filament. 
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It is to be noted that the width in energy of the 
electrons passing through the image slit of this type of 
analyzer is proportional to their average energy. The 
curves shown in Figs. 3 and 4 have not been corrected 
for this effect. 

(1) The electrometer amplifier has been described 
elsewhere. Its limiting current sensitivity was about 
1X10°' ampere. Distribution curves were normally 
obtained by operating an Esterline Angus recording 
milliameter with the output of the amplifier, the time 
axis being controlled by the recorder gears and the 
rate of sweep. 

(e) The sweep voltage was obtained from regulated 
circuitry which provided for manual selection or 
automatic sweep at selected rates. A rate of about two 
volts per second was found convenient for most studies. 
Sweep voltages were read on a calibrated meter with 
an accuracy of about 0.2 percent, and were subsequently 
converted to electron energy using the analyzer con- 
stant obtained from measurements of high voltage 
elastically scattered primary beams of measured voltage. 

(f) The target (see Fig. 2): One or more targets set 
at 45° to the primary beam and to the analyzer were 
supported on a tungsten wire frame. They could be 
moved into position magnetically along the horizontal 
axis of the target so that exposure under high vacuum 
to one of several sources of evaporating material in 
attached tubes was feasible. They were demagnetized 
before analysis. In various phases of the work, copper, 
platinum, and nickel targets were used, either for direct 
analysis or as substrates for other materials. 

It was apparent from tests which were made that 
space charge distortion affected the distributions ob- 
tained in the range below about 15 volts. This distortion 


TABLE 


Material 


‘arbon 

‘arbon 

‘arbon 

‘arbon 

‘arbon 

Oxygen (NiO 

Beryllium 59 
Beryllium ol 
Beryllium 62 
Beryllium 63 
Beryllium 04 
Beryllium oxide 69 
Aluminum 74 
Nickel 13 
Copper 96 
Barium 108 
Platinum 116 


Vp primary beam voltage 

Vi, Va, et high voltage edges of features 1, 2, 
¢i(max Va) maximum current of strongest feature 
to» Average background current for characteristic feature at Ve 
eR =~ 100[i(max Vo in} te 


” 
t > 


etc. 


5 W.T. Hughes and J. J. Lander, Rev. Sci. Instr. 24, 331 (1953). 
6H. W. B. Skinner, Repts. Progr. Phys. 5, 257 (1938). 


V1 in the case of C, 


LANDER 


is a function of the analyzer construction as well as 
that of the target and slit system. It is of no importance 
to the interpretation of results which will be discussed. 

(g) The vacuum system consisted of Pyrex glassware, 
mechanical pump, a two-stage mercury pump, and two 
liquid air traps. Bake-out procedures which produced 


pressures of about 1X10~* mm of Hg were used. 


3. EXPERIMENTAL RESULTS AND INTERPRETATION 

The materials investigated were carbon, beryllium, 
aluminum, nickel, barium, copper, platinum, and the 
oxides of beryllium, aluminum, nickel, barium, and 
copper. Quantitative data are given in the summary of 
measurements in Table I. The measurements and their 
interpretation are discussed for each material in the 


following subsections. 


3.1 Carbon 

Carbon was applied to a nickel target in the form of 
a sprayed Aquadag coating. It was also unintentionally 
deposited and observed (with identical results) on 
several surfaces after primary beam bombardment for 
many minutes, while the pressure in the vacuum system 
was in the 10-® and 10-7 mm of Hg range. A repre- 
sentative distribution curve is given in Fig. 3 with the 
carbon feature enlarged and compared with the carbon 
K x-ray emission curve (due largely to p electrons) 
given by Skinner.® 

Note that a curve corrected to give number of elec- 
trons per constant energy difference would be nearly 
flat in the central region, would have a low voltage 
maximum displaced toward zero, and would have a 
much lower peak of primary electrons. The shape of the 
Auger peak would be affected very little. 


I. Summary of measurements of characteristic features 
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Fic. 3. Secondary electron velocity distribution ,(not nor 
malized) from carbon. Insert shows Auger peak obtained by am- 
plification, and the soft x-ray emission peak. 


The difference in energy between the high voltage 
edge at 277 volts and that at 282 volts in the curve 
given by Skinner is largely the result of the effect of the 
work function of carbon (about 4.5 volts). This energy 
is lost by the Auger electron in escaping from the 
surface. The energy difference between the high voltage 
edge and the maximum is about 11 volts. The corre- 
sponding value for the x-ray emission curve is about 
7 volts. The long tail on the low voltage side (asymptotic 
approach to the background) is partly the result of 
secondary inelastic collisions by primary Auger elec- 
trons within the material, as well as the energy range 
doubling effect described in the introduction. It is 
probably the most serious experimental limitation to 
use of the method for obtaining very accurate distribu- 
tions in energy. 

The dependence of the intensity of the feature on 
primary beam voltage is given in Table I. The ratio 
R of the current at the peak maximum (imax—i,) to 
the background current 7, is nearly proportional to 
(V,—277)* for low V,. Absorption corrections would 
yield a more complicated form for this dependence. 


3.2 Oxygen 


Oxygen was studied in the form of oxides of several 
of the metals investigated (Ni, Al, Be, and Ba). The 
voltage at maximum peak height was about 515, and 
in all cases the feature was relatively weak (the maxi- 
mum observed ratio of peak to background was about 
0.06, obtained with a primary beam of about 1400 
volts). The A x-ray absorption edge for oxygen is 526 
volts, which is interpreted as good agreement with the 
value 515 for maximum peak height. The shape of the 
feature was not resolved well enough to justify repro- 
duction. This was due in part to the low intensity of 
the feature and in part to the lower resolving power of 
the analyzer in the higher voltage range. 
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Fic. 4. Secondary electron velocity distribution (not normalized) 
from beryllium. Insert shows Auger peak obtained by amplifica 
tion, the soft x-ray emission peak, and the Auger peak obtained 
from beryllium oxide. The set of peaks near the primary beam 
(at 660 volts) is the “plasma” feature. 


3.3 Beryllium 


Beryllium produced the strongest of the features ob- 
served from different materials. A representative curve 
is reproduced in Fig. 4. Because of the more complicated 
nature of this curve, the film of evaporated material 
(about 100 000A thick) was removed after the experi- 
ments and analyzed spectrochemically. The analysts 
reported that it was 99+ percent pure. Patterns ob- 
tained from a second evaporation of beryllium agreed 
well with that given in Fig. 4. Although the beryllium 
feature is relatively strong, resolution is somewhat 
limited by the steeply ascending background due to the 
low voltage secondaries. Note that again the center 
section of the curve would be nearly flat if plotted on a 
constant energy difference basis. 

A comparison between the distribution of Auger 
characteristic electrons (due to s and p electron transi- 
tions) and the x-ray A band emission data (due largely 
to p electron transitions) is also given in Fig. 4. The high 
voltage edges are in good agreement (108 volts plus the 
work function, compared with 110 volts). The secondary 
electron distribution shows a second peak (overlapping 
band?) with a high voltage edge near 98 volts. The 
measured variation with primary voltage of the ratio of 
maximum current of the feature to the average back- 
ground current is given in Table I. 

The double peak in the distribution function is not 
readily explained as due to overlapping of the s and p 
bands. The distribution calculated by Herring and 
Hill’ has too few electrons in the upper section to give 
the curve observed unless these electrons are highly 
favored by the transition probabilities. Other possi- 


’C. Herring and A. G. Hill, Phys. Rev. 58, 132 (1940 
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bilities may be considered, such as amorphous surface 
structure or surface alloying with an impurity. Further 
experimental work is desirable. 

Oxidation of beryllium yielded a smooth, much less 
intense, feature with high voltage edge at 102 volts (see 
Fig. 4). 

In the region near the elastically scattered primary 
beam, peaks were observed which correspond to those 
reported by Ruthemann.® In a distribution curve for 
secondary electrons obtained by transmission of a beam 
of electrons of about 7000 volts through beryllium foil, 
he observed four maxima corresponding to discrete 
energy losses of 18 volts. We found that slight oxidation 
changed the character of this region of the curve con- 
siderably. The first maximum moved nearer the elas- 
tically scattered primary electron peak and the others 


tended to disappear. 


3.4 Aluminum 


Pure aluminum evaporated on a nickel target yielded 
a fairly strong feature with edge on the high voltage 
side at about 70 volts and maximum at about 64 volts. 
No structure appeared. Resolution of the aluminum 
peak was poorer than that of beryllium because of the 
steeply ascending background of low voltage second- 
aries. The peak is the result of a valence band to L 
transition. ‘The x-ray emission band corresponding to 
s and d electron densities and reported by Skinner 
shows two maxima separated by about 7 volts. 

As in the case of beryllium, oxidation was observed 
to reduce the relative intensity of the feature and 
displace the maximum toward the low voltage region. 


3.5 Nickel 


A number of features were observed. Two were ob- 
served which correspond to transitions of the type 
V-—+M. They were moderately intense, one with high 
voltage edge at 160 volts and maximum at about 152 
volts, the second with high voltage edge at 69 and 
maximum at about 62. A high voltage primary beam 
(1420 volts) produced two weak features, one with edge 
at about 816 volts and the other at about 774. They are 
apparently V->L or M->L type transitions. 


3.6 Copper 


Results similar to nickel were obtained in the VM 
type transition range. The features had high voltage 
edges at 185 volts and 63 volts. Features in the expected 
range of V-+/ transitions were not observed. 


3.7 Barium 


The features observed were apparently of type V0, 


with edges at 94, 75, and 56 volts. 


8G. Ruthemann, Ann, Physik 2, 113 (1948). 
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3.8 Platinum 


Platinum produced one moderately strong feature 
with edge at 74 and one weak feature with edge at 91. 
These are apparently V—+O type transitions. 


4, DISCUSSION 


4.1 Band Structure Study 


The characteristic Auger features observed in the 
curves for the velocity distributions of secondary elec- 
trons have structure analogous in general to that ocb- 
served in soft x-ray spectra, but differing in detail. A 
fairly exact theoretical treatment of Auger-type transi- 
tion probabilities is required in order to interpret this 
structure in a satisfactory manner. Conversely, the 
method offers a means of checking a general theory of 
Auger-type transition probabilities. In addition to the 
structure of the peaks reported above, it is to be noted 
that light elements gave the strongest peaks, and this 
is the theoretically expected result. 

The disadvantages more or less inherent to the 
method are 


(a) The complicated nature of the relation between 
Auger electron distribution and distribution of electrons 
in the valence band. 

(b) A long low voltage tail which is produced by 
Auger electron secondary energy losses within the 
material. Some reduction in this tail might be realized 
by directing the primary beam to the target at a grazing 
angle of incidence. 

(c) Features of interest often occur on a steep back- 
ground slope produced by low voltage secondaries. 
Automatic compensation for this slope does not offer a 
completely satisfactory means of circumventing the dif- 
ficulty because the exact form of this slope is not readily 
determinable. 

(d) The distribution in velocity of the electrons in 
the primary beam sets a resolution limit amounting to 
several tenths of a volt. Beam sources other than 
tungsten are feasible but much less practical. 

Compared with the soft x-ray emission technique, the 
method has some experimental advantages. Analyses 
can be made very rapidly, in fact, a feature can con- 
ceivably be scanned and displayed on an oscilloscope 
in a small fraction of a second. The experimental tube 
is comparatively simple and it can be maintained at 
extremely low pressures without unusual difficulty. 
Precision gratings are not needed; measurement is 
reduced to reading a voltmeter. 


4.2 Surface Study 


It would appear that when primary beams of moder- 
ate velocity are used, the yield of characteristic Auger 
electrons is high for peaks in the low voltage range and 
for the lighter elements. Most elements can be relied on 
to yield one or more useful features in this range. 
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We are essentially interested in those low velocity 
electrons which have escaped from the target with 
little energy loss (aside from that due to the external 
work function). The absorption coefficients for these 
electrons are very high, and it is clear that electrons 
will be observed, on the average, from an outer surface 
layer of the order of ten atoms thick-—thicker for atoms 
of very low atomic number, thinner for atoms of high 
atomic number. 

The data required for an accurate calculation of the 
sensitivity of the method to surface contamination are 
not available (see the review of McKay’). It is, there- 
fore, of some interest to turn the problem around. The 
method may be used as a means for determining ab- 
sorption coefficients with fair accuracy. Consider a 
surface which yields characteristic electrons in the 
velocity range desired. Evaporate on this surface at 
known rate a material whose absorption coefficient is 
to be studied and bombard continuously with a primary 
beam of relatively high energy and constant current. 
Since absorption of the primary beam will be low 
relative to absorption of the characteristic secondaries, 
the decay of the intensity of these secondaries with 
known thickness of evaporated material should provide 
a reliable measure of the absorption coefficient desired. 

In many problems of applied physics and chemistry, 
the identification of surface composition is at present 
impossible but of considerable importance. Where the 
material of interest is present to a depth of several 
atomic layers and the high vacuum condition is not 
prohibitive, the method offers a positive means of 
analysis. Problems of this type can be of widely varied 


type. 
4.3 Distribution in the Region Near the Primary 
Beam Voltage 


The nature and interpretation of the velocity dis- 
tribution in the region just below the primary beam 
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has been the subject of considerable study (see McKay,! 
Ruthemann,’ Rudberg,’ and Rudberg and Slater'®). 
Effects similar to those reported by Ruthemann and 
interpreted as plasma waves by Pines and Bohm," have 
been mentioned in Sec. 3.3. Qualitatively similar results 
were obtained, but the mechanism of discrete energy loss 
responsible for Ruthemann’s results appeared to be 
much less efficient under the condition of our work 
(lower beam voltage and reflection rather than trans- 
mission). It is, however, of some interest to note that 
the phenomenon can be observed in the spectrum of 
reflected electrons. Beryllium gave the strongest 
features, but comparison of curves obtained with 
primary beams of 1400 volts and 300 volts showed no 
significant difference. Aluminum (which, Ruthemann 
found, gave an excellent series of peaks) yielded two 
weak peaks. It was observed that superficial oxidation 
(a monolayer or two) was sufficient to change the 
character of this region of the curve drastically. Ruthe- 
mann also observed peaks at a voltage V,— Vy, where 
V, is the voltage of an x-ray type transition (thus 
V,—278 for carbon, and V,—525 for oxygen). Such 
peaks were not seen in the present work. 

Results qualitatively comparable to those obtained 
by Rudberg’ for Cu, Ba, and BaO were observed. It is 
to be emphasized that this region is extremely sensitive 
to surface impurities and that the interpretation of the 
wide range of velocity distributions which can be 
obtained appears unusually difficult. 
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The resistance of pure samples of magnesium, copper, antimony, and aluminum was measured at tem- 
peratures between 1.1°K and 4.22°K in transverse magnetic fields tanging from zero to 22 kg. In a mag- 
nesium specimen the dependence of the magnetoresistance on the resistance in zero field was in strict 
agreement with the Kohler rule, even though the temperature coefficient of the resistance in zero field was 
negative. The copper samples also showed negative temperature coefficient of resistance, and the tem- 
perature dependence of the magnetoresistance was qualitatively in accord with the Kohler rule. The second 
derivative with respect to temperature of the resistance of the copper samples in zero field was negative in 


the liquid helium range. 


I. INTRODUCTION 


“THE effect of a magnetic field on the electrical 
resistance of pure metals becomes very large at 

low temperatures. The pioneering work by Kapitza,! 
who made measurements with very high fields on 
samples at the temperature of liquid nitrogen, and the 
subsequent work at lower temperatures by many 
experimenters have shown that the magnitude and form 
of the variation of the resistance with magnetic field 
strength varies widely among the pure metals. Exten- 
sive references may be found in articles by Justi, 
Kramer, and Schulze? and by Mendoza and Thomas.’ 
Attempts to find theoretical relations between the 
magnetoresistances of different metals have been 
limited in success, even in the case of the alkalies.‘ 
However, a rule derived by Kohler® is often found to 
describe the variation with temperature of the magneto- 
resistance of a particular sample, and it likewise often 
applies to the comparison between magnetoresistances 
of two samples of the same element. Kohler’s rule may 


be written 
AR Ry Cc 
(ux ), 
Ryn0,7 Rn0,7 


where AR is the increment to the resistance at tempera- 
ture 7 resulting from the application of the field, 
Rywo,r is the resistance in zero field, and Ro’c is the 
resistance at the ice point. ‘The deduction of this rule is 
based on a rather general model of the conduction 
process, and as Justi points out,‘ involves assumptions 
of (1) Ohm’s law, (2) additive scattering mechanisms, 
(3) an isotropic mean free time of flight of the electrons, 
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? Justi, Kramer, and Schulze, Physik. Z. 41, 308 (1940). 

3K. Mendoza and J. G. Thomas, Phil. Mag. 42, 291 (1951). 

*E. Justi, Physik. Z. 41, 563 (1940). 
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6M. Kohler, Ann. Physik 32, 211 (1938). 


and (4) no variation in the number of conduction 
electrons. 

Some of the samples used in the work here reported 
showed a negative temperature coefficient of resistance 
in the liquid helium range. References to the many 
reports of similar behavior in several elements may be 
found in reference 3. Giauque et al.’ using impure gold 
found a minimum in the resistance as a function of 
temperature and also found negative magnetoresist- 
ance. In accord with the suggestion’ that there is a 
connection between the two anomalies, Gerritsen and 
Linde® produced both effects by addition of a little 
manganese to silver; and MacDonald suggests that, 
under certain assumptions, both effects might arise 
from scattering by internal boundaries. However, 
lacking theoretical predictions of the magnitude of the 
negative magnetoresistance and of the temperature range 
in which it should occur, it is difficult to conclude from 
experiment whether it is necessarily connected with a 
minimum in the resistance-temperature curve. 


II. EXPERIMENTAL TECHNIQUE 


Magnetic fields up to 22 kilogauss were obtained 
with a large Weiss electromagnet, whose current was 
regulated through the field excitation of the de genera 
tor, and stabilized by degenerative feedback from the 
generator output Throughout the space 
occupied by the sample in which the resistance was 


voltage. 


measured the field strength was always within one 
percent of that at the center of the magnet gap, being 
calibrated in terms of magnet current by means of a 
fluxmeter which had been standardized against the 
proton resonance frequency. In this standardization 
the mean deviation of the fluxmeter readings from the 
field strength indicated by the proton resonance was 
5 gauss. 

The samples were immersed in liquid helium in a 
Dewar flask, in turn surrounded by liquid nitrogen. 
The determined from the vapor 

7Giauque, Stout, and Clark, Phys. Rev. 51, 1108 (1937); 
W. F. Giauque and J. W. Stout, J. Am. Chem Soc. 69, 388 (1938) ; 
and J. W. Stout and R. E. Barieau, J. Am. Chem. Soc. 61, 238 


(1939). 
8 A. N. Gerritsen and J. O. Linde, Physica 17, 473, 584 (1951). 
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pressure of the helium bath, using either a mercury or 
an oil manometer and the Mond vapor pressure tables.® 

All the samples were between 1.0 mm and 0.9 mm 
in diameter. For mechanical protection they were 
mounted, in various ways, inside thin-walled cylindrical 
metal holders. These fitted inside a narrow section at 
the bottom of the helium Dewar, so that the samples 
were held between the magnet poles in a transverse 
field. The holder used with the copper samples was of 
brass, and those used with the other samples were of 
stainless steel. The distortion of the magnetic field by 
the slightly paramagnetic stainless steel was judged to 
be negligible, especially in view of the circular symmetry 
of the holders. All the holders were designed so that, 
once mounted, the samples were safe from mechanical 
abuse and could not be strained by differential contrac- 
tion with the holders on cooling. Current leads were 
soldered to the copper and antimony samples with Rose 
metal while potential contacts were made by spot 
welding. On one of the magnesium samples all electrical 
contacts were made with a conducting silver paste; 
to the other, leads were held by small U-shaped phos- 
phor-bronze clips. The aluminum samples were mounted 
before the final anneal, the potential leads being held 
against them by manganin springs and asbestos being 
used for insulation; after the annealing, current leads 
were soldered with Rose metal to the sample ends, 
which had previously been plated with copper. 

Kach sample, except for some of the copper samples 
as will be mentioned, was cleaned by etching about 
0.02 mm off its diameter before each anneal. With the 
exception of the same copper samples, the copper, 
magnesium, and antimony were annealed in a vacuum 
of better than 10-> mm of Hg. The aluminum was 
annealed in a vacuum maintained by a fore pump at 
about 50 microns of Hg. 

Resistance was measured by the change in the poten- 
tial drop between two points on the sample when a 
current through it of known magnitude was reversed. 
In order to check for drift in the thermal emf’s in the 
potential measuring circuit between the times of the 
two potential readings, the current was reversed a 
second time and the potential read again. If the drift 
was small between the first and third readings, their 
average was used in the calculation of the change due 
to the reversal of the measuring current. As a precaution 
against the production by the Hall effect of spurious 
increments to the observed resistance, a resistance 
measurement was made at least once on each sample 
with the direction of the magnetic field reversed."” No 
significant discrepancy was detected in this way. 

The potential to be measured was amplified with a de 
amplifier manufactured by the Perkin-Elmer Corporation 


9H. van Dijk and D. Shoenberg, Nature 164, 151 (1949). 
C, J. Milner, Proc. Roy. Soc. (London) A160, 207 (1937). 
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of Norwalk, Connecticut. Following MacDonald," the 
input impedance of the amplifier was increased by 
degenerative feedback to about 3000 ohms so that 
variations of the resistance in leads and contacts would 
be insignificant. The output voltage from the circuit 
consisting of amplifier and feedback network was 
measured with a Leeds and Northrup Type K poten- 
tiometer and a galvanometer. The period of the latter, 
about two seconds, limited the effective “noise”’ in the 
amplifier to a narrow frequency band, with the result 
that the “noise’’ level was equivalent to about 10~° 
volt of input signal. The current through the sample 
was supplied by a storage battery and regulated by 
suitable variable resistors and was measured with a set 
of standard resistors and a potentiometer. 

In most of the measurements the scatter of the data 
was much greater than any of the expected systematic 
errors. This scatter was caused by changes in the 
thermal emf’s between potential readings and by 
electromagnetic pickup in the loop formed by the 
sample and potential leads. This pickup was especially 
severe at fields greater than 20 kg, so that the measure- 
ments at these highest fields are less reliable than the 
others. Uncertainty in the measuring current, un- 
certainty in the resistance of the potential leads, and 
uncertainty in the amplifier gain total one part in 2000 
in each resistance measurement. In the helium II range 
the temperature difference between the sample and the 
bath could be calculated’ and was negligible. That 
convection was adequate in the helium I range is 
indicated by the absence of anomalies in the resistance- 
temperature curves at the lambda point and by the 
fact that the resistances were ohmic for all currents up 
to a value at which the potential readings became 
unstable, presumably due to large bubbles in the helium 
I. In the measurements of the ice point resistance the 
error due to uncertainty in the temperature of the 
sample was not greater than 1 part in 1000. 


III. SAMPLES AND RESULTS 


(a) Magnesium.—This was Johnson Matthey and 
Company magnesium in the form of rods, Lab. No. 
1848. They report the following impurities measurable 
chemically: Fe, 0.013 percent, Mn, 0.0023 percent ; 
Pb, 0.0013 percent. Detected spectrographically were: 
Mn, Fe, Si, Cu, Ag, Pb, Al, Ca, and Na. Baker and 
Company of Newark, New Jersey, drew the materia] 
cold through clean diamond dies to 0.0395-inch diam- 
eter. In an attempt to obtain random crystal orientation 
sample No. 2 was annealed for one hour at 350°C, 
work-hardened by flexing, and annealed again for an 
hour at 365°C. Sample No. 5 was annealed only once, 
for one hour at 365°C. Microscopic examination of 
samples prepared in the same way as No. 2 and No. 5 

"TD. K. C. MacDonald, J. Sci. Instr. 24, 232 (1947); and B 
Frankenhaeuser and D. K. C. MacDonald, J. Sci. Instr. 26, 145 


(1949). 
2 Pp. L. Kapitza, J. Phys. (U.S.S.R.) 4, 181 (1941). 
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Fic. 1. Resistance of magnesium sample No. 2 at liquid 
helium temperatures in zero magnetic field. 


showed equiaxed grains, those in the sample corres- 
ponding to No. 2 being roughly 1/15 the wire diameter 
in width, those in the sample corresponding to No. 5 
being about 1/30 the wire diameter. 

The variation of the zero field resistance of sample 
No. 2 with temperature is shown in Fig. 1. Sample No. 
5 had slightly larger residual resistance than sample No. 
2 but the same variation with temperature in the helium 
range. This variation is in accord with the results of 
previous workers.'*~'* The increase of resistance in 
magnetic field is shown in a Kohler plot, Fig. 2, where 
measurements of resistance in the magnetic field were 
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Fic. 2. Kohler plot of magnetoresistance of magnesium samples 
at liquid helium temperatures. Measuring current 0.1 ampere. 
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made with a current of 0.1 ampere. In each sample the 
variation of magnetoresistance with temperature was 
closely in accord with the Kohler rule. In order to dis- 
play this on a sufficiently large scale, the following 
artifice was used. Figure 3 plots differences between 
the ordinates of the arbitrarily selected line drawn 
dotted in Fig. 2 and the ordinates of the points for 
sample No. 2. 

The magnetoresistance was positive even in very 
small fields, as shown in Fig. 4. 

(b) Copper.—The copper also was supplied by 
Johnson Matthey and Company in the form of rods, 
Lab. No. 1562. They report the following impurities 
determined spectrographically: Ag, 0.0003 percent; 
Ni, 0.0005 percent; Pb, 0.0004 percent; Fe, less than 
0.0005 percent; Ca, Si, and Mg all faintly detectable. 
They further report no sign of embrittlement on heating 
in hydrogen, indicating an absence of oxygen. Baker and 
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Fic. 3. Magnetoresistance of magnesium sample No. 2 plotted 
on an expanded scale to show agreement with the Kohler rule. 
The ordinate of this graph is the difference between the ordinate 
of Fig. 2 and an arbitrarily chosen term, indicated by the dotted 
line in Fig. 2, proportional to the abscissa. 


Company drew the material cold through clean diamond 
dies to 0.0394-inch diameter. Sample No. 11 was not 
annealed but was etched. Samples Nos. 12, 22, and 23 
were annealed, each for one hour, at 750°C, 430°C, 
and 1000°C, respectively. In samples Nos. 5, 6, and 8 
the attempt was made to randomize the orientations of 
the crystal axes by a second recrystalization. They 
were annealed for one hour at 600°C, worked by 
bending until hard, and annealed again for one hour, 
No. 5 at 550°C, No. 6 at 680°C, and No. 8 at 820°C 
under a vacuum of about 50 microns. These three 
samples were not etched. Microscopic examination of 
pieces prepared in the same manner showed that the 
grain size increased strongly with annealing tempera- 
ture. Samples Nos. 13 and 14 were prepared in order to 
investigate further whether the grain size affected the 
resistance at liquid helium temperatures. They were 
annealed for one hour at 750°C, bent until hardened 
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and annealed for one hour at 720°C. Then they were 
cold worked again, No. 13 being worked lightly, and No. 
14 heavily. They were given a final anneal at 550°C. 
Microscopic examination of pieces prepared in similar 
fashion showed that the grain size of sample No. 13 
was 3 or 4 times that of sample No. 14. 

Figure 5 shows the resistance of the copper samples 
at liquid helium temperatures. They all had a negative 
temperature coefficient, similar to the spectroscopically 
pure copper samples of MacDonald,'* and the “com- 
mercial” wire samples of Mendoza and Thomas. 
Figure 6 is an expanded plot of the resistance of sample 
No. 12 as a function of temperature ; and such plots for 
the other samples all show the same negative curvature. 
The slopes of the curves for No. 5, No. 8, No. 11, and 
No. 22 are the same as for No. 12; that for No. 13 is 
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Fic. 4. Magnetoresistance of magnesium samples in low fields. 
Upper graph, sample No. 2 at 1.30°K. Lower graph, sample No. 
5 at 4.21°K. Measuring current 0.1 ampere. 


less steep by 0.00002 per degree K. In Fig. 7 is displayed 
graphically the heat treatment of the samples, and the 
resistance in liquid helium of each sample in its final 
form. The resistance appears to depend in a regular 
fashion only on the temperature of the final anneal. 
The increase of the resistance with annealing tempera- 
ture between 550°C and 820°C is similar to the be- 
havior noted in gold samples by de Haas and van den 
Berg,'? who found that the value of the minimum 
resistance increased with the duration of the anneal. 

The magnetoresistances of the copper samples at 
4.2°K are shown in the Kohler plot, Fig. 8. Measure- 


'6 TD). K. C. MacDonald, Proceedings of the International Con 
ference on Low-Temperature Physics, Oxford, August (1951). 

'7W. J. de Haas and G. J. van den Berg, Comm. Leiden No. 
241d; Physica 3, 440 (1936); and W. J. de Haas and G. J. van den 
Berg, Comm. Leiden No. 249b; Physica 4, 683 (1937). 
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ments with magnetic fields at more than one tempera- 
ture were made on samples No. 11, 12, and 22, and in 
each of these the magnetoresistance was smaller at 
the lower temperature. The data on sample No. 12 are 


shown in Fig. 9. Figure 10, which is a Kohler plot of 
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Fic. 5. Resistance of copper samples at liquid helium 
temperatures in zero magnetic field. 
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Fic. 6, Resistance of copper sample No. 12 at liquid helium 


temperatures in zero magnetic field, plotted on expanded scale. 
Measuring current 2.14 ampere. 


the same data, suggests that the temperature de- 
pendence of the magnetoresistance is slightly stronger 
than would be predicted by the Kohler rule, although 
the discrepancy is not great enough to be conclusive. 
Samples Nos. 11 and 22 showed better agreement with 
the rule. 

The magnetoresistance at small field strengths was 
investigated in sample No. 12, and no decrease in 
resistance could be detected, as is shown in Fig. 11. 

Ohm’s law was found to hold within the accuracy 
of measurement for all zero field resistances up to the 
maximum currents used, which were from 1 to 5 
amperes depending on the sample. In sample No. 8 
the the maximum field was 
investigated as a function of current and found to be 
proportional to the latter for currents of 0.1 and 0.05 
ampere. 

(c) Antimony.-This was supplied by Johnson Mat- 
they and Company in the form of ingots, Lab. No. 2696. 
The manufacturers report impurities totaling 0.0887 
percent, including As, Cu, Fe, Ni, S, Pb, Bi, Al, and Si. 
Baker and Company extruded the metal through iron 
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Fic. 7. Heat treatment of copper samples, displayed vs resistance 
of samples in final form at 4.2°K in zero magnetic field. Samples 
which were annealed more than once were cold worked between 
anneals. Sample No. 11 was cold drawn wire, unannealed. 


YNTEMA 


Fic. 8. Kohler plot of magnetoresistance of copper 
samples at 4.2°K. 


dies at approximately 400°C, forming wire 0.0394 inch 
in diameter. Two samples, Nos. 2 and 3, from this wire 
were annealed for one hour at 365°C. Sample No. 5 was 
not annealed but was etched. In microscopic exami- 
nation of a piece of the unannealed wire individual 
grains could not be seen, but there were fine striations 
parallel to the wire axis. Samples annealed like Nos. 2 
and 3 showed large grains, of which some were equiaxed 
and others were longer in the direction of the wire axis 
than in the direction of its radius. 

The variation of the resistance of sample No. 2 with 
temperature is shown in Fig. 12. A similar plot for 
sample No. 5 would have an average slope steeper by 
0.0003 per °K. The value of Ryoo,r/Ro’c for sample 
No. 5 was 0.0353 at 4.19°K and 0.0350 at 1.26°K and 
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Fic. 9. Magnetoresistance of copper sample No. 12, plotted on 
~=pande “ale. C ~ represe rasurements 4.22°K: 
expanded sca e. rosses represent measurements at 4.2 ; 
circles, at 1.32°K. Measuring current 2.14 ampere. 
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_ Fic. 11. Magnetoresistance of copper sample No. 12 in small 
fields. Upper graph, at 1.32°K. Lower graph, at 4.22°K. Measuring 
current 2.14 ampere. 
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Fic. 12. Resistance of antimony sample No. 2 at liquid helium 
temperatures in zero magnetic field. Measuring current 0.1 
ampere. 


resistance of samples Nos. 2 and 5 is shown in a Kohler 
plot, Fig. 13. Points for No. 3 would lie on the curve for 
No. 2 in this figure. The resistance in zero field was 
ohmic for currents from 0.001 to 0.1 ampere. The 
dependence of magnetoresistance on current was not 
investigated. The currents used in the magnetoresist- 
ance measurements were 0.001 ampere for samples No. 
2 and No. 3, and 0.005 ampere for sample No. 5. 

(d) Aluminum.—Hilger aluminum from Johnson 
Matthey and Company was supplied in the form of rods, 
Lab. No. 1011. The manufacturers report impurities 
totaling a 0.0045 percent, consisting of Mg, Si, Cu, and 
ke. The material was cold-drawn through clean diamond 
dies by Bakerand Company to 0.0394-in. diameter. In an 


for sample No. 3, 0.0142 at 4.19°K. The magneto- 
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Fic. 13. Kohler plot of magnetoresistance of antimony samples. 
Upper curve: sample No. 2, measuring current 0.001 ampere, 
dots for measurements at 4.19°K, triangle for measurement at 
1.32°K. Lower curve sample No. 5, measuring current 0.005 
ampere, dots at 4.19°K, triangles at 1.26°K. 
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Fic. 14. Kohler plot of magnetoresistance of aluminum 
samples at liquid helium temperatures. 


attempt to make the crystal orientations random the 
two samples used were annealed for one hour at 320°C, 
cold worked by bending until hard, and annealed again 
for an hour at 360°C. Then, in order to find whether 
grain size was important, they were worked again 
sample No. 1 heavily, and sample No. 2 lightly—and 
annealed for the last time for three hours at 340°C. 
A piece prepared like sample No. 1 had equiaxed grains 
of width ranging up to one-tenth the wire diameter; 
one like sample No. 2 had equiaxed grains about one- 
fourth the wire diameter in width. 

The resistance measurements were made with a 
current of 0.1 ampere. Within the accuracy of measure- 
ment (+0.5 percent), the resistance in zero field was 
constant throughout the liquid helium temperature 
range. The results of magnetoresistance measurements 
are shown in a Kohler plot, Fig. 14. The shape of the 
curve, with the change in sign of the curvature, is in 
agreement with the curve compounded by Justi ef al.'® 
from their data at various temperatures. 


16 FE. Justi and H. Scheffers, Physik. Z. 39, 105 (1938); Foroud, 
Justi, and Kramer, Physik. Z. 41, 113 (1940). 
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IV. DISCUSSION 


Previous reports of the temperature variation of 
magnetoresistance as being qualitatively in agreement 
with the Kohler rule, in cases where the zero field 
resistance showed negative temperature coefficient, 
have been made by Nakhimovich” on gold samples 
and by Gerritsen and Linde® on silver samples. These 
reports, together with the present results on samples 
of copper and magnesium, are of interest in attempting 
to account for a negative temperature coefficient. For 
these data would support the hypothesis of a mechanism 
of scattering which becomes increasingly effective with 
decreasing temperature, since the assumptions implicit 
in the Kohler rule would apply to such a case. On the 
other hand, an explanation of the resistance minimum 
based on a change in the density of effective conduction 
electrons or on some sort of change in their acceleration 
by the electric field would not lead to the observed 
decrease in magnetoresistance with decrease in tem- 
perature. 

MacDonald’s hypothesis” that scattering by im- 
purities in the grain boundaries increases in effective- 
ness with decreasing temperature could permit a 
plausible explanation of the effect of annealing observed 
in the present work on copper and in the work of de 
Haas and van den Berg on gold.'” For impurities would 
presumably collect at the grain boundaries in increasing 
concentration with increasing time and, within limits, 
with increasing temperature of annealing. 

It is a pleasure to express my appreciation to the 
members of the Yale low-temperature group, who 
assisted in the taking of data, to Professor W. D. 
Robertson and Mr. W. E. Tragert, who gave advice 
and suggestions regarding the metallurgical aspects of 
the work, and especially to Professor C. T. Lane, who 
suggested and directed the research. 

1 N. M. Nakhimovich, J. Phys. (U.S.S.R.) 5, 141 (1941). 


»”D. K. C. MacDonald, Phil. Mag. 42, 756 (1951); D. K. C. 
MacDonald, Phil. Mag. 43, 124 (1952). 
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The molecular beam electrical resonance method, which has heretofore been confined to the study of 
transitions between the m=0 and m=-+1 states of diatomic polar molecules in the state J=1, has been 
extended to the study of rotational transitions from J =0 to J= 1. The inhomogeneous electric fields together 
with a stop wire are so arranged that molecules in the state J =0 are selectively refocused on the detector. 
A transition to the state J=1, under the influence of the applied rf field, is observed by a reduction in beam 
intensity at the detector. The spectra obtained in this way yield more information than with the older 
method. The hyperfine structure of the state J=1 of the molecules K®CI*, K®CB’, and K"Cl}* has been 
investigated at zero field for several vibrational states. The molecular constants obtained for these molecules 
are: 

Kacy 
3767 .394 + 0.001 
22.865 + 0.001 
0.048 + 0.001 
3767.421 +0.007 


K=cp 
3746.583 + 0.001 
22.676 + 0.002 
0.047 + 0.001 
3746.611+0.007 


KC} 
3856.370+0.001 
23.680 + 0.001 
0.050 +0.001 
3856.399 + 0.007 


Vo. (Mc/sec) 
—~Vi,;~a, (Mc/sec) 
Yo Ve (Mc ‘sec) 
B, (Mc/sec) 
7, = 2.6666+0.0001A. 
The structure of the J=1 state was attributable to a nuclear quadrupole interaction for each nucleus. The 
variations of (egQ)x and (egQ)ci with vibrational state are 
v=0 1 2 3 
-5.656+0.006 ~ 5.622 +0.006 571 +0.008 —5.511+0.008 
— 5.660 + 0.006 5.628 + 0.010 
— 6.899 + 0.006 6.840 + 0.010 
<0.040 0.075 +0.010 


(eq?)k (K®CI5) Mc/sec a § 
(eq?) (K®CE’) Mc/sec 
(eq?) x (K"CH5) Mc/sec 

| (eg?) ci} (K®C}*) (Mc/sec) 


The ratios of the quadrupole moments of the potassium isotopes is 
Qx«"/Ox® = 1.220 +0.002. 


0.237 +0.010 0.393 +0.010 


From observation of line shifts in a weak electric field, the molecular dipole moment was determined in two 
vibrational states. For »=0, 1=10.48+0.05 Debye, and for »=2, w= 10.69+0.05'Debye. The ratio of the 
dipole moments is 1.020 + 0.004. The mass ratios of the chlorine and potassium isotopes calculated from the 
molecular constants are 


CP°/Cl? = 0,9459803 + 0.000001 5 K®/K" =0.9512189 + 0.0000015. 


and 


very difficult to unravel. In addition, the molecular 
constants such as B, and the electrical dipole moment yu 
could be determined with only poor precision. 

The advance of the microwave art in the last decade 
makes it possible and convenient to study the transi- 
tions between states of different rotational quantum 
numbers. In this paper the transitions which are 
studied are between the state J=0 to J=1 of 
K#C}*>37, and KCl, This is, of course, a clear ad- 
vantage in the simplification of the spectrum, because 
the different vibrational states overlap only slightly. 
More importantly, one may obtain very accurate values 


INTRODUCTION 


REVIOUS investigations with the molecular beam 
electrical resonance method (MBER) were con- 
fined to the study of transitions from the state my=0 
to my=+1 of the rotational state J/=1 of diatomic 
polar molecules. Although these transitions are for- 
bidden, the presence of even a weak static electric field 
breaks down this selection rule. 
The advantage of this method was that the transition 
could be studied at low frequencies of the oscillating 
field. In the state of the art when these experiments were 


first started, this point was important. The chief disad- 
vantage was that the fine structure of the level arising 
from nuclear quadrupole and other interactions was 
complicated by the circumstance that these interac- 
tions, as well as the effect of the electric field, vary with 
vibrational state. The spectrum, therefore, becomes 


* This research has been supported in part by the U. S. Office 
of Naval Research. 

¢ Submitted in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy in the Faculty of Pure Science, 
Columbia University. 

¢ U. S. Atomic Energy Commission Predoctoral Fellow. 


for the rotational and vibration-rotational constants of 
the molecule and therefore very accurate values of the 
mass ratios of isotopes. In addition, one obtains accurate 
values of the electric dipole moment of the molecule 
and its variation with vibrational state. None of the 
other information of the nuclear interactions with the 
molecule is lost in the process. 

There already exists in the literature an electron dif- 
fraction measurement of the internuclear separation of 
the atoms in KCl. Studies made with the MBER 
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Fic. 1. Schematic of molecular beam electrical resonance 
apparatus. 


method indicate important disagreement with such 
data in a number of cases. Furthermore, the measure- 
ment of Grabner and Hughes! on KF made it seem 
desireable to continue the series with other halide 
molecules. For these reasons, in addition to the purely 
technical one that potassium is very easily detected by 
the hot wire surface ionization detector, it was decided 
that a careful messurement of KCI would give infor- 
mation of interest and value. 


DESCRIPTION OF APPARATUS 


The general features of the apparatus used in these 
experiments are similar to the one described by H. 
Hughes.? The apparatus was originally designed and 
constructed by V. Hughes of this laboratory and was 
modified to do the experiments described here. 

A cutaway schematic view of the apparatus as 
modified for these experiments is shown in Fig. 1. The 
vacuum envelope consisted of a brass cylinder 253 in. 
long and 63 in. in diameter. At approximately the center 





























Fic. 2. Oblique projection of deflecting field. 
(Dimensions in cm.) 


~ 11. Grabner and V. Hughes, Phys. Rev. 79, 819 (1950). 
2H. Hughes, Phys. Rev. 72, 614 (1947). 
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of this cylinder a cylindrical cross piece of somewhat 
larger diameter was joined for easy access to the C-field 
region. Two three-stage DPI fractionating diffusion 
pumps were used to evacuate tlie observation chamber, 
a two-stage pump for the separating chamber, and a 
two-stage pump for the oven chamber. The forevacuum 
for these pumps was supplied by a booster diffusion 
pump and a Welch Duo-Seal mechanical pump. 

The cylindrical surfaces of the inhomogeneous de- 
flecting fields corresponded to the flow lines of a two- 
wire field, to provide fields which were readily cal- 
culable. They were milled from rectangular blocks of 
duraluminum and polished to allow potentials of 10 000 
volts to be applied between the two halves of the fields 
under vacuum. Figure 2 shows an oblique projection of 
such a field, and the accompanying Table I gives the 
design constants for the A and B fields. For mounting 
in the apparatus, the fields were set on heavy brass 
blocks which rested on a flat tray fixed in the bottom 
of the cylindrical envelope. These brass blocks had 
leveling adjustments and_were positioned horizontally 


TABLE I. Design constants of the A and B fields. 


A field 
0.733°cm 
0.733° cm 
0.550 cm 
1.139 cm 
0.633 cm 
0.805 cm 
0.742 cm 
0.334 cm 

—0.109 cm 
0.506 cm 
0.419 cm 

— 1.364 cm™|! 
3.26 cm? 


B field 
0.458 cm 
0.688 cm 
0.500 cm 
1.261 cm 
0.588 cm 
0.714 cm 
0.473 cm 
0.547 cm 
0.115 cm 
0.674 cm 
0.467 cm 

— 2.014 cm™ 
4.31 cm? 


X1—X2 

AV/E 
(0E/dx)/E 
(0E/dx)/AV 


by screws through the side of the vacuum envelope. 
Alignment of these fields was facilitated by mounting 
knife edges at each end of each field. The position of the 
deflecting fields relative to the other components of the 
apparatus, such as the oven, the collimator, the stop- 
wire, and the detector, are shown in Fig. 3. 

Two pairs of slits defined the beam; the slit separation 
on the iron oven was 1 mil, and the two quartz slits 
comprising the collimator were 1 mil apart. These 
quartz slits were waxed to a piece of Micalex which 
projected into the region between the A field and the 
C field. The stopwire was a 20-mil tungsten wire which 
protruded through a hole in the top of the B field into 
the beam path, and the detector was a heated tungsten 
filament 3 mils in diameter. 

The oven and slit movements on the separating 
chamber plates were spring loaded pusher devices, 
with sylphon bellows for vacuum seals. With only a 
pushing force required, accurate alignment of the 
internal and external portions of the movement was 
not necessary. The collimator, stopwire, and detector 
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movements had dovetail ways restricting the motion to 
a line in the plane perpendicular to the path of the 
beam. Here also a sylphon bellows permitted movement 
under vacuum. The movement with bellows and ways 
was mounted in a cup-like structure which was waxed 
in place on top of the vacuum envelope with Apiezon 
W40. Dial micrometers enabled the position of these 
movements to be determined to 0.2 mil. 

The C field consisted of two brass plates lapped on 
each other and polished. These were clamped together 
with four quartz spacers (0.6100+0.0002 cm) between 
the plates at each corner. In the center of the plate was 
a narrow slit through which microwave energy is fed 
into the C field by a wave guide whose height, in passing 
through the vacuum envelope to the C field, gradually 
tapered to the narrow dimension of the slit. Since the 
wave guide transmitted energy in the TE; mode, the 
long dimension of the slit determined the cut-off wave- 
length of the guide, and this dimension was constant as 
the wave guide passed through the vacuum envelope to 
the C field (see Fig. 4). At the flange fitting outside the 
vacuum envelope, a vacuum seal was made with a 5-mil 
mica sheet and a Neoprene gasket. Around the edges 
of the parallel plates of the C field a light coating of 
Aquadag was painted, and across the top and bottom 
of the plates were clamped sheets of mica with a light 
coating of Aquadag. We wished by these methods to 
reduce the amount of energy radiated from the C-field 
structure into the observation chamber. At no time 


was any effect due to coupling between the klystron 
and the detector observed. The termination at the end 
of the wave guide, which represented a considerable 
reflection, was essentially independent of frequency, or 
more precisely, was a slowly varying function of fre- 
quency compared to the resolution of the apparatus. 
This method provided a simple and satisfactory fre- 


quency insensitive way of introducing microwave 
power into a limited region of an extended homogeneous 
electric field without disturbing this field to any im- 
portant extent. These conditions were quite necessary 
for the accurate measurement of the electric dipole 
moment of the molecule. 


FREQUENCY GENERATION AND MEASUREMENT 

A retlex klystron was used as a source of microwave 
energy in the frequency region of 4000 to 8000 Mc/sec 
supplying a few hundred milliwatts of power. Very 
little of this power was necessary to induce transitions 
in the molecules comprising the beam, except in the 
case where an absorption was intentionally power 
broadened to facilitate searching. The power required 
for optimum transition probability in the C field 5 cm 
in length was of the order of a microwatt, which intro- 
duces the possibility of using harmonic generation in a 
frequency region where a direct source is not available. 

The band width and stability requirements of the 
source were determined by the resolution of the ap- 
paratus, which in this experiment was prescribed by 
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Fic. 3. Dimensions of apparatus. 


the length of the C field and the thermal velocities of 
the molecules in the beam. The frequency width of a 
resonance line is given by the uncertainty relation, 


AvAr=1, 


where Ar is the time spent in the radiation field. For 
KCI this minimum resolution is Av=18 ke/sec. The 
contribution to the width of a resonance due to the 
natural lifetime of a rotational state is negligible. The 
high resolution obtainable required a frequency sta- 
bility of 1 part in 10%, and for the type of reflex klystron 
used (2K44) was attainable only by automatic fre- 
quency regulation. The klystron source was operated 
in an oil bath from a regulated (5 parts in 10°) power 
supply, and as a reference frequency for stabilization, 
a harmonic of a secondary standard was used. 

In Fig. 5, a block diagram of the apparatus shows the 
stabilizing and frequency measuring circuits. The 
secondary standard was a 50-ke quartz bar of the type 
used for Loran in World War II. The 50-ke signal from 
this crystal was multiplied by conventional vacuum 
tube multipliers to a frequency of 240 Mc/sec. Har- 
monics in the frequency range of the klystron were then 
obtained by feeding the 240-Mce signal into a harmonic 
generator of a coaxial type employing a silicon crystal 
diode. The 35th harmonic of 240 Mc/sec was still 
sufficiently strong to be used for frequency regulation. 
It should be emphasized here that although a standard 
circuit was used for the oscillator employing the quartz 
bar, and standard multiplier circuits were used, extreme 
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Fic. 4, Isometric section of wave guide which introduces 
microwave energy into C field. 
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care must be used in their construction and operation 
to keep sideband and hum modulation at a minimum. 
A signal at 80 Mc/sec may appear to be free of such 
defects, but a harmonic at several thousand megacycles 
may show troublesome sidebands and noise modulation. 

To obtain an error signal for stabilizing the frequency, 
the beat frequency between a crystal harmonic and the 
klystron in the range of 40 to 80 Mc/sec was amplified 
in an S-36 Hallicrafter receiver. The de signal from the 
receiver discriminator was then amplified and used to 
control the repeller voltage of the klystron. The problem 
of isolating the high potential of the repeller circuit 
from the conventional de amplifiers following the 
receiver was solved by using, in the last stage of ampli- 
fication, a cylindrical magnetron diode (GL 2B23) 
operating in the region of cutoff. The error signal con- 
trolled the magnitude of the magnetic field, and the 
proportional diode current developed a_ potential 
across a resistor in series with the repeller lead to the 
klystron. With the stabilizing circuit in operation, there 
remained 5 to 10 kc of hum (60, 120) modulation of the 
klystron signal, but the center frequency was stable to 
less than 100 cps. The klystron frequency, in addition, 
was easily varied over a few megacycles by varying the 
main tuning of the S-36 receiver. 

Frequency measurements were made by amplifying 
the beat frequency between the klystron and a crystal 
harmonic different from the one used for stabilizing the 
klystron frequency. By feeding harmonic power from 
the lower frequency multipliers, in addition to power 
at 240 Mc, into the crystal multiplier, harmonics in the 
frequency range of the klystren could be obtained at 
intervals of 20 mc. This permitted selection of a beat 
frequency between the klystron and a crystal harmonic 
in the range 10-—30 Mc/sec. Then the signal was 
amplified by a National HRO receiver, and a zero beat 
with the radiated signal from a General Radio 620-A 
heterodyne frequency meter was obtained. The cali- 
bration of the receiver did not affect this measurement 
since the HRO was used only as a selective amplifier 
for the signal from the klystron (beating against a 
crystal harmonic), and the signal radiated from the 
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heterodyne frequency meter. A preliminary measure- 
ment of the klystron frequency was made with a 
coaxial wavemeter (0.1 percent accuracy). This helped 
identify the crystal harmonic with respect to which the 
beat frequency was measured. 


THEORY 


A. Molecular Structure 
The energy levels of a vibrating rotator have been 
calculated by Dunham* using a WKB method for any 
potential which can be expanded as a series of powers 
of (r—r,) in the neighborhood of the potential minimum, 
where r, is defined as the equilibrium internuclear 
distance. 
The equation for the energy levels can be most con- 
veniently written in the following form: 


Fy g=d15 Vu (ot+3) VJ 4+1)4, (1) 


where / and 7 are summation indices, v and J the vibra- 
tional and rotational quantum numbers, respectively, 
and the V,; the coefficients. 

The connection between some ¥’s and the ordinary 
band spectrum constants is shown below: 


Yoo Pat D., 


J 20~'W eX ey 


V 10~We, Viu~—a, 


You~B., Vu~Ye 
where the symbols on the right side refer to the coef- 
ficients in the Bohr theory expansion for the molecular 
energy levels; i.e., 
Fy, y= we(v+3)—were(ot+ b+ ++ +B I (I+) 
—DF(I+1P%+:::, 
and 
By=B.—ae(vt+})+ye(vt+3)*+ °°. 
B,=h*/2pr,” is the rotational constant for a given 
vibrational state; 
B,=h’/2ur.’; a, is the vibrational-rotational interaction 
constant; 

















= 5 Sun 


Fic. 6, Theoretical splitting of F: levels of the chlorine 
quadrupole interaction. 


3J. L. Dunham, Phys. Rev. 41, 721 (1932). 
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ye is a higher order anharmonic vibrational-rotational 
interaction term; D, is the first rotational stretching 
term. 

In this experiment we wished to observe the transi- 
tion J/=0—J=1 for several vibrational levels. If, for 
the moment, we neglect hyperfine structure, the fre- 
quencies of this rotational transition for the first four 
vibrational states are given by the following expres- 
sions: 

fo=2V ort 4¥ oot Vit (1/2) Fa, 
fi=2Vot4¥ ot 3V ut (9/2) ¥u, 
fo=2Vort4Voet+S¥iit (25/2) ¥a, (2) 
fs=2¥Voit4Vo2t+7¥ ut (49/2) Fas, 
where the subscript f, denotes the vibrational state. It 
is easily seen that from a knowledge of fo, fi, fo, and fs 
three coefficients may be determined. The smallest 
coefficient Vo2, the rotational stretching term, is calcu- 
lated from the relation 


Yo= —4B3/w?. 
B, is calculated from the relation: 


BZ 
Yo = a] 1+ 8 


wy 


V2 
. —— 8a,—6a;?+ 4a;3 
01 


—1. 
OY 5; 


B. HYPERFINE STRUCTURE 


The nuclear spins of potassium and chlorine are 
each $. The ground state J/=0 has negligible hfs. 
What splitting of the ground state that may exist 
would arise from an interaction that mixes in higher 
rotational states. However, in KCI such effects are 
still unobservable with the improved resolution and 
accuracy of the present experiment. 

The fine structure of the /=1 state of KCI arises 
entirely from the interaction of the nuclear quadrupole 
moments with the rest of the molecule. The Hamiltonian 
for this interaction consists of two terms, one for each 
nucleus, and is of the form: 


eqVUx 
~ 29 (21—1) (2-1) (2 +3) 
X[3(1-J)?+3(1-J)— PS) 
egQer 
~ 29 (21-1) (2J—1) (2 +3) 
«(3 (1-J)?+3(1-J)— PP). 


> me 
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The I,-J interaction between the potassium spin and 
the rotational angular momentum is too small in KCI 
to be observable. It is known from experiment that 
egQx>>eqQc:; therefore, we may consider that the 
quantum numbers associated with the three energy 
levels F;= J+ 1, are good quantum numbers. The first 
interaction term of the Hamiltonian, the potassium 
quadrupole interaction, is diagonal in this represen- 
tation. The splitting of the F, levels by the chlorine 
interaction may then be calculated by second-order 
perturbation theory using an F representation, where 


F=F,+ Ie. 
V eye. ry |? 
W (Fi, F)=EritrAV ey even e+ OY ; 


rys Pr, Ery— Evy 
where 


r V Fy. F\F> kJ FP loF | Re | TJ Fle), 


F,\'=>=F,+1, 2; 
and 


Er,= [JF |x| I xJF 1), F =}, 3, $. 

The off-diagonal matrix elements of the operator I,- J 
are given in a paper by Bardeen and Townes.‘ The 
splitting of the F,; levels by the chlorine quadrupole 
interaction is shown in Fig. 6 for an assumed quadrupole 
interaction constant of egQc1= — 240 mc/sec. 

A very good determination of the mass ratios of the 
chlorine and potassium isotopes is possible from a 
measurement of rotational transitions in the three 
isotopic species K®CI]**, K®CI*7, and K"Cl**. At least 
two vibrational states must be measured in each of 
these molecules to obtain sufficiently accurate values 
of the coefficients Y,, such that the error in the mass 
ratio is only a few parts per million. The ratio of the 
reduced masses is obtained from the expression derived 


by Dunham,*® 
Yoi(K®CI*") pegs Be bas 
; aan 1+ Bai ) ( -1) » (4) 
Voi(K®CH*) sz we’ 35 \ par 

and the mass ratio from the relation 

(1435/37) (m(K)/mag7z) 


= - (5) 
M37 m(K)/M37+ 1 — pas/pa7 


M5 


where yys5 and y37 are the reduced masses of K®C1* and 
K*C]*’, respectively. The ratio of the masses of K® to 
K* are obtained in a similar manner. The ratio of the 
mass of K® to the mass of Cl*’, occurring in expression 
Eq. (5) for the mass ratio of the chlorine isotopes, and 
the ratio of the mass of Cl*® to the mass of K“ used to 
obtain the potassium isotope mass ratio, were obtained 
from precision mass spectrographic measurements of 
these isotopes given by Collins, Nier, and Johnson.® 
‘J. Bardeen and C. H. Townes, Phys. Rev. 73, 97 (1948). 


5 J. L. Dunham, Phys. Rev. 41, 721 (1932). 
§ Collins, Nier, and Johnson, Phys. Rev. 84, 717 (1951). 
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Fic. 7. Observed hfs of v=0 state of K®C]55 for the 
transition J=0—J = 1, 


From the frequency shift of the transition J=0-1 
in a uniform electric field, the electric dipole moment 
was calculated. A transition from the ground state J=0 
to an F level of the /=1 rotational state which had 
zero polarizability in very weak fields was observed. 
Under these circumstances the frequency shift of the 
line arises only from the relatively large polarizability 
of the /=0 state. The observed frequency shift of the 
transition, considering only the polarizability of the 
ground state, is given by 


‘Lee 
S ns , 
6 hh?/2A 


where uw is the permanent dipole moment of the mole- 
cule, E the static electric field strength, and A the 
moment of inertia of the molecule. 

The actual transition chosen was from F=0, 1, 2, 3 
(J=0) to F=1,2 (J=1, F,=}4). These two F levels 
of the upper state, in addition to having zero polariza- 
bility in very weak fields, are not split by the chlorine 
quadrupole interaction. The separation is <500 cps in 
second-order perturbation. 

Relative line intensities were calculated approxi- 
mately by assuming the fraction of molecules making a 
transition to a particular excited state, while traversing 
the C field, was proportional to the number of available 
ground states consistent with the selection rule F=0, +1 
(F=0-F =0 forbidden). Due to lack of precise meas- 
urement of the rf amplitude in the C field, and 
knowledge of the composition of the refocused beam, 
we could only determine a rough agreement between 
the observed and calculated intensities. 


PROCEDURE 


Molecular beams of about 1 500 000 to 5 000 000 cm 
(where 1 cm~10~'® ampere of ion current from the 
detector) were evaporated from a hot oven source. 
After one had determined that this total beam was 
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properly collimated, the stopwire was 5 mils beyond the 
beam center as seen in Fig. 1, the residual beam due to 
gas scattering was approximately 100 cm. To keep the 
residual beam low requires a very good vacuum (less 
than 10-6 mm of Hg) and a stable vacuum which 
requires diffusion pumps which are not subject to 
“kicking.” 

The B-field voltage was then set at a predetermined 
value, which with the proper A-field potential would 
refocus molecules in the J =0 state around the stopwire. 
For molecules of the most probable velocity in the beam, 
the deflection at the stopwire for these potentials was 
5 mils. As the potential of the A field was varied, a 
maximum of the refocused beam was observed. How- 
ever, this was not quite a maximum for refocusing of 
the J=0 state because a small percentage of molecules 
in the J=1, m=+1 and J=2, m=-+2 states were 
refocused at slightly higher potentials, but not high 
enough to be resolved. Experimentally the difference 
in the total number of molecules in the J=0 state was 
very slight and for reasons of stability the A field was 
set at the maximum refocusing potential. Out of a 
total beam of 2 000 000 cm we would refocus 500 cm 
of which about 40 to 50 percent would consist of mole- 
cules in the J=0 state. 

The exploration for the spectrum was conducted at 
zero C-field voltage by varying the frequency of the 
klystron oscillator. As a starting point for this ex- 
ploration, a value of B, was calculated from an electron 
diffraction measurement of the internuclear distance in 
KCI. The resonances were initially power broadened to 
several megacycles which facilitated searching by per- 
mitting larger frequency intervals between observations 
and increasing the intensity of resonances by smearing 
out the hyperfine structure. At these high power levels 
spurious responses were observed which presumably 
were caused by radiation from the C-field structure 
causing transitions to occur in the interfield region 
where intense electric fields existed. When changes in 
beam intensity were observed, a more detailed explora- 
tion was made at low power levels. Points on a resonance 
were made by averaging deflections made by opening 
and closing a coaxial switch located between the 
klystron and the wave guide carrying energy to the 
C field. (See Fig. 5.) These points were taken at fre- 
quency intervals of 4 to 10 ke/sec. At low rf power 
levels and maximum resolution no spurious resonances 
were observed. Absolute power measurements were not 
made, but relative power indications were obtained by 
a pickup probe inserted in the wave guide carrying 
energy to the C field. 

The molecular dipole moment 
through a measurement of the transition frequencies to 
the states (F',=}, #=1, 2) asa function of the potential 
across the C field from zero up to 7.5 volts. Beyond this 
point, which represents an electric field intensity of 
12.3 volts/cm, the u-E interaction begins to break up 
the F representation. There was a contact potential 


was determined 
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between the C-field plates of 0.087 volt. This was 
measured by reversing the polarity of the C-field poten- 
tial at a given point and then readjusting the potential 
to bring the peak of the resonance back to the same 
frequency, i.e., 


f=fota(VitC), f=fota(V_—C), 


where C is the contact potential, C=}(V_—V,). 
Measurements of the potential were made with a voltage 
divider and a Leeds and Northrup type K potentiometer. 


DATA AND RESULTS 

The spectral patterns of the three isotopic species 
K*C}*, K®C}7, and KCl are widely separated 
because of the different moments of inertia. For each 
molecule the rotational transition J=0—/J=1 consists 
of a series of lines with a spacing of ~2a, between 
adjacent vibrational state lines. Since the rotational 
state zero has negligible hfs, the structure of the rota- 
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Fic. 8. Observed hfs of 1v=2 state of K®CI*® for the transition 
J=0~—J=1. (Center line f)=5/2 not shown.) 


tional transition for a given vibrational state gives 
directly the hfs of the J=1 state. Figure 7 shows the 
splitting of the rotational transition in the v= 0 state for 
K*#C}** due to the potassium quadrupole interaction. In 
this vibrational state the chlorine quadrupole interac- 
tion is negligible. However the chlorine quadrupole 
interaction increases quite rapidly with vibrational 
state, and in Fig. 8 for the v= 2 state, the splitting of the 
*;=% state by the chlorine interaction is clearly re- 
solved. The theoretical patterns are shown in Fig. 6. 
In Fig. 9 the progressive splitting of the 7;= 3 state into 
the various F states by the chlorine interaction for the 
first four vibrational states is shown. In addition to the 
increasing chlorine interaction with increasing vibra- 
tional state, the potassium quadrupole interaction 
decreased, but only by 1 percent per vibrational state. 
These quadrupole interactions are listed in Table II 
for each molecule, nucleus, and vibrational state. 

A considerable body of molecular data was calculable 
from the observed spectra. Table III shows the Dunham 
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coefficients for the three isotopic species. Here Yo: ~ 
—D, is calculated from an approximate knowledge of 
B, and w,. The coefficients Vy, and Y2; are equal toa, 
and y,, respectively, within the experimental error. This 
is not the case for B,, and the calculation of B, from 
Yo, must be obtained from Eq. (3). The uncertainty of 
B, is considerably greater than Vo, because Eq. (3) 
contains w.= 280 cm™ and w,x,=0.9 cm, which were 
measured by optical spectroscopic observations of vibra- 
tional bands? and introduce the additional error. The 
internuclear distance r, is simply calculated® from the 
relation: 

B,=h?/2pr?Z. 


Table IV shows the variation of dipole moment and 
internuclear distance with vibrational state. The error 
quoted for the dipole moment is equal to twice the error 
one computes from the deviations of the observed 
points from a least squares fit of the data. Table V gives 
the chlorine and potassium mass ratios as calculated 
from Eqs. (4) and (5). Finally Table VI gives a com- 
plete catalog of the frequencies of all the lines ob- 
served in KC]. The numbers in parentheses identify the 
final upper state of the transition. 


DISCUSSION 

lor nuclear physics, the most interesting experi- 
mental result of these measurements is the ratio of the 
nuclear quadrupole moment of K“ to that of K®. This 
value is 1.220+0.0002, and is the only case in the 
literature for spin } when the isotope heavier by two 
neutrons has the larger quadrupole moment. The other 
two cases, for which the heavier isotope has the larger 
quadrupole moment, Eu! and In"*"!® have spins of 
5/2 and 9/2 respectively. It is suggestive that K® has 
20 neutrons, a magic number, while K" has 22. 


Fic. 9. Variation of hfs due to chlorine quadrupole interaction with 
with vibrational state. (Upper state F;= 3/2.) 
7H. Levi, dissertation, Berlin, 1934 (unpublished). 
8 J. W. M. Dumond and E. R. Cohen, U. S. Atomic Energy 
Commission Special Technical Report No. 1, Nov. 1952 (un 
published). 
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TaBLe IT. Variation of the potassium and chlorine nuclear quadrupole interactions with vibrational state. 


(eqQ)x (K®CI*) Mc/sec 
(eqQ) x (K®CI*) Mc/sec 
(egV)x (KCI) Mc/sec 
| (egQ)ei| (K®CH5) Mc/sec 


Vo: Mc/sec 

— Vo. D, Mc/sec 
Vi,;~a, Mc/sec 
Vo~vye Mc/sec 
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v=0 


— 5.656+0.006 
— 5.660+0.006 
— 6.899 +0.006 
<0.040 


TABLE III. Molecular constants of KCl. 


Kacys 
3856.370+0.001 
0.003 
23.680+0.001 
0.050+0.001 
3856.399-+4-0.007 
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1 

— 5.622+0.006 
— 5.628+0.010 
— 6.840+0.010 
0.075+0.010 


Kec}? 
3746.583+40.001 
0.003 
22.6764-0.002 
0.047 +0.001 
3746.61140.007 


— 5.57140.008 


0.237+0.010 


RABI 


2 3 


—5.511+0.008 


0.393+0.010 


Kec y35 
3767.394+0.001 
0.003 
22.865+0.001 
0,048+0.001 
3767.42140.007 


B, Mc/sec 
7.= 2.6666+0.0001A 


The sign of the interaction constant egQ for potassium 
is quite readily determined from the spectral pattern of 
the v=0 state. The sign of the chlorine quadrupole 
interaction constant may be inferred if the transitions 
to the states (F,;=3, F< 1,3) and (F;=3, F=2) are 
identified by their relative intensities. The theoretical 
and experimental plots of these transitions are shown in 
Figs. 6 and 9. The transition to the state (F,;= 3, F=0), 
which should be much weaker and would have been 
resolved only in higher vibrational states of reduced 
population, was never clearly observed. Nevertheless 
the difference in intensities of the two observed transi- 
tions was always distinct and easily measured. Further 
a negative interaction agrees with the measurement of 
Logan, Coté, and Kusch® (eg? = —0.420 Mc/sec for the 
chlorine nucleus in KCl). The magnitude is also in 
qualitative agreement if one remembers that in the 
magnetic method the chlorine quadrupole interaction 
constant is an average over vibrational and rotational 
states excited thermally in the oven sourcé. It is inter- 
esting to note the very rapid increase of the chlorine 
interaction and the rather gradual decrease of the 
potassium interaction with increasing vibrational state. 


Tae IV. Variation of dipole moment and internuclear distance 
with vibrational state. 


KC] 
v=2 


2.6872+0.0001 
10.69+0.05 


2.6707 +0.0001 
10.48+-0.05 
p2/po = 1.0204-0.004 


A 


%e i 
Debye 


Me 


TABLE V. Mass ratios of the potassium and chlorine isotopes. 


C}5/C}87 = 0.9459803+-0.0000015 
K®/K* =0.9512189+0.0000015 


9 Logan, Coté, and Kusch, Phys. Rev. 86, 280 (1952). 


These very precise measurements of the molecular 
constants given in Table III permit an evaluation of 
the mass ratios which is presumably better than the 
theory allows, because no detailed account is taken of 
the effects of ““L” uncoupling and the fractional error 
due to electron distribution. It is possible for these 
effects to be several times the experimental error quoted 
here. Nevertheless, the calculated values given in 
Table V agree closely with the mass spectroscopic 
measurements of Collins, Nier, and Johnson” which 
indicates that these errors may be quite small for the 
alkali halides. A further development of the theory 
would make it possible to get mass ratios by means of 
these molecular beam methods to almost any desired 
accuracy. 

It is interesting that the variation of dipole moment 
is approximately 1 percent per unit increase in 2, while 
the internuclear distance increases by only 0.3 percent. 
Comparing this change of the dipole moment with 


TaBLe VI. Catalog of frequencies of all the lines observed in KC] 
for the rotational transition J=0—J =1 in Mc/sec. 








Vibra- 
tional i 
state Kec] K38C}37 Kecs Final state 


7471.917 
7470.776 
7469.370 


7513.659 
7512.280 
7510.555 


7690.487 
7689.356 
7687 .942 


v=0 


7643.316 7426.754 7468.107 
7642.200 
7640.783 | 


7640.795 | 
(F\=1/2, F=1, 2) 
(F,\=3/2, F=1, 2, 3) 


7596.347 
7593.868) 
7593.830/ 
(F\=1/2, F=1, 2) 
(F,=3/2, F=1, 2, 3) 


7549.569 
7547.136) 
7547.073, 


© Collins, Nier, and Johnson, Phys. Rev. 84, 717 (1951). 
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vibrational quantum number and the corresponding 
changes of the two quadrupole interaction constants, 
one must conclude that a simple explanation of these 
variations in terms of potassium and chlorine moving 
apart as atoms or ions does not seem likely. In addition, 
it should be noticed that our value of a, of 23.680 
Mc/sec differs greatly from the Morse potential value 
of 17.5 Mc/sec. 

The comparison of our result for the internuclear 
distance r, with the electron diffraction value of Max- 
well, Hendricks, and Mosley" at 1200°K can be made 


"Maxwell, Hendricks, and Mosley, Phys. Rev. 52, 968 (1937). 
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using the measured variation of r with temperature. When 
r, is evaluated from the electron diffraction data we find 
a value of 2.75A, which is approximately 3 percent larger 
than our directly measured value of 2.667A. It seems 
that electron diffraction measurements are consistently 
high by about the same amount for KBr, CsCl, and 
NaCl. 

In view of the data made available by the techniques 
described in this paper, it would be desirable to reduce 
the amount of time required to search and take data. 
The problem of searching might be solved by automatic 


frequency sweeping and recording of the beam intensity. 
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Molecular Beam Investigation of Rotational Transitions. II. The Rotational Levels 
of KBr and Their Hyperfine Structure* 


B. P. FAasricanp,t R. O. Carison,f C. A. Leg, Anp I. I. Rast 
Columbia University, New York, New York 
(Received May 27, 1953) 


The molecular beam electrical resonance method has been used to study the hyperfine structure of the 


first rotational state in K®Br7 and K®Br®!, 


The hyperfine structure arises from the splitting of the J=1 state into 10 levels by the quadrupole inter- 
actions of potassium and bromine. Molecules in the J=0 rotational state were refocused, and transitions 
to the /=1 state were observed by a decrease in beam intensity at the surface ionization detector. 

From the structure of the line resulting from the transition J=0-+J =1 in the three lowest vibrational 
states, the following results were obtained. The molecular constants are 


KBr” 
2434.947 +0.001 


Yo. Mc/sec 
— Yoo Mc/sec 
- Yu Mc/sec 

Ya, Mc/sec 

B, Mc/sec 

r, A 


0.001 


12.136 +0.001 
0.023 +0.001 
2434.953 +0.007 
2.8207 +0.0001 


KBr*! 
2415.075+0.001 
0.001 
11.987 +0.001 
0.022 + 0.001 
2415.081 + 0.007 


The quadrupole interactions and dipole moments in K*Br” in the »=0, 1, 2 vibrational states are 


v=6 
— 5.003 + 0.003 
+ 10.244+ 0.006 
10.41 +0.05 


(eq?)k Mc/sec 
(eq?) Br Mc/sec 
uw Debye 


1 2 
— 4.984 + 0.003 —4.915+ 0.003 
+11.224+0.006 + 12.204 + 0.006 
9.93 +0.05 


The quadrupole interactions in the »=0 state of K®Br*! are (egQ)x = —5.002 +0.003 and (eqQ) p= 8.555 


+0.006 Mc/sec. 


The mass ratio of the bromine isotopes is My,”/M p-*!=0.9753088 + 0.0000020. The ratio of the bromine 


quadrupole moments is Qp;”/Qp,*! = 1.1973 +.0.0006. 


I. INTRODUCTION 


HE experiments to be described in this paper deal 
with measurements of the rotational spectra of 
K*Br® and K*Br* and form part of a program for a 
more precise study of the alkali halides by means of 


* This research has been supported in part by the U. S. Office 
of Naval Research. 

t Submitted in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy in the Faculty of Pure Science, 
Columbia University. 

t Predoctoral Fellow of U. S. Atomic Energy Commission. 


the molecular beam electrical resonance method.' The 
molecules were studied in the 'S. electronic state and 
the three lowest vibrational states. All observed reso- 
nance lines arise from the rotational transition J=0Q— 
J=1. Each line corresponds to one of the energy levels 
arising from the hyperfine structure splitting of the 
first rotational state. The spectrum of these lines is 
characteristic of a diatomic molecule with two nuclear 

1H. K. Hughes, Phys. Rev. 72, 614 (1947). 

2 Lee, Fabricand, Carlson, and Rabi (preceding paper), Phys. 
Rev. 91, 1395 (1953). For brevity, this paper will henceforth be 
referred;tofastl. 
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hic. 1. Matrix of the quadrupole interaction operators in KBr. 
electric quadrupole interactions each associated with a 
nucleus of spin 3/2. In this molecule, as contrasted with 
KCI, the quadrupole interactions of potassium and of 
bromine are of comparable magnitudes. 

From the experimental data were obtained the 
molecular constants of the molecules, the electric dipole 
moment, the quadrupole interactions, the ratios of the 
quadrupole moments and masses of the bromine iso- 
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topes. Of great interest are the variations with vibra- 
tional state of the electric dipole moment and the 
bromine quadrupole interaction in light of the extra- 
ordinary variations of these quantities in KCl given 
in reference I. 

The apparatus and the general experimental pro- 
cedure are described in I. For the molecules used in this 
experiment, a beam is obtained from a hot oven source 
at a temperature of approximately 900°K. At this 
temperature, a large number of rotational states are 
excited. The molecules in the J=0 state, about one 
part in 8000, are selected for refocusing. Transitions 
to the J=1 state are observed by a decrease in beam 
intensity at the surface ionization detector. A 2K43 
klystron supplied the necessary microwave power for 
exciting these transitions (around 4800 Mc/sec). The 
details of frequency measurements, frequency stabiliza- 
tion, and the procedure used in locating and resolving 
the spectra are given in I, 

Since only a small fraction of the molecules are in 
the J=0 state and the number of hyperfine structure 
and vibrational levels in the J/=1 state is large, the 
intensity change for any one transition is small. To 
obtain the necessary signal-to-noise ratio, very intense 
molecular beams had to be employed. With a gal- 
vanometer sensitivity of 107° amp/cm, the direct 
beam was about 10’ centimeters of which 2000 centi- 
meters were refocused. For the lines arising from the 
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Fic. 2. Plot of the energy levels in the J =1 state in units of (egQ): against the ratio (egQ)2/(eqQ). 
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zeroth vibrational state, the intensity was approxi- 
mately 0.7 percent of the refocused beam and 0.2 per- 
cent for the second vibrational state. In all.cases, the 
line intensity relative to the refocused beam was half 
the expected value as calculated from the line in- 
tensities observed in KCI. 


II. THEORY 


In this paper, the energy levels which arise from the 
splitting of the first rotational state by two nuclear 
electric quadrupole interactions will be calculated 
exactly. 

The part of the Hamiltonian dealing with the hyper- 
fine structure is 


(3(,-JP?+3h-J-lP) 


—eqiQi— " 
27, (21,— 1) (27 — 1) (2 +3) 


(3(e- J+ 3h J-Be SP] 


— €qxX2— ‘ 
212(2I2— 1) (2J — 1) (2S +3) 


The subscripts 1 and 2 refer to the two nuclei. g is the 
gradient of the electric field at the nucleus along the 
internuclear axis produced by all charges outside the 
nucleus, and Q is the nuclear quadrupole moment. In 
KBr, both nuclei have spins of 3/2. The matrix of the 
quadrupole operators in the /\J/'\/,/M representation 
is shown in Fig. 1. In this representation, the spin of 
nucleus 1 is coupled to J through the quadrupole inter- 
action, giving three energy states characterized by 
F,=1,+J=1/2, 3/2, and 5/2. The quadrupole inter- 
action of nucleus 2 splits these /; states into 10 states 
labeled by (F = 12+ F), Fi) = (2, 1/2), (1, 1/2), (3, 3/2), 


TABLE I. Frequencies of all observed lines in Me/sec. The 
numbers in parentheses represent the hyperfine structure levels 
(F, F;) of the J=1 state to which the transitions take place. 


Vibrational 


state K*#Br9 KBs! 


(2,1/2 4820.613 
4820.130 
4819. 815 
4818.143 
4817.992 
4817.909 
4817.056 
4815.884 
4815.635 


0 4860.523 
4859.740 (3,5 
4857.502 (4,: 


5 
4857.383 (2,5 
4856.588 (3,3 


OAwuUnn Ue 


4854.856 (2,: 


4794.062 
4793.140 


4836.530 (2, 
4835.743 (3, : 
4833.270 
4833.143 
4832.362 
4830.463 


ue 


4812.622 
4811.835 
4809.129 
4808 .990 
4808247 
4806.153 


Aw uuu 
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Fic, 3. Spectrum of the rotational transition J =0-—J = 1 
in the vibrational state v=2 in KBr”. 


2), (1, 3/2), (0, 3/2), (4, 5/2), (3, 5/2), (2, 5/2), 
(1, 5/2). The quadrupole operator of nucleus 1 is diago- 
nal in this representation, but off-diagonal elements 
occur for the quadrupole operator of nucleus 2. The 
matrix elements were taken from Bardeen and Townes.’ 
Diagonalization of the matrix yields the 10 energy 
levels of the first rotational state in terms of the quad- 
rupole interactions of the two nuclei. Figure 2 is a plot 
of the energy of the levels in units of the quadrupole 
interaction of nucleus 1 against the ratio (eqQ)o/(eqQ):. 
The right side of Fig. 2 gives the energy levels for a 
positive ratio, and the left side for a negative ratio. 


III. EXPERIMENTAL DATA 


The spectrum of KBr differs from that of KCI de- 
scribed in I in that the lines are much further apart in 
frequency and are, therefore, well resolved. The separa- 
tions of the lines are of the order of one or two Mc/sec. 
Because KBr is heavier, the molecules of KBr spend 
more time in the radiation field, and the theoretical 
half-width of the lines are less than in KCl. Actual 
half-widths were about 15 kc/sec, the theoretical about 
10 ke sec. 

In the zeroth vibrational state, nine of the ten lines 
Ja 


were observed. Figure 3, which is typical of the spectra 


resulting from the rotational transition J=0 


' J. Bardeen and C. H. Townes, Phys. Rev. 73, 97 (1948). 
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Fic. 4. Frequency shift of the transition (J=0)->(J=1, 
F,=1/2, F=2) with the square of the applied voltage in the 
vibrational states v>=0 and v=2 in KBr”, 





y? 


observed for both K*Br” and K*®Br* in the several 
vibrational states, shows six of the lines in the vibra- 
tional state, v=2, of K*Br”. The line spacings are 
markedly different for different vibrational states, be- 
cause of the variation of the quadrupole interactions 
with internuclear distance. In Table I are listed the 
frequencies of all observed lines. 

The electric dipole moment was obtained by ob- 
serving the shift in frequency of one of the transitions, 
(J=0)—(J=1, Fi =1/2, F=2), in very small electro- 
static fields, of the order of one or two volts per centi- 
meter. For these small fields, the J=1 state is un- 
shifted in energy, and the increase in frequency of this 
transition is due to the energy decrease of the more 
easily polarized J=0 state. This energy decrease is 
given by juwE/(h?/2A), where u is the dipole moment 
and A the moment of inertia. Figure 4 shows a plot 
of frequency shift versus the square of the applied 
voltage for the zeroth and second vibrational states 
in K*Br”. The slope of the lines is proportional to the 
product w?A. Since A is known from the zero field data, 
u is easily calculated. 

In addition to the sharp line spectra described above, 
there appeared in certain frequency regions resonance 
bands which were approximately ten to twenty Mc/sec 


TABLE IT. Potassium and bromine quadrupole 
interaction constants in KBr. 


K*Bre 


~5.003+0.003  —5.00240,003 _ 
~4.984-4-0.003 
~ 4.915-4-0.003 


Quantity K* Br? 


(eg?)k (v=0) Mc/sec 
(v=1) 
(v= 2) 


(eg?) ny (v=0) Mc/sec + 10.244+-0.006 
(v= 1) + 11.224+0.006 
(v= 2) + 12.204+-0.006 


+8.555+0.006 
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wide. These bands appeared in the regions centered, 
approximately, about the following frequencies: 5230 
Mc/sec, 5170 Mc/sec, 4980 Mc/sec, 4780 Mc/sec. The 
frequency region searched extended from 4400 to 5300 
Mc/sec, so that there is the possibility of the occurrence 
of other bands in other regions. The intensity of the 
bands depended markedly on the microwave power 
input. At powers comparable to those used in resolving 
the sharp line spectra, the band intensity was about 1/5 
the line intensity. The origin of these bands is not 
known. In view of the low intensity of the diatomic 
lines, it is possible that these bands arise from other 
forms of molecular aggregates of potassium and bro- 
mine, such as polymers of the KBr molecule.‘ 


IV. RESULTS 


By comparing the splitting of the observed lines in 
each vibrational state with the theoretical energy level 
pattern shown in Fig. 2, the potassium and bromine 
quadrupole interactions in each vibrational state were 
calculated. These values are listed in Table II. The ob- 
served line spacings do not correspond to the theoretical 
pattern for any other values of the quadrupole inter- 
actions, so that these values are unique. The uncer- 
tainties given for each quantity arise from a 2-kc/sec 
uncertainty in the determination of the peak of each 
line. The accuracy of these interactions is greater than 
for the corresponding quantities in KCI because (1) the 
splitting of the lines is greater in KBr, and (2) there 
are more resolved lines. 

To calculate the molecular constants one must know 
the frequencies of the lines arising from the pure rota- 
tional transitions J/=0—+/=1 for the different vibra- 
tional states, apart from the influence of the quadrupole 
interactions. Since the quadrupole interactions are 
known from the spectrum, the frequencies of the un- 
perturbed lines are readily calculated from the theory. 
The constants are listed in Table III. The relationships 
of the Y’s, the Dunham coefficients, to the spectra are 
discussed in I. All the Y’s listed were obtained from the 
spectra except Vo2, which was calculated from the rela- 
tionship — Vo2.=48,3/w2. Table IV gives the inter- 
nuclear distances and electric dipole moments in the 
zeroth and second vibrational states. 

The mass ratio of the bromine isotopes was calcu- 
lated from the formula: 


M, (M/M:2)(Yo"/Y¥o™) 
My 1+M/M—Yo:"/Yo 
where M, is the mass of Br7, M2 the mass of Br*, and 
M the mass of K*. The result is 
M y,7°/M gp," = 0.9753088+0.0000020. 


The ratio of the nuclear quadrupole moments of the 
bromine isotopes was calculated from the ratio of the 


‘Ochs, Coté, and Kusch, J. Chem. Phys. 21, 459 (1953). 
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bromine quadrupole interactions in the zeroth vibra- 
tional state in KBr” and KBr*. The result is 


Opr?/Ope*' = 1.197340.0006. 


V. DISCUSSION 


A proof that the potassium quadrupole interaction, 
(eg?)x, is negative and the bromine interaction, 
(eg) pr, is positive follows. The ratio of the quadrupole 
interactions, (eqV)2/(egV)i, is negative, since the ob- 
served line pattern does not fit the theoretical pattern 
for positive values. This can be seen from the energy 
level diagram (Fig. 2), which has been plotted by 
assigning a negative value to the denominator of the 
ratio, (egV);. From the experimental data, the values 
of the ratios of the quadrupole interactions in KBr” 
and KBr*! are —2.048 and — 1.170, respectively. These 
values of the ratios were assigned once the values of the 
rotational constants for both isotopic species were 
calculated, since the rotational constant, being inversely 
proportional to the reduced mass of the molecule, is 
larger for KBr®. Now, 


))pr®/ (egQ) 79 
(eqQ)p /(eqQ)« _Q” _ 1.2 if (eqQ)pr is (eqQ)2, 
Q* 


(eg?) pe"/ (eq?) k 


(eg?) «/ (eq?) Be QO” 


=0.85 if (eq?) Br is (eqQ)1. 
fo 


Here the assumption is apparently made that (eqQ)x 
is the same in both molecular species. However, since 
the ratio of the quadrupole interactions for the bromine 
isotopes is known to be 1.2, and the spacings of the 
spectra for the two isotopes fit Fig. 2 with the same 
scale factor, (egQ):, one of the interactions must be 
constant in both molecular species. The common inter- 
action, (egQ);, must therefore be (eqQ)x, and the sign 
of its interaction negative. The ratio 1.2 for the quadru- 
pole moments of the bromine isotopes is then in agree- 
ment with the observations of Townes,® Dehmelt and 
Kruger,® and King and Jaccarino.’ 

The signs of the K® quadrupole interactions in KF,* 
KCl, and KBr are also all negative. The absolute mag- 
nitudes decrease from 7.938 Mc/sec in KF to 5.656 
Mc/sec in KCI to 5.003 Me/sec in KBr. Similar be- 
havior has been observed for the Na®* quadrupole 
interaction constants in the sodium halides by Logan, 
Coté, and Kusch.? 

The change with vibrational state of (eg2)x* in KBr 
and KCI does not remain constant, but becomes larger 
for higher vibrational states. In K*®CI**, the change in 
this interaction increased from 0.8 percent for v=0—> 
v=1 to 1.1 percent for v=2—17=3. In KBr”, the de- 

5C. H. Townes, Phys. Rev. 71, 909 (1947). 

6 Dehmelt and Kruger, Z. Physik 129, 401 (1951). 

7 J. G. King and V. Jaccarino (private communication). 

81. Grabner and V. Hughes, Phys. Rev. 79, 819 (1950). 

% Logan, Coté, and Kusch, Phys. Rev. 86, 280 (1952). 


(egQ) k/ (eq?) Be 


OF 


KBr AND THEIR Hfs 


TaBLeE III. The molecular constants of KBr. 


Quantity K*®Br? K®Br® 
Yo: Mc/sec 2434.947 +0.001 

— Foe 0.001 

— Foy 12.136 +0.001 
Vs 0.023 +0.001 
B, 2434.953 +0.007 
reA 2.8207 +0.0001 


2415.075+0.001 
0.001 
11.987+0.001 
0.0224-0.001 
2415.081+0.007 


crease in (egV))x for v=O-v=1 is about 1/3 that for 
v=1—v=2. This shift corresponds to percentage de- 
creases of 0.4 percent and 1.4 percent, respectively. 
In K*F, (eg?) decreases by about 1.3 percent for unit 
change in the vibrational quantum number. The po- 
tassium interaction decreases with vibrational state in 
the potassium halides thus far studied. 

In both KCl and KBr the quadrupole interaction 
constants for the halogen show large changes with 
vibrational state. The change in the bromine inter- 
action is to larger values and appears to be a constant 
amount of about one Mc/sec, 10 percent of the inter- 
action, for the lowest vibrational states. This change is 
in contrast to the erratic changes with vibrational state 
exhibited by the chlorine interaction in KCl. 

The value obtained for the ratio of the quadrupole 
moments of the bromine isotopes has been corrected 
to take into account the fact that the gradient of the 
electric field at the bromine nucleus, which enters into 
the experimentally measured quadrupole coupling, is 
not the same for two isotopes in the same molecule 
because of different zero point vibration for the two 
isotopic species. This effect amounts to about one part 
in 6000 in the quadrupole moment ratio. 

In calculating the mass ratio of the bromine isotopes 
from the mass ratio formula, the Yo,’s were obtained 
from the spectra. The mass of Br*! used was that given 
by Ogata," and the mass of K* that given by Collins, 
Nier, and Johnson." The ratio of the Vo:’s was cor- 
rected by small terms of the order of B?/w? given by 
Dunham,” since Yo; is not exactly inversely propor- 
portional to the reduced mass of the molecule. 

The theory on which the mass ratio formula is based 
assumes a vibrating rotator model diatomic molecule. 
Any deviations from this model would result in in- 
accuracies in the mass ratio. Such deviations can arise 


TaBLe IV. Internuclear distances and electric dipole moments in 
the vibrational states v>=0 and v=2 in K®Br”, 


Quantity v=(0 v=2 


2.8384+-0.0001 
9.93+0.05 


rA 2.8243+0.0001 
u Debye 10,410.05 
Mo /po= 1 O48 +-0.004 


 K, Ogata, Phys. Rev. 75, 200 (1949). 
Collins, Nier, and Johnson, Phys. Rev. 84, 717 (1951). 
2 J. L. Dunham, Phys. Rev. 41, 721 (1932). 
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from the following causes: (1) interaction between elec- 
tronic and nuclear motions which leads to a mixing of 
the ground electronic state with the excited II state, 
and hence a slight change in the rotational energy; (2) 
the moment of inertia of the electrons which is calcu- 
lated in the above model on the assumptions that each 
atom has the proper number of electrons to make it 
neutral and that the entire mass of the atom is con- 
centrated at the nucleus. These effects cannot be pre- 
cisely evaluated because the electronic wave functions 
are not known. The error quoted in the mass ratio is 
experimental error. 

The values of the internuclear distances in KCl] and 
K Br are about 3 percent lower than the values given by 
electron diffraction methods after correction for the 
vibrational state distribution has been made. Similar 
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LEE, AND RABI 
discrepancies have been observed in CsCl by Luce and 
Trischka," and in NaCl by Stitch, Honig, and Townes." 

As can be seen from Table IV, the electric dipole 
moment of KBr decreases with increasing vibrational 
quantum number. The percentage decrease in the dipole 
moment is about 5 percent for the change from the 
zeroth to the second vibrational state. The percentage 
increase in the internuclear distance for this change in 
vibrational state is about 0.5 percent. Hence, a small 
increase in the internuclear distance causes a large de- 
crease in the dipole moment. 

The experimental value of the vibration-rotation in- 
teraction constant, a,= —V, is 12.136 Mc/sec. The 
theoretical value, computed on the assumption of a 
Morse potential for KBr, is 10.0 Mc/sec. 

8. G. Luce and J. W. Trischka, Phys. Rev. 83, 851 (1951). 

4 Stitch, Honig, and Townes, Phys. Rev. 86, 813 (1952). 
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A Self-Consistent Calculation of the Dissociation of Oxygen in the Upper Atmosphere. 
II. Three-Body Recombinations* 


Harry E. Moses, Mathematics Research Group, New York University, New York, New York 


AND 


Ta-You Wu, National Research Council, Ottawa, Canada 
(Received June 2, 1953) 


The dissociation region of oxygen molecules is treated in the same 


“self-consistent”? manner described in 


previous papers, except that now the densities of atomic and molecular oxygen have been calculated as 
functions of the altitude, on the assumption that the main recombination process between oxygen atoms is 
a three-body nonradiative process. The result of the present work indicates that dissociation occurs at an 
altitute about 5 km higher than the corresponding previous calculation. Furthermore, the region of dissocia- 
tion is broader than in the previous model. The maximum atomic density is 0.5 to 1X 10"%/cm!. 


I. INTRODUCTION 


N two previous papers! the densities of atomic and 

molecular oxygen in the upper atmosphere were 
calculated in terms of two different models. Both of 
these models were carried out in a “‘self-consistent”’ 
manner, that is, no a priori assumptions were made as 
to the distribution of molecular or atomic oxygen. 
(Such made by previous 
authors in the field.'?) 

In the first model it was possible to calculate the 
distribution of temperature as well as the distribution 
of the atomic and the molecular oxygen densities. In 
the second model, a temperature distribution was as- 


assumptions have been 


sumed in order to avoid the necessity of imposing a 


* This work was performed at Washington Square College of 
Arts and Science, New York University, and was supported in 
part by contract with the U.S. Air Force through sponsorship of 
the Geophysics Research Directorate of the Air Force Cambridge 
Research Center, Air Research and Development Command. 

'H. EF. Moses and T. Y. Wu, Phys. Rev. 83, 109 (1951). 

* H. E. Moses and T. Y. Wu, Phys. Rev. 87, 628 (1952). 


severe assumption, used in the first model, with respect 
to energy balance. 

In both of these models the principal recombination 
process was assumed to be a_ two-body radiation 
process. The present paper is to be regarded as a 
direct extension of reference 2; the assumption of two- 
body recombinations is replaced by the assumption 
that the oxygen atoms recombine in a_ three-body 
process. Therefore, instead of repeating the various 
details of the model of reference 2 and of the method 
of solution of the equations for the densities, we shall 
merely indicate the modifications. 


II. THE THREE-BODY RECOMBINATION PROCESS 


The principal modification of reference 2 which we 
introduce in the present work is to replace the two- 
body recombination process (11) there by the three- 
body recombination process (10). The rate of re- 
combination of the oxygen atoms is taken to be Cnyn,? 
where C is the three-body recombination coefficient 





DISSOCIATION OF O, 


and my is the number density of the third body M. 
Various additional assumptions are now necessary, 
since the recombination coefficient C and the number 
density ”y are not known. First of all we shall assume 
that all atoms or molecules are equally efficient as 
third bodies. Once one makes this assumption it is 
clear that it is sufficient to take my as the number 
density of nitrogen molecules, since nitrogen pre- 
dominates so greatly in the region of interest. We 
further assume that it obeys its own barometric equa- 
tion of the usual exponential type when the temperature 
is taken as constant. We have prescribed that just 
below the altitude at which dissociation becomes im- 
portant, the number density of nitrogen molecules will 
be four times that of oxygen, that is, the oxygen— 
nitrogen ratio is the same as at sea level. 

For C we have taken two values, namely C=10-* 
and C=2X10-* cm/sec. These are typical values 
given by chemists for three-body processes and used by 
previous workers on the present problem.’ 

The formulas and method of procedure are sub- 
stantially the same as those of reference 2. We need 
merely replace the two-body recombination coefficient 
B' by 

B’=Cny, 


where ”y is a function of the altitude and is given by 
the barometric equation as described above. (Inciden- 
tally there is a misprint in reference 2. The letter B in 


Eqs. (15) through (17) should be replaced by B’.) 


III. RESULTS 


The results of the calculation are summarized in 
Fig. 1. The temperature was taken as 300°K. The 
altitude x9 was chosen to correspond to the value 
no=2X10"%/cm. Only above this altitude does dis- 
sociation become important. If we use the pressure-vs- 
altitude results of the Rocket Panel‘ we find that x9 is 
about 90 km. The curves of m, and m, are given in 
Fig. 1. We have also superposed the curve of m2 as it 
would be if no dissociation took place—the values are 
obtained from the ordinary barometric equation. 

It is seen that in the present model dissociation 
occurs at higher altitudes (about 5 km higher) than in 
the model of two-body recombination. This result is a 
consequence of the use in the present work of a greater 


3R. Penndorf, J. Geophys. Research 54, 7 (1949). 
‘The Rocket Panel, Phys. Rev. 88, 1027 (1952). 
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I'ic. 1. The number densities of atomic and molecular oxygen 
as functions of the altitude 


value for the effective two-body recombination coefti- 
cient Cry. Hence in the present model the oxygen atoms 
can recombine more readily than in the model of refer- 
ence 2, and only at higher altitudes are dissociations 
numerous enough to insure number balance. Another 
striking difference between the present results and those 
of reference 2 is the broadness of the region in which 
dissociation. takes place—about 25 km, as opposed to 
less than 15 km of reference 2. 

These differences between the results of the present 
paper and those of reference 2 (and reference 1) indicate 
the high degree of sensitivity of the results to the 
model used. We must conclude that the problem of 
obtaining really useful numerical results for the dis- 
sociation of oxygen in the upper atmosphere cannot be 
solved until much more reliable data on the various 
cross sections and information concerning the recom- 
bination process are available; then it will be clear 
which model should be used. This result, though not 
surprising, indicates that any numerical results which 
are available at present concerning oxygen dissociation 
in the upper atmosphere must be accepted only with 
great reserve. 
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Effective Nuclear Charges for Atoms from Self-Consistent Field Calculations* 


A. J. FREEMAN 
Physics Department, Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received May 6, 1953) 


Results of calculations of 22>, the effective nuclear charge for the potential in an atom are reported for 
those atoms treated by self-consistent field methods. Tables of the effective nuclear charges are given for 


atoms in various degrees of ionization, 


OR many purposes, such as in some molecular 
calculations, it is necessary to have available tabu- 
lated values of 27,(r), the effective nuclear charges for 
the potential in an atom. These are functions found 
from self-consistent field calculations of the one-electron 
wave functions, which have not usually been included 
in the literature. The purpose of this paper is to report 
calculations of the 2Z,(r) function for those atoms for 
which the one-electron wave functions are available.' 

If the wave function for a many-electron atom is 
expressed as a product of one-electron wave functions, 
each of these has the form ®(¢)@(0)Pyi(r)/r. The solu- 
tions for ® and © are well known. P,,;(r) satisfies the 
differential equation, 

OP yi/dr’+{ Ent 2Z pni/t—-UL+-1)/*} Pai=0, (1) 
where E,, is the energy of the n/ electron in Rydberg 
units, and r is the radius expressed in Bohr units, 
P(r) is the radial wave function of the u/ type electron, 


defined so that 
f Pf (r)dr, (2) 


is the charge within a sphere of radius r due to this 
electron. 2Zp,;, the effective nuclear charge for the 
potential of an electron with quantum numbers ” and / 
is given by 


2Zpat= 2Z— 2 ye 2(2l {- 1 ) 
2 


r oP 
| f Paidr'+r f : “ar, (3) 
0 r r 


* Supported by the U. S. Office of Naval Research. 

1H. H. Landolt and R. Bornstein, Zahlenwerte und Funktionen 
aus Physik, Chemie, Astronomie (J. Springer, Berlin, 1950), sixth 
edition, Vol. I, page 276 gives a complete tabulation of published 
work on self-consistent calculations. 


with Z the atomic number. The prime indicates summa- 
tion over all n/ values other than those of the electron 
considered, and is necessarily included so as to take 
into account the fact that an electron does not act 
electrostatically on itself. The total effective charge 
2Z,(r) used in finding the potential due to all electrons 
is defined by Eq. (3), with the summation extending 
over the quantum numbers ” and / of all the electrons 
in the atom. 2Z,(r) is conveniently calculated from the 
total radial wave function P(r) through the use of the 
Milne predictor-corrector method? of numerical inte- 
gration applied to the differential equation: 


PZ ,(r)/dr? = P*(r)/r, 
where 


P?(r) = : ar 2(2/+-1)PaP(r). 


It is the Py:(r)’s, the one-electron wave functions, which 
are usually tabulated in the literature as a result of 
self-consistent field calculations. Following the pro- 
cedure outlined here, we have calculated the 22Z,(r) 
functions. The results are given in Table I for the atoms 
in various degrees of ionization. The maximum error 
is given by the difference between twice the value of 
the atomic number and the value of 2Z, at r=0.00. 
The maximum error is 0.01 for B, Ot, Ot+, Al**, Ga, 
Gat+, and Ast; 0.02 for Ct+***, N, O, Ot, Nat, 
K, Cr, Ast, and Ast**; 0.03 for C++, Crt, and As; 
(0.04 for Sit**, Sit***, Zn, Ge, and Gat; 0.05 for Ca*; 
and 0.08 for Get. 

For completeness, we list in Table II the atoms for 
which 2Z, has been calculated and the results published 
in the literature.' 

The author wishes to thank Professor John C. Slater 
for suggesting the problem and for his help and advice 
during the course of the calculations. 

2W. E. Milne, Numerical Calculus (Princeton University Press, 
Princeton,?1949), p. 140 (without predictor). 
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TABLE I. Values of the 2Z,’s. (The values of 2Z, are rounded off to two decimal places. Where a third decimal is specified 
to be 25, the second decimal should be decreased by one. For example, 0.015 should be read 0.008.) 


Crttrb 


r B* r cb Ctr 


10.00 0.12 8.96 9.27 9.73 
9.78 0.14 8.58 8.94 9.47 
9.55 0.16 8.23 8.65 9.25 
9.33 0.18 7.92 8.39 9.06 
9.12 0.20 7.63 8.16 8.90 


8.70 0.25 7.02 7.68 8.59 
8.31 0.30 6.51 7.31 8.38 
7.94 0.35 6.08 7.01 8.25 
7.60 0.40 5.70 6.76 8.16 
7.29 0.45 5.35 6.55 8.10 
7.00 0.50 5.03 6.35 8.07 
6.74 0.55 4.73 6.17 8.05 
6.50 0.60 4.44 6.00 8.035 
6.27 0.65 4.16 5.84 8.02 
6.07 0.70 3.90 5.69 8.025 
5.88 0.75 3.65 5.54 8.026 
5.7 0.80 3.41 5.41 8.014 
5.56 
0.9 2.96 5.16 8.016 
2.56 4.95 8.00 
2.20 4.76 
1.88 4.61 
1.61 4.48 
1.37 4.38 
1.16 4.29 
0.98 4.23 
0.83 4.17 
0.70 4.13 
0.59 4.10 
0.50 4.07 
0.42 4.05 
0.35 4.04 
0.30 4.02 
0.25 4.02¢ 


— 
a 
=> 


5.21 
4.92 
4.66 
4.44 
4.23 
4.04 
3.87 
3.69 


3.37 
3.06 
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0.00 12.00 12.00 12.00 
0.02 11.42 11.47 11.55 
0.04 10.85 10.95 $4.12 
0.06 10.32 19.47 10.71 
0.08 9.83 10.03 10.35 
0.10 9.37 9.63 10.02 




















« Brown, Bartlett, and Dunn, Phys. Rev. 44, 296 (1933) (without exchange) 
b A. Jucys, Proc. Roy. Soc. (London) A173, 59 (1939) (with exchange). 
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e Hartree, Hartree, and Swirles, Trans Roy. Soc. ~ (London) A238, 229 (1939) (with exchange). 
4p. R. Hartree and W. Hartree Proc. Roy. Soc. (London) A193, 299 (1948) (with exchange) 
e A. Kritschagina and M. Petrashen, J. Exptl. Theoret. Phys. (U.S.S.R.) 8, 507 (1938) (with exchange 
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TABLE I.—Continued. 
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CHARGES FOR ATOMS 


TABLE IT. Atoms whose 2Z,’s are given in the literature. 


Atomic number 
19 K Yi K ++ 
20 Ca, Ca** 
26 Fe 
29 Cut 
37 Rb*t 
47 


Element 
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Range-Energy Relations of 10- to 250-kev Protons and Helium Ions in Various Gases* 


CHARLES J. Cook, EMERSON JONES, JR.,f AND THEODORE JORGENSEN, JR. 
University of Nebraska, Lincoln, Nebraska 
(Received May 5, 1953) 


An analyzed beam of ions was brought through a differential pumping system into a low-pressure gas 
stopping cell, where the data necessary to plot a Bragg curve were obtained with the aid of a double grid 
ionization chamber of variable transverse radius. It was found that the resulting ionization extrapolated 
ranges may be uniquely determined only if the ionization chamber radius is greater than the transverse 
radius of the ionization envelope of the beam in the stopping gas. The ionization extrapolated range-energy 
relations for slow protons and alpha particles were determined in various gases. These data are also expressed 
in terms of an empirical relation. The observed range-energy relations are compared with previous data 


where they exist 


INTRODUCTION 


HE range-energy relations of protons and alpha 

particles in various gases have been studied in- 
tensively in the past.' However, there has been a need 
for further measurements in this field at low energies.?~® 
The purpose of this investigation is to establish experi- 
mentally the range-energy relations for low-energy 
protons and helium ions in various gases. An ionization 
extrapolated range was determined by bringing a 
homogeneous beam of ions of known energy through a 
differential pumping system of negligible stopping 
power, into a low-pressure gas, where data for a Bragg 
curve were obtained by using a movable ionization 
chamber. 


EXPERIMENTAL APPARATUS 


The ion beam was produced by a Cockcroft-Walton 
accelerator, and after being magnetically analyzed, was 
brought to focus on the exit aperture of the differential 
pumping window leading into the stopping cell as 
shown in Fig. 1. The ion beam was accurately centered 

* Research performed under contract with the U. S. Atomic 
Energy Commission. ; 

t Now at the Los Alamos Scientific Laboratory, Los Alamos, 
New Mexico. 

1A. E. Taylor, Repts. Progr. Phys. 15, 49 (1952). 

2 Cornog, Franzen, and Stephens, Phys. Rev. 74, 1 (1948). 

3H. A. Bethe, Revs. Modern Phys. 22, 213 (1950). 

4A. P. French and F. G. P. Seidl, Phil. Mag. 42, 537 (1951). 

5W. A. Wentzel and W. Whaling, Phys. Rev. 87, 499 (1952). 


on this aperture by means of electrostatic deflection, 
which could move the beam both horizontally and 
vertically. 

The differential pumping system consisted of three 
thin tungsten or tantalum diaphragms with a small 
aperture in each to pass the beam and to impede the 
flow of gas from the stopping cell; further details are 
shown in Fig. 2. Corrections to the ranges caused by the 
observed gas pressure in the intermediate regions of 
this window were calculated and were found to be less 
than 0.3 percent in all cases. 

The energy of the ion beam was determined by 
measuring the potential of the anode of the high-fre 
quency ion source, since the energy of the accelerated 
ions is known to be only about 100 volts less than this 
potential. The accelerating potential was measured by 
accurately determining the potential drop across a 
known fraction of a 1200-megohm voltmeter stack 
with a Leeds and Northrup K-2 potentiometer. This 
fraction was checked frequently and adjusted within 
0.1 percent of the desired ratio so that temperature 
effects were compensated. 

This arrangement was checked by means of the 
Mg(p,v) resonance at 222 kev.® A series of daily meas- 
urements of this resonance indicated that the voltmeter 
read 2 percent high with a 2 percent variation. These 
variations were random and not due to a possible film 


6 Hole, Holtsmark, and Tangen, Z. Physik 118, 48 (1941). 
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lic. 1. Schematic diagram of the accelerator and 
experimental apparatus. 


forming on the target. Therefore, the beam energy was 
considered to be known within 2 percent above 125 kev 
and 1 percent below. Variations in the accelerating 
potential detectable by the voltmeter were kept less 
than 0.015 percent of the desired potential from 20 to 
250 kev by means of a galvanometer-phototube-ampli- 
fier system used to control a variable impedance trans- 
former in series with the primary of the high voltage 
transformer.’ The ripple of the accelerating potential 
was no greater than 0.15 percent for a well focused 
beam. The analyzing magnet current regulator main- 
tained the magnet current within 0.2 percent of any 
selected value. 

The gas stopping cell was a brass tube 6 inches in 
diameter and 200 cm long. The ionization chamber 


could be moved over most of the length of the stopping 
cell, and its position was measured to the nearest milli- 


meter. Gas was let into the stopping cell through a man- 
ifold of five needle valves. The pressure of the stopping 
gas was measured with two McLeod gauges especially 
constructed for precise reading in the pressure range 
used. There were two traps, cooled with a dry ice-acetone 
mixture, in series between the gauges and the stopping 
cell. During the experiment the stopping gas flowed 
through the stopping cell at a nominal rate of one cc 
per minute, varying of course with the pressure and 
kind of gas. The secular equilibrium pressure could be 
maintained with only slight variation over long periods 
of time. The pressures were assumed known to +0.5 
percent. Temperatures were determined to the nearest 
degree by a mercury thermometer in contact with the 
wall of the stopping chamber. 

The ionization chamber consisted of a collecting 
plate and two grids, all of brass. The plate was divided 
into annular rings 1, 2, 3, 4, 5, and 6 cm outside radii. 
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Fic. 2. Schematic diagram of the differential pumping system. 


™L. N. 
(1937). 


Ridenour and C. W. Lampson, Rev. Sci. Instr. 8, 162 
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The electrical connections to these rings were such 
that any one ring or any combination of them could be 
connected to a single galvanometer for measuring the 
ionization current, while the rings that were not used 
in this way served as guard rings. The largest ring al- 
ways served as a guard ring. The collecting plate was 
kept at a positive potential, the middle grid was kept 
at a negative potential to repel electrons which would 
otherwise arrive at the plate from the region in front 
of the ion chamber, and the front grid was kept at 
ground potential. A careful study showed that the 
range measurements were independent of the ion 
chamber potentials over wide limits. The grid-grid and 
grid-plate spacings were 3.0 mm, and corrections for 
the depth of the chamber were made for all range deter- 
minations. 


EXPERIMENTAL PROCEDURE 


The ionization extrapolated range of an ion beam in 
a gas was determined by plotting a Bragg curve show- 
ing the relative ion chamber currents for various posi- 
tions of the chamber along the stopping cell and extra- 
polating the straight portion of this curve to zero 
current. It is necessary, in order to obtain precise data 
for such a Bragg curve, that the beam current entering 
the stopping cell and the pressure of the stopping gas 
remain constant while the data is being taken. It was 
found that the major contributions to the instability 
of the beam were due to slight changes in the position 
of the focused spot caused by slight variations of the 
many parameters involved in producing a well-focused 
beam with this accelerator. These position changes need 
be very slight since the diameter of the focused beam 
was about the same as the diameter of the aperture of 
the window. Rather than attempt to stabilize the 
accelerator completely, the beam was swept vertically 
past the window aperture with 60-cycle modulation of 
large amplitude. The ion beam then passed the window 
at essentially a constant rate, and as a result, minor 
vertical changes in position of the beam that would 
ordinarily decrease the beam current into the stopping 
cell did not produce a detectable change of the average 
modulated beam current into the stopping cell. The 
horizontal.changes in position of the focused spot were 
eliminated by slowly varying the magnet current in 
order to observe the maximum ionization current. 
Other factors influencing the average beam current 
into the stopping cell produced negligible variations. 
Careful investigations showed that ionization extra- 
polated ranges do not depend upon beam modulation 
even when the beam current into the stopping cell is 
reduced by a factor of 1000 by modulation. 

To make sure that a given. Bragg curve depended 
only on the ionizing power of the beam, the data were 
taken, once for successive positions of the chamber for 
increasing chamber-window distances, and then again 
for successive positions for decreasing chamber-window 
distances. If both curves were essentailly the same, 
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there could have been no pressure change, beam in- 
tensity changes, etc., and the curves were accepted. All 
other Bragg curves were rejected. The ionization ex- 
trapolated ranges can be determined within +0.5 
percent from the original data. 

While the apparatus was being developed so that 
Bragg curves could be obtained with suitable preci- 
sion, preliminary experiments showed that the extra- 
polated ranges of protons of a known energy in a gas 
determined with an ionization chamber of fixed radius, 
when normalized to standard conditions of pressure 
and temperature, were not independent of the pressure. 
This effect is caused by the scattering of the beam by 
the stopping gas. At lower pressures, the ionization 
envelope of the beam in the gas is so large that the 
ionization current collected by the ionization chamber 
decreased rapidly with the increasing distance along 
the stopping cell, primarily because the beam is 
scattered outside the volume swept by the chamber 
and only partially because of a decrease in the ionizing 
power of the beam. A set of Bragg curves taken with 
various sized chambers showing this effect is given in 
Fig. 3. 

If it is assumed that the size of the ionization en- 
velope is inversely proportional to the pressure, it 
would appear that an increase in pressure should 
produce the same effect in the normalized range as a 
corresponding proportional increase in the radius of 
the ionization chamber. In other words, the normalized 
range for a given product of pressure and chamber 
radius Pr should be unique for a given stopping gas 
and particle energy. Normalized ranges for 60-kev 
protons in hydrogen are plotted in Fig. 4 against the 
values of Pr. This curve shows the range to be a func- 
tion of Pr within experimental error. These curves 
were obtained for various gases at various energies, and 
all had similar shapes. They all showed the character- 
istic “saturation” effect at the higher Pr values. This 
saturation occurs when the pressure of the gas and the 
radius of the chamber are such that essentially all of 
the ionization envelope is contained in the volume 
swept by the ionization chamber. 

To assure that saturation occurred in every range 
determination, and therefore that a unique range was 
obtained, it was not necessary to obtain a Pr curve for 
every energy. It was enough to show that the observed 
range is the same for ionization chambers of 4- and 5-cm 
radius. The procedure adopted was to observe the Bragg 
curves at as low a pressure as possible and yet have a 
saturated range. This procedure reduced the relative 
error inherent in observing the position of the ioniza- 
tion chamber as well as the correction due to the finite 
depth of the ionization chamber. 

After the criterion for unique normalized ionization 
extrapolated ranges was established, it was possible to 
measure these ranges in gases with good precision. The 
errors in the high potential determination were re- 
flected into errors in the normalized range amounting 
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Fic. 3. Bragg curves for 50-kev protons in CO gas at 1.06-mm 
Hg for 1-, 2-, 3-, 4-, and 5-cm radius ionization chamber. 


to 3 percent above 125 kev and 1.5 percent below. 
These errors, together with errors of +0.5 percent in 
the pressure and +0.3 percent in the temperature of 
the stopping gas, +0.5 percent in the measurement of 
the position of the ion chamber, and 0.5 percent in 
the extrapolation of Bragg curves are consistent with 
actual variations in the range determinations. The 
root-mean-square deviations for proton ranges were 
investigated for all stopping gases at various energies 
from 50 to 200 kev and were always found to be less 
than 1.4 percent. 

Errors introduced into the range determinations by 
contaminants in the stopping cell were difficult to 
estimate. The stopping cell was pumped down to a low 
pressure, as shown on an ionization gauge, and was 
tested for rate of pressure rise each day before the 
stopping gas was let into the stopping cell. This was 
done to insure that no appreciable vapors from within 
the apparatus nor any air leaking into the stopping 
cell could contaminate the stopping gas. Gases were 
admitted to the stopping cell through two dry  ice- 
acetone traps in series to remove water vapor. Hydro- 
gen gas was further purified by removing a trace of 
oxygen catalytically. All gases were from commercial 
tanks and were stated to be 99.5 percent pure or better 
except for nitrous oxide which was stated to be 98 per- 
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Fic. 4. Variation of the normalized range with effective 
chamber size for 60-kev protons in hydrogen gas. 
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TABLE I. Observed ionization extrapolated ranges for protons. 
I g 


cm at I-mm Hg, 15° 
Nir N CQO CH<s 


89.0 


96.3 


cent pure with unknown impurities, Air was drawn 
from outside the laboratory and carbon dioxide was 
obtained from the solid form. Since the ranges of 
protons in all gases except hydrogen are about the 
same, small amounts of likely impurities would cause 
insignificant errors in the ranges. Since the ranges in 
hydrogen from four different tanks from different 
suppliers were experimentally identical, it was as- 
sumed that the nitrogen contaminant was negligible in 
each. Care was taken that no mercury vapors from the 
McLeod gauges entered the stopping cell except that 
which came past the two traps. No evidence could be 
found of possible mercury contamination. 
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EXPERIMENTAL RESULTS 


Ionization extrapolated ranges of protons and helium 
ions in the various gases studied, normalized to 1-mm 
Hg and 15°C, are shown in Tables I and IT. 

The relation between the normalized range R and the 
incident energy £ can be very closely approximated by 
empirical relations of the form 


R=kE", E<E,; R=C(E+E))!5, 


where k, C, £,, and ” are parameters chosen so that 
these relations fit the data, and Ey is the energy for 
which the rate of energy loss is a maximum. The first 
equation is suggested by the linear portion of the 
curves when the data are plotted on log-log paper. The 
second equation is suggested by Geiger’s relation’ for 
high energies. The requirement that these two em- 
pirical relations must be continuous with their first 
derivatives at Ey reduces the number of independent 
parameters, including Eo, to three. The empirical re- 
lations fit the data to within 2 percent except near Ep. 
Values of the parameters are shown in Tables IIT and 


IV. 


E> Eb, 


DISCUSSION OF RESULTS 


Since, at the present time, there are no existing 
theoretical range-energy relations for ions below the 
energy for which Bethe’s equation® is valid, here called 
slow ions, it is only possible to compare the range- 
energy relations found in this experiment with similar 
range-energy relations found in previous experiments. 

Bethe*® and Jesse and Sadauskis" have constructed 
the most precise range-energy relation for alpha 
particles in air previously available in this energy 
range. It was based on the experiment of Holloway and 


TABLE IT. Observed ionization extrapolated ranges for alpha- 
particles in various gases. 


Ranges—cm at Il-mm Hg, 15°C 
F. kev A Air Hy, 
125 
ais 168 
40.4 203 
234 





20.0 
30.0 
40.0 
50.0 


60.0 ; 251 
70.0 276 


70.5 
80.0 


60.0 
302 


71.0 324 
76.1 342 
&9.0 391 


81.4 


90.0 86.8 
100 91.4 
125 105 

150 118 101 433 


175 129 114 467 
141 124 506 
151 131 534 
161 143 585 


8H. Geiger, Proc. Roy. Soc. (London) $3, 492 (1910). 

M.S. Livingston and H. A. Bethe, Revs. Modern Phys. 9, 261 
(1937). 

1 W. P. Jesse and J. Sadauskis, Phys. Rev. 78, 1 (1950). 
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Livingston" in which the specific ionization of a single 
alpha particle in the air was determined and the mean 
range of a beam of alpha particles in air was then 
calculated using W (air), the energy lost by the incident 
alpha particle per ion pair produced im air. Jesse and 
Sadauskis found that above about 300 kev, W (air) was 
not a constant as was assumed for all energies by 
Holloway and Livingston. They then recalculated the 
range-energy relation from the specific ionization as 
observed by Holloway and Livingston for energies 
greater than 271 kev. However, the work of Jesse and 
Sadauskis may be extrapolated to lower energies by 
extending the linear relation that exists from 300 kev 
to 2 Mev for the ratio of W(argon) to W (air)."° The 
range-energy relation that is calculated from the 
specific ionization curve as found by Holloway and 
Livingston, using this low energy extrapolation, is 
shown in Fig. 5 and is labeled the Jesse and Sadauskis 
(1950) extrapolated range-energy relation, 

The range-energy relation for alpha particles in air 
found in this investigation [the University of Nebraska 
(U. of N.) 1953 relation) ] is also shown in Fig. 5. The 
Bethe (1950) relation for alpha particles in air was also 
determined by extrapolating the work of Jesse and 
Sadauskis and thereby correcting the ranges calculated 
by Holloway and Livingston. This curve is essentially 
the same as the U. of N. relation. It is apparent that 
the agreement between the relations presented so far 
depend upon fortuitous extrapolations of the work of 
Jesse and Sadauskis. 

The Bethe® (1937) range-energy relation for alpha 
particles in air is also given in Fig. 5. This relation was 


TABLE III. Empirical range-energy relation constants for 
protons in various gases. 


Gas K cm/(kev)" C cm/(kev)! n 


Hydrogen 
Oxygen 
Argon 


Eo kev E, kev 


is 33 
79.0 88 
58.4 73 


76,5 80 
629 70 
77.3 86 


0.67 
0.71 
0.67 


0.147 
0.0400 
0.0440 


Air XS 0.0393 
Nitrogen 0.0414 
Carbon monoxide 0.0376 


0.0385 67 =56 70 
0.0251 J 73 92 
0.0259 ; 95 


Methane 
Nitrous oxide 
Carbon dioxide 





TaBLe IV. Empirical range-energy relation constants for 
alpha particles in various gases. 


Gas n K cm/(kev)" 


0.558 a5. 
0.596 5.9: 
3 


Hydrogen 
Argon 
Air 0.687 


''M. G. Holloway and M. S. Livingston, Phys. Rev. 54, 18 
18 (1938). 
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Fic. 5. Range of alpha particles in air at 760-mm Hg and 15°C. 


derived from cloud chamber work by Blackett and 
Lees” and is admittedly quite inaccurate.*:” 

The range-energy relation for protons in air has been 
previously derived from the range-energy relation for 
alpha particles in air, at 760-mm Hg, 15°C, by the semi- 
empirical expression® 

Ry(E) =1.0072R, (3.971 E) — 0.20, 


where Ry(£) is the range in cm of a proton of incident 
energy E, R,(3.971E) is the range in cm of an alpha 
particle of incident energy 3.971E, and 0.20= Blackett’s 
empirical constant. This relation is valid in the energy 
region where Bethe’s expression for the rate of energy 
loss of the ion is valid, that is, for proton energies above 
300 kev and alpha-particle energies above 1200 kev. 
Below this region Blackett’s constant becomes a de- 
creasing function of energy. 

Jesse and Sadauskis" used the above expression to 
calculate the range-energy relation of protons in air 
down to an energy of 302 kev (calculations from their 
table of alpha-particle ranges give 0.40-cm range at 
306 kev for protons in air). Bethe® used this expression 
down to a proton energy of only 500 kev. From 0 to 
170 kev Bethe calculated the ranges from the rate of 
energy loss of protons in air as determined by Cren- 
shaw." The region from 170 to 500 kev was fitted by 
interpolation. Bethe’s 1950 relation, as well as Jesse 
and Sadauskis’ range at 306 kev, are shown in Fig. 6, 
The Bethe 1937 alpha-particle ranges, which are based 
on the work of Blackett and Lees, appear to be too long, 
and it would seem that the proton ranges should thus 
also be too long. In fact, the Bethe ranges at 306 kev 
are nearly 20 percent longer than that calculated at 
this energy by Jesse and Sadauskis. 

2—P. M.S. Blackett and D. S. Lees, Proc. Roy. Soc. (London) 


134, 658 (1932). 
18, M. Crenshaw, Phys. Rev. 62, 54 (1942) 
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The U. of N. ranges of protons in air are also shown 
in Fig. 6. The U. of N. range at 306 kev found by means 
of the empirical relation is 0.393 compared to 0.40 cm 
calculated by Jesse and Sadauskis. These two ranges 
differ by less than the experimental error and indicate 
that Blackett’s is probably not energy- 
dependent for energies greater than 300 kev. 

The U. of N. and the Brookhaven" range-energy rela- 
tions for protons in hydrogen are shown in Fig. 7. The 
range-energy relation published by the Brookhaven 
National Laboratory was obtained from the theoretical 
stopping power of protons in hydrogen as calculated by 
Hirschfelder and Magee.'® The range-energy relations 
determined by Crenshaw" and Phillips'® agree with the 
U. of N. range-energy relation within experimental 
error. The agreement found between these various 
range-energy relations for protons in hydrogen is most 


constant 


gratifying. 

In the comparison of present results for the other 
gases with previous work it is necessary either to inte- 
grate the rates of energy loss data to obtain ranges or 
to differentiate the present data to obtain rates of 
energy loss. Satisfactory comparisons have not been 
obtained by either procedure. 

Probably the best way of obtaining rates of energy 
loss from the present data is to differentiate empirical 


e U.ot N. (1953) 
+ JESSE & SADAUSKIS (1950) 
© BETHE (1950) 

BETHE (1937) 


MEY, 


ENERGY 








Ol 02 3 04 
RANGE cm 
Fic. 6. Range of protons in air at 760 mm Hg and 15°C 
4 H. Bethe, Brookhaven National Laboratory Report BNL-T-7, 
1949 (unpublished). 
16 J. O. Hirschfelder and J. L. Magee, Phys. Rev. 73, 207 (1948). 
16 James A. Phillips, Phys. Rev. 90, 532 (1953). 
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Fic. 7. Range of protons in hydrogen gas at 760 mm Hg and 15°C. 


relations suitable for this purpose. The empirical re- 
lations previously given have discontinuous second 
derivatives at EZ». This, of course, creates errors in the 
rate of energy loss curves obtained from the present 
data. Mechanical differentiation likewise is subject to 
errors. Nevertheless, all attempts to find rates of energy 
loss from the present data give values that are greater 
than the results given by the differential type experi- 
ment. For protons in argon, the present experiment 
gives rates of energy loss of the order of 20 percent 
greater than the Los Alamos results.'® The difference 
appears to be too large to be accounted for by experi- 
mental errors or errors in differentiation. 

Although this difference in the rates of energy loss 
could be caused by a large systematic error, it should 
probably be attributed to the fundamental difference 
of the two experiments. The differential type experi- 
ment excludes from consideration any particle which 
has suffered an appreciable angular scattering, while 
the present integral type of experiment gives a unique 
result only when essentially all the ions are collected. 
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Ihe capture cross sections for unmoderated fission neutrons, effective energy one Mev, are determined 


by the average properties of nuclear levels at excitation energies equal to neutron binding plus one Mev 
Che level spacings determined from measured cross sections for 61 isotopes are discussed in connection with 
the statistical and shell nuclear models. Whereas the discontinuity in neutron binding energy at magic 
numbers accounts for most of the abnormality of the cross sections of the magic-N nuclei, the effect of shell 
structure is evident in level spacing even at high (5-7 Mev) excitation energy. The level spacings obtained 
for nonmagic-number nuclei, on the other hand, are in reasonable agreement with the statistical nuclear 


model, and in addition are the same for levels of widely different spi 


HE results of a survey'? of capture cross sections 

for one-Mev (effective energy) neutrons showed 
that nuclei containing 50, 82, and 126 neutrons had 
cross sections lower by a factor of fifty than neighbor 
ing nuclei. The low cross sections for these nuclei were 
explained in terms of the sudden decrease in neutron 
binding energy that occurs at completed nuclear shells. 
The fast neutron absorption cross section is propor 
tional to the average level density in the compound 
nucleus, which density is a rapidly increasing function 
of excitation energy. As the excitation energy following 
capture is given by the neutron binding energy plus 
one Mev, the low cross sections furnished evidence for 
the occurrence of “‘magic-number”’ nuclei with unusually 
low binding energy. At the present time, however, neu- 
tron binding energies are reasonably well fixed by work 
with (y, ), (”, 7) and (d, p) reactions,’ and the fast 
capture cross sections can be used to determine the 
nuclear level densities at known excitation energies 
The level densities determined in this way can be used 
to check the validity of the statistical nuclear model 
with regard to variation of level density with odd-even 
character, with atomic weight, and with magic num- 
bers. In the present paper we shall discuss the level 
densities determined from the experimental cross sec 
tions, after a brief description of measurements more 
recent than those already reported.'” 


I. EXPERIMENTAL RESULTS 


The fast cross sections of references 1 and 2 were 
measured at the deuterium-moderated pile of the 
Argonne National Laboratory, using unmoderated fis 
sion neutrons of effective energy one Mev for the cap- 
ture reactions. The fission neutrons were obtained from 
a U* plate that was placed in a thermal beam with 
no shielding, and because of the high fast flux produced, 
irradiations could be performed only when no other 


*Work carried out under contract with the U. S. 
Energy Commission. 

t Now at Brooklyn College, Brooklyn, New York. 

' Hughes, Spatz, and Goldstein, Phys. Rev. 75, 1781 (1949); 
this paper contains references to older work. 

? D. J. Hughes and D. Sherman, Phys. Rev. 78, 632 (1950). 

3’ Summarized by J. A. Harvey, Phys. Rev. 81, 353 (1951). 
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at the pile. A’ similar 
“converter plate, Brookhaven for the 
same type of measurements, is shielded in such a way 
that irradiations can take place without interfering 
with other pile experiments. The shielding of the fission 
neutrons is difficult because it is necessary to avoid the 
production of resonance neutrons by slowing down in 
the shielding blocks, neutrons which have capture 
higher than the unmoderated 


experiments were in progress 
” now in use at 


cross sections much 
neutrons. 

The purpose of the present design (Fig. 1) is to ob- 
tain a high flux of thermal neutrons (which do not need 
to be collimated) at the U*® plate, with as few resonance 


neutrons as possible, and to shield the plate without 


production of resonance neutrons in the shield. The 
plate is placed near the pile reflector in order to obtain 
a high thermal neutron flux, even though resonance 
neutrons from the pile lattice are appreciable at that 
position. Placing the plate at a thermal column would 
ensure a low resonance flux, but would entail a serious 


loss of thermal flux. 

The cadmium ratio measured in the position of the 
plate (the plate being absent) with a 1/v detector (a 
BF; proportional counter) is about 200, a surprisingly 
low value considering the amount of graphite reflector 
between the point of measurement and the pile lattice. 
Additional experiments showed that the resonance neu- 
trons causing the poor ratio were those leading out of 


REMOVABLE SHIEL 


Fic. 1. Experimental 
arrangement for produc 
tion of unmoderated 
fission neutrons inside 
shield of the Brook PILE y ALUM. TANK 
haven pile. The foil in SHIELD VS 
side cadmium is acti 
vated by fission neu 
trons and the bare foil 
is a monitor of the ther 
mal flux. 

COOLING «AIR — 


GRAPHITE REFLECTOR 
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COUNTER TUBE 
CONNECTION 


Anticoincidence counter used for measurement of weak 
The counter surrounding the central G-M_ tube re- 
background and thus reduces the back 


Fic. 2 
activities 
moves the cosmic-ray 
ground to about 6 counts/min 


the center of the pile through cooling channels (air 
ducts) and reaching the plate indirectly, rather than 
coming directly through the graphite itself. In meas- 
urements of fast neutron capture cross sections, it has 
been necessary in many cases to surround the samples 
by protective layers of the element being irradiated in 
order to eliminate, by self protection, the resonance 
neutrons. Such a “sandwich” arrangement is satis 
factory for most isotopes, but for a few with prominent 
low-lying resonances, such as In and Au, further cor- 
rections must be made. It has been found to be quite 
simple to carry on long irradiations in the arrangement 
of Fig. 1 without disturbing other experiments at the 
pile, and this property of the apparatus is very useful 
for the long-lived activities that have been measured 
recently 

An anticoincidence counter has been developed? for 
measuring the long-lived samples of low activity often 
produced in this work. This counter, shown in Fig. 2, 
removes the cosmic-ray component of the end window 
counter background, thus lowering the background to 
about 6 ¢ m, which is probably contributed by the 
material of the counter tube itself (lead gaskets, for 
instance). The reduction in background already ob- 
tained is very useful for weak activities, and counters 
are now being prepared of materials that should have 
still lower background ratios. 

‘We wish to express our appreciation to H. Palevsky for the 
design of this counter and to W. Higinbotham for its construction. 
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The recent work at Brookhaven*:® has been devoted 
mainly to cross sections at and near magic number 
nuclei, both proton- and neutron-magic. Some of these 
cross sections have been much more difficult to measure 
than the earlier ones because of isomeric states and long 
half-lives. The results of the Brookhaven measurements 
will be combined with the earlier work in the subse- 
quent discussion. 

In order to illustrate the general behavior of the 
measured cross sections we present in Fig. 3 the isotopic 
activation values as a function of atomic weight, A. 
The cross sections are found to increase steadily up to 
a value of about 100 millibarns at 4 = 100, after which 
there is no great change, with the marked exceptions 
of those nuclei for which there is a magic or near-magic 
number of protons or neutrons. All the target nuclei 
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Fic. 3. Isotopic activation cross sections at effective 
energy one Mev as a function of atomic weight. 


investigated have an even number of neutrons, with 
the single exception of 7;Lu!’®, which is seen to have a 
fast cross section over twice as great as that for nuclei 
of comparable atomic weight. The 61 isotopes studied 


are approximately equally divided into those of odd 
1. In all cases the residual nuclei after neutron 
capture are beta emitters, being on the neutron rich 
side of the valley of stabilitv. The smooth curve is a 
a graphical average of the experimental points for 
those isotopes whose cross sections represent what may 


and even. 


be called ‘normal behavior.” 

The exceptional behavior of nuclei having a magic 
number of neutrons is brought out more clearly by 
plotting the cross sections against the number of neu- 
trons as in Fig. 4. Those nuclei containing 50, 82, or 
126 neutrons are found to have cross sections that 


5 Hughes, Garth, and Eggler, Phys. Rev. 83, 234 (1951). 
6 Garth, Hughes, and Levin, Phys. Rev. 87, 222 (1952). 





FAST NEUTRON 
range from one-hundredth to one-tenth of those of 
normal nuclei. The two Mo and the two Ru isotopes 
indicate an anomalously low cross section in the region 
56-60 neutrons but the cross sections of Rh and Ag are 
normal. It is perhaps significant that the latter have 
even, and the former odd Z. When the cross sections 
are plotted against the atomic number Z (Fig. 5), it is 
found that there is a less sensitive dependence upon 
the number of protons in the target nuclei. The low 
values of cross section for tin isotopes having 50 protons 
and for lead having 82 protons are noteworthy, although 
for ..Pb** the magic number of neutrons may obscure 
the effect of a magic number of protons. For Ca‘, how 
ever, there is no marked difference in behavior from 
that of neighboring nuclei. The points are plotted with 
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4. The cross sections of Fig. 3 as a function 
of neutron number of target nucleus. 


Fic 


open circles for even Z and solid dots for odd Z to show 
that there is no obvious regularity in the pattern that 
may be ascribed to the even-odd character of Z. Quan- 
titatively, it is found that on the average the nuclei of 
odd Z have a fast cross section that is slightly (35 per 
cent) higher than the nuclei of even Z, if all nuclei that 
contain magic or near-magic numbers of neutrons or 
protons are ignored. The 56 60 neutron isotopes just 
discussed are also omitted in this calculation, 

The regular pattern of cross sections as well as the 
exceptional behavior at magic numbers that is illus- 
trated in Figs. 3, 4, and 5 is directly related to the level 
densities in the compound nuclei involved. These level 
densities can be calculated from the observed cross 
sections and compared with various nuclear models, 
as well as with other experimental results on level 


densities 
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II. DETERMINATION OF LEVEL DENSITIES 
FROM CROSS SECTIONS 
The fission neutrons have an effective energy! for 
the capture reaction of 1 Mev, and an energy spread 
sufficiently wide that the cross section is determined by 
resonance properties averaged over many levels. The 
cross section in this situation is given’ by 


w(P ail yiav 


o,= 7X" (2/+1) (1) 


D|| (Prowt (PV yo av 


where a; is the contribution to the cross section of neu- 
trons with angular momentum /h and wavelength X. 
I, and I',, are the neutron and radiation widths re- 
spectively of the many levels involved, with “Av” sig 
nifying average values, and D, is the spacing of levels 
formed by / neutrons.® Considering only /=0, it is seen 
that where’, >I, (neutron energy > 10 kev) the varia- 
tion of cross section with energy will be as 1/42. As the 
neutron energy increases further, however, the capture 
cross section falls off less rapidly as higher /’s become 


important. 

The effect of higher / interactions can be illustrated 
by summing Eq. (1) over all significant /’s, remembering 
that the highest effective / is given by /A=R (the nu- 

! 


clear radius), and that >> (2/+1)= (/+-1)*. We thus 
obtain . 
2m? (X+ R)V,/D, (2) 


o(n,y) 


if we assume that D, (here written as D) is the same for 
all /’s, a form already given by Bethe,’ which shows that 


EVEN 2 
e 0002 


2 


5. The cross sections of Fig. 3 as a function of 


atomic number of target nucleus 


Fic. 


’ Feshbach, Peaslee, and Weisskopf, Phys. Rev. 71, 145 (1947). 

* The spin factor that appears for the cross section of a single 
resonance becomes unity when averaged over many resonances 
The level spacing D, refers to levels of a single spin and parity 
value of the compound nucleus, formed by neutrons of angular 
momentum Lh 


*H. A. Bethe, Phys. Rev. 57, 1125 (1940 
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a is proportional to 1/F if A>R, that is, for /=0. For 
this case we have 


a(n, ¥)=2m’rT',/Do, (3) 


which gives the cross section as a simple function of the 
radiation width and level spacing. Measured cross-sec- 
tion' curves near 1 Mev show a definite 1// behavior 
and hence indicate that /=0 interactions predominate, 
in spite of the fact that X% and R are comparable for 
1-Mev neutrons at A = 100. 

When the measured values of the capture cross sec- 
tions (for the effective energy 1 Mev) are substituted 
in Eq. (3), together with values of the radiation width, 
I',, the average spacing of levels, Do, can be found. 
Fortunately the radiation width is known reasonably 
well, at least for heavy elements. For atomic weights 
greater than 100, I’, is about 0.1 ev, and is not much 
affected by changes in excitation energy. Its value in- 
creases to several ev for atomic weights near 20. 
Heidman and Bethe'? have made an estimate of I’, as 
a function of A for excitation by neutron capture, and 
their results are shown in Fig. 6. The level separation 
thus obtained by use of Eq. (3) refers to levels formed 
by neutrons for which /= 0, and to an excitation energy, 
E*, of the compound nucleus equal to 1 Mev plus the 
neutron binding energy, /¢g. The neutron binding ener 
gies for most nuclei are known to a few hundred kilo 
volts, and can be computed by means of Fermi’s em 
pirical mass formula,'' with corrections obtained from 
the summary of experimental data by Harvey.* 

The values of Do calculated from Eq. (3) are listed 
in Table I, which also includes the isotopic capture 
cross sections for neutrons of thermal energy that are 
used in the measurements'?-*.* for neutrons of 1 Mey 
effective energy. The excitation energy, /*, the spin 
of the target nucleus, and the particular activity meas- 
ured are also tabulated. In a few cases isomeric activities 
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Fic. 6. The radiation width as a function of atomic weight 
for levels excited by slow neutrons, as given by Heidman and 
Bethe (see reference 10). 

© J. Heidman and H. A. Bethe, Phys. Rev. 84, 274 (1951); our 
use of the radiation width estimated by these authors is not 
legitimate for A <40 because of their use of the fast capture cross 
section data itself in that region in determination of the widths. 

1 N. Metropolis and G. Reitwiesner, Table of Atomic Masses 
(Argonne National Laboratory, Lemont, Illinois, 1950). 
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LEVEL DENSITY FORMULA 
FOR £*=80 MEV 
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Fic. 7. Level spacings for “normal” (nonmagic-number) nuclei 
calculated from experimental cross sections, compared with the 
prediction of the statistical model for 8-Mev excitation. The 
actual excitation energies of the individual isotopes are also given 


result and it is necessary to add these activities to ob- 
tain the complete (n, 7) cross section. For Sn’ and 
Sn! only lower limits for the latter were obtained be- 
cause the long-lived isomeric states have not been 
measured, while in several other cases the thermal iso- 
to hold for the fast 


meric ratio was assumed cross 


sections. 


Ii. COMPARISON OF LEVEL DENSITIES 
WITH NUCLEAR MODELS 


It is of interest to compare the average level spacings 
obtained from the measured fast cross section with the 
predictions of various theoretical models. In particular, 
it is of great interest to see to what extent the sta- 
tistical model is evidenced as contrasted to the shell 
model that seems to be valid for ground and low-lying 
levels. The statistical model of the excited nucleus leads 
to the familiar formula: 


W (FE) =c exp[2(aE*)*]= 108/Dy, (4) 


where W (42) is the level density, or the average number 
of levels per Mev while a and 6 are parameters. The 
parameters, which vary with atomic weight, are deter- 
mined from experimental values of Do for levels ex- 
cited by neutrons slightly above thermal energy (/:* 
= Ep) and for levels near ground (£*~1 Mev). 

The predicted level spacing may be compared with 
the experimental values for normal (nonmagic-number) 
nuclei very easily because the neutron binding energy 
of each nucleus measured is about 7 Mev. Using the 


3 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, New York, 1952), pp. 371-374. 
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Tae I. Measured isotopic é 
thermal act 





Target 





Neutron 
ucleus number Spin 
Na® 12 3/2 
2Mg’6 14 0 
AP? 14 5/2 
145i™ 16 0 
nC? 20 3/2 
1sA® 22 0 
iK" 22 3/2 
oa? 28 0 
oo 1 i™ 28 0 
2,V8 28 7/2 
»5Mn* 30 5/2 
»7Co™ 32 7/2 
aa Ni™ 36 0 
ou 34 3/2 
aCu® 36 3/2 
Zn 38 0 
Ga” 38 3/2 
Ge" 42 0 
Ass 42 3/2 
a 44 3/2 
Br’ 46 3/2 
s¢Kr™ 48 0 
eKr* 50 0 
Rb* 48 5/2 
“Rb 50 3/2 
sor? 50 0 
hoa 50 1/2 
Nb* 52 9/2 
Mo 56 0 
Mol 58 0 
wRu'@ 53 0 
aRu™ 60 0 
wsRh' 58 1/2 
aged! 62 0 
aAg!? 60 1/2 
Ag!” 62 1/2 
agIn''® 66 9/2 
soon!™ 70 1/2 
Sn! 72 5/2 
Sn'4 74 7/2 
Sb?! 70 5/2 
p31!?? 74 5/2 
saxe'36 82 0 
sBa!** 82 0 
;La!? 82 7/2 
«Ce 82 0 
f ‘el? 84 0 
Pri! 82 5/2 
eo Ndi46 86 0 
60 Nd8 88 0 
Lu! 104 7/2 
Lu! 105 7/2 
Ta'® 108 7/2 
sw! 112 0 
sRe!®® 110 5/2 
»xRe'* 112 5/2 
srt?” 120 0 
pAu’® 118 3/2 
soll ge” 124 0 
PpL™ 126 0 
Bit 126 9/2 
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activation cross sections for fission neutron 
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Half-life o thermal (b 
15 hr 0.49 
9.6 min 0.049 
2.3 min 0.215 
2.7 hr 0.12 
38 min 0.56 
1.8 hr ye 
12.4 hr 1.0 
8.5 min 1.1 
6 min 0.14 
3.9 min 4.5 
2.6 hr 12.6 
11 min 14 
§ 20 
2.6 hr 2.6 
12.9 hr 4.0 
4.3 min 2.0 
52 min 1.0 
14. hr 0.1 
20) min 1.4 
82 min 0.45 
7; oe 4.1 
18 min 8.5 
4.4 hr 2.9 
36 «hr a 
4 hr 0.1 
10 yr 0.06 
78 min 9.06 
19.5 day 0.72 
17.5 min 0.12 
53 day 0.005 
61 hr 1.38 
6.6 min 1.1 
67 hr 0.13 
15 min 0.18 
42 day 1.2 
4 hr 0.7 
44 sec 137 
4.2 min 12 
13. hr 7.7 
2.3 min 32 
25 sec 84 
225 day 2.2 
13 sec 52 
54 min 145 
27.5 hr 0.13 
>400 day .- 
40 min 0.16 
126 day ore 
9.5 min 0.15 
9.4 day 0.005 
2.8 day 6.8 
27 min 6.7 
3.9 min 0.15 
86 min 0.5 
40 hr 8.4 
28 day 0.27 
33 hr 0.85 
19 hr 11.2 
11 day 1.8 
1.7 hr 3.7 
3.7 hr 25 
10” yr (small) 
6.7 day 4000 
16 min 0.02 
117. day 21 
25 «hr 40 
90 hr 101 
18 hr 75 
3 min 3.9 
2.7 day 95 
3.5 min 0.43 
4.3 hr 0.0006 
5 day 0.017 
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s (effective energy 1 Mev) 
Dy) at excitation energy £* 


o fast (mb E* (Me 
0.26 7.39 
0.6 6.61 
0.37 8.3 
1.1 7.6 
0.74 7.8 
0.93 7.22 
29 8.27 
19 5.35 
1.9 7.01 
1.8 7.81 
3.82 7.73 
4.6 \i1 0» 8.22 
5.1 7.34 
11.4 8.74 
6.0 8.00 
a3 nt 790 
20.9 8.51 
12 7.93 
22.5 8.51 
) ) 
DS . 42.5 9.03 
17 8.62 
Ph <10 9.01 
2.4 6.17 
23.1 9.50 
1.8 6.67 
2.1 7.12 
7.0 7.63 
41 7.94 
10.4 7.32 
12.3 6.87 
30 7.67 
31 7.21 
4 \1090 8.12 
15.4 f ; 
108 7.60 
&5 8.41 
a 178*» 8.03 
57 > 
166 223 8.09 
14 S514 7.82 
) 
2 $512 7.63 
4 19 7.38 
90 8.18 
105 8.33 
1.0 5.65 
2.3 6.26 
5.0 6.55 
5.4 6.85 
4.2 6.54 
11.0 7.15 
40 6.78 
80 6.46 
158 Misa 7.19 
330 8.42 
142 142> 7.12 
71 7.01 
180 7.40 
165 7.23 
64 7.16 
120 7.52 
102 719 
0 5.00 
5 } 5 27 


Was! 


ommerce, 


Also listed are the 


Do (ev 
$.8X< 10* 
1.7 104 
2.510" 
8.0 108 
6.6 1 
4.4 108 
1.3108 
1.5K 10° 
1.3 10 
13K 10 
5.4K 10 
1.610 
29XK1P 
1.3K 106 
24X10 
56 
63 
9? 
47 
23 
5 
> 50 
4.1 10 
35 
4.1K 10 
38K 1 
1.1 10 
16 
58 
47 
18 
17 
5 
5.3 
6 
2.7 
1.9 
<29 
<32 
19 
4.2 
3.3 
3.02 10 
135K 1 
63 
52 
65 
26 
6.7 
3.3 
1.1 
0.5 
1.13 
2.18 
0.87 
0.93 
2.14 
1.15 
1.26 
61 
45 
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Fic. 8 Level spacings for magic and near-magic number 


nuclei calculated from experimental cross sections, compared with 
predictions of statistical model for several excitation energies. 
Actual excitation energies for individual isotopes are given by 
number. @ — Magic-V target nuclei, g—Magic-Z target nuclei. 


average value for /:* of 74-1 Mev in Eq. (4), we obtain 
a curve that shows the variation of Do, the average 
level spacing for this excitation energy, with atomic 
weight. This curve is shown in Fig. 7, together with the 
level spacings obtained from Eq. (3) for the individual 
isotopes. Beside each point is listed its individual ex- 
citation energy, which is usually near 8 Mev. The 
points are seen to follow the pattern of the computed 
curve with good general agreement, especially when 
allowance is made for the deviation of the actual values 
of /£* from the 8-Mev average represented by the curve. 
As the experimental error is of the order of 50 percent, 
no significance can be attached to variations of this 
magnitude for individual cross sections. The theoretical 
level spacing is about right for 4>150 but rises above 
the experimental points with decreasing A, reaching a 
factor of about five at A = 20. Actually, considering the 
approximate nature of the level density formula’ and 
the fact that it was adjusted to fit levels in a lower 
energy region, we see that the agreement exhibited in 
Fig. 7 is satisfactory, especially at high A. 

Before discussing the magic-number nuclei, which 
were omitted from lig. 7, it is of value to consider 
several other characteristics of the spacings of the 
“normal” nuclei. From the observed cross sections for 
nuclei of different spins, we can ascertain if the level 
density increases with spin of the levels. The high-spin 
target nuclei of Table | however, three of spin 9/2 and 
seven of spin 7/2, show the same level spacing as the 
low-spin nuclei. This tinding cannot be explained by a 
large I’, that cancels a large Do because slow neutron 
resonances of these isotopes have normal values of 
I’, (~0.1 ev). The equality of level spacing for different 
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spins is not in agreement with the suggestion’’"' that 
the level density is proportional to (2/+1), where J is 
the spin of the compound nucleus. 

As the nuclei of Table I are approximately equally 
divided between even and odd Z, it is possible to obtain 
a reasonably accurate estimate of the effect of even-odd 
Z on level density. The neutron binding energy (hence 
E:*) is not affected by the odd-even nature of Z, hence 
any difference in cross section depending on Z would 
indicate a corresponding difference in level spacing at 
the same excitation energy. The cross sections of Fig. 5 
do not indicate a large difference between even and odd 
Z, omitting magic-number nuclei, and calculation shows 
that the odd-Z nuclei are higher on the average by only 
35 percent, an amount of doubtful significance. A more 
sensitive test of Z-dependence of level spacing is fur- 
nished by the magic-Z nuclei to be discussed. As the 
binding energy of a neutron to an odd-neutron nucleus 
is higher than to a even-neutron nucleus, a higher ex- 
citation energy and cross section is expected. The only 
example studied is Lu'’®, which has a cross section at 
least twice normal, in agreement with its high neutron 
binding energy. 

In the case of magic-.V target nuclei, it is necessary 
to consider their anomalously low neutron binding 
energy, which accounts for most of the decrease in 
cross section fer these nuclei relative to their normal 
neighbors. As magic-Z nuclei exhibit normal neutron 
binding energies, no cross-section decrease for this 
reason, analogous to that for magic-N nuclei, is ex- 
pected. In Fig. 8 are shown curves calculated from Eq. 
(4) for values of £* ranging from 5 to 8 Mev, together 
with experimental level spacings for nuclei resulting 
from target nuclei containing a magic number of 
neutrons or protons. In the majority of cases it is 
noted that the level spacing calculated from the experi- 
mental cross sections for nuclei with a magic number of 
neutrons exceeds the value predicted by the statistical 
model by as much as a factor of two or three, and in 
some instances by as much as six. Thus, whereas the 
low binding energy of magic-V nuclei accounts for a 
large part of their decrease in cross section, the remain- 
ing discrepancy of Fig. 8 implies that the level spacing 
in the compound nuclei (magic plus one neutron) is 
larger than predicted by Eq. (4) by a factor of about 
four. This anomaly would be even larger if the theo- 
retical level spacings were reduced to conform better 
to the experimental spacing observed for normal nuclei. 

The few magic-Z nuclei (Z7=50) of Fig. 8, with 
approximately normal values of /*, have level spacings 
greater than expected from the theoretical level density 
formula (again allowing for a reduction in theoretical 
spacing to conform with normal nuclei). This result 
indicates that the level spacing in these target magic-Z 
nuclei is greater than predicted by the statistical 
model, as for the magic-V case. The spacing for ».oCa" 


~ 181. Wolfenstein, Phys. Rev. 82, 690 (1951). 


'W. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952). 
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is actually less than expected; hence Z= 20 does not 
seem to exhibit magic behavior. Since the number of 
neutrons is twenty-eight in this nucleus, it is of interest 
to note that there is no evidence from this result that 
twenty-eight is a magic number, as is alsoshown by 22 Ti” 
and »3V%, 

It is thus seen from the results with magic-number 
nuclei that the level spacing is greater than predicted 
by the statistical model for those nuclei containing one 
neutron in addition to a closed shell, whether the shell 
is composed of protons or neutrons. A wide level spacing 
also exists for these particular nuclei for excitation 
energies about one Mev lower, as shown by the sparse 
resonance level structure measured'® with slow neu- 
trons. The difference in behavior between these and the 
normal nuclei is evidence for the effect of shell struc- 
ture on the level spacing, which spacing we have in- 
terpreted in terms of the statistical model for normal 
nuclei. The simultaneous appearance of features of the 
statistical and the shell model, which models seem 
contradictory in their main features, has been the sub- 
ject of several recent studies that have attempted to 
correlate the features of the two models.'* ” 

There are several methods, more or less equivalent, 
of reconciling the shell and statistical models with 
regard to the level spacing at high excitation that is 
our concern. Perhaps the simplest approach is to con- 
sider that the ground state energy of a nucleus possesses 
the shell characteristics; this approach explains why 
the binding energy of a neutron to a magic-N nucleus 
is low. The anomalous level density at the appropriate 
excitation energy of the nucleus formed, however, re 
quires additional explanation. The observed low density 
of levels can be explained by assuming that energy is 
necessary to break the shell structure, with the result 
that the normal level density is not reached until 
several Mev higher excitation energy. This effect can 
be taken into account crudely by substituting the ex- 
pression E*—E, in the level density formula for £*, 
where /, is the energy that must be added to the 
nucleus to break the shell. The present results for the 
magic-Z .and magic-.V target nuclei make it appear 
that /, is very roughly the same for proton and neutron 
shells, and in magnitude about 1-2 Mev. 

Another way of looking at the combination of the 
shell and statistical models is to assume that at high 
excitation energy the statistical model is valid, and 
that all similar weight nuclei will have the same spacing 

'§ Neutron Cross Sections, Atomic Energy Commission Report 
AECU-2040 (Office of Technical Services, Dept. of Commerce, 
Washington, D. C., 1952). 

16 V_ F. Weisskopf, Helv. Phys. Acta 23, 187 (1950). 

177. G. Weinberg and J. M. Blatt, Am. J. Phys. 21, 124 (1952). 

187). L. Hill and J. A. Wheeler, Phys. Rev. 89, 1102 (1953). 

18 Feshbach, Porter, and Weisskopf, Phys. Rev. 90, 166 (1953). 

2” H. Hurwitz and H. A. Bethe, Phys. Rev. 81, 898 (1951) 
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at an energy measured relative to a fictitious ground 
state energy,”’ location corrects for the shell 
effects, rather than the actual ground state. At first 
approximation, this energy state would be a smooth 
function of .V and Z and most simply can be considered 
just the energy value given by the semiempirical mass 
formula." According to this picture, magic-number 
nuclei have a lower ground-state energy than the for- 
mula predicts because of shell effects. The actual mass 
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formula is somewhat arbitrary, of course, and as usually 
expressed," individual nuclei are sometimes below and 
sometimes above the formula prediction; thus certain 
nuclei would have their ground-state energies raised, 
others depressed, by shell effects. The two models we 
have described here of course consist of equivalent 
views of the interpolation between the first excited 
states, which exhibit shell properties, to higher excita 
tion energies where the statistical variation of level 
density with energy seems to be correct. 

The view that the ground state is depressed for 
magic-number nuclei is applied by Blatt and Weisskopf*! 
to the level spacings appropriate for neutron capture. 
The results obtained from their diagram (p. 766), 
however, differ in several respects from the present 
experimental level spacings. Thus the high spacing in 
a compound nucleus consisting of a magic-V nucleus 
plus one neutron is ascribed to the binding energy shift 
alone, whereas an additional change in level spacing is 
indicated by the experimental cross sections. Also, 
neutron capture in a magic-.V er magic-Z nucleus is 
predicted to give the same level spacing (hence cross 
section) ; experimentally the former results in a much 
larger spacing, however. 

The level spacings obtained in this work from the fast 
capture cross sections will be useful in a comparison 
with the directly measured spacings now becoming 
available with recently improved velocity selectors. 
These instruments are able to resolve the individual 
resonances for slow neutrons in sufficient numbers to 
give directly measured level spacings at excitation 
energies one million volts below those used in the pres- 
ent work. The comparison will give a valuable check 
on the assumed radiation widths in the present study 
and also help to clarify the effect of higher /’s in the 
Mev work because only /=0 collisions are possible at 
the lower energy. Comparison of the same nuclei at 
one Mev and low energy will also be useful in the case 
of certain isotopes that seem to have unusually great 
spacings as measured with velocity selectors. 

We would like to acknowledge the help of W. Kato 
in some of the recent measurements. Discussions with 
V. Weisskopf and H. Feshbach have been of great 


assistance in the interpretation of the results. 


21 Reference 10, pp. 763-767. 
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An investigation based on the strong spin-orbit coupling model is made for nuclei in the 1d3/2 and 1f;/2 
shells. Hartree-Fock wave functions and central forces are used in calculating ground state spins and binding 
energy differences. Coupling rules are found for configurations of identical nucleons and for the simplest 


odd-odd nue lei 


\pproximate wave functions are constructed for odd-A and even-even nuclei having both 


neutrons and protons in the 1f;/2 shell. Binding energy differences, magnetic moments, and beta decay 
matrix elements are calculated with these functions. The result of comparing binding energy differences with 
experiment is interpreted as favoring strong spin-orbit coupling over weak spin-orbit coupling. 


I. INTRODUCTION 


HE hypothesis of strong spin-orbit coupling,' the 

basis of the 77 model, has been quite successful 
in explaining the shell structure of nuclei, and in ac- 
counting for observed spins and magnetic moments. 
For this reason a more detailed investigation has been 
made to see whether there are other experimental 
features of nuclear structure contained in the model. 

In an earlier paper,’ the model was applied to the 
1p shell which is filled in between ,Het and ,O'*®. The 
results were compared with those of a previous calcula- 
tion’ based on the hypothesis of weak spin-orbit cou- 
pling, the .S model. Neither model presents a con- 
sistently better picture of the experimental results 
than the other, but there is a tendency for the LS 
model to be preferable for the light nuclei in the shell, 
while the 77 model is better for the heavier nuclei. 

In going to heavier nuclei, the next region where the 
filling of shells is unambiguous is the 1d3/2 shell from 
169” to oCa” and the 1 fy/2 shell from »Ca” to ogsNi®®. The 
first part of the paper treats the order of nuclear energy 
levels in this region for configurations of identical 
nucleons and for odd-odd nuclei involving only two 
nucleons or a nucleon and a hole in a shell. The latter 
category contains the interesting nuclei, ,7Cl’® and 
iwK, whose spins have been measured. 

The second part of the paper treats the ground states 
of the odd mass number and even Z-even mass number 
nuclei in the 1/7/2 shell. Approximate wave functions 
are constructed for those configurations not consisting 
of identical nucleons in the shell. Binding energies, 
magnetic moments, and ft values are computed. In 
particular, the binding energy differences of isobars are 
related to the symmetry properties of the wave func- 
tions. The symmetry properties depend on the strength 


* Much of this material is contained in a thesis submitted to 
the University of Chicago in partial fulfillment of the require 
ments for the degree of Doctor of Philosophy (August 1951). 

t Present Argonne National Laboratory, Lemont, 
Illinois. 

1M. G. Mayer, Phys. Rev. 75, 1969 (1949); 
and Suess, Phys. Rev. 75, 1766 (1949). 

21D. Kurath, Phys. Rev. 88, 804 (1952). 

3E. Feenberg and E. Wigner, Phys. Rev. 51, 95 
Feenberg and M. Phillips, Phys. Rev. 51, 597 (1937) 
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of spin-orbit coupling, and the experimental evidence 
is shown to favor strong coupling. 


II. METHOD OF CALCULATION 


The calculations are carried out with Hartree-Fock 
wave functions. While there are objections to the use 
of such functions, wherein the total wave function is 
represented by the product of individual nucleon func- 
tions, this procedure offers the only feasible means of 
calculation, and presents reasonable values for spins and 
magnetic moments. 

Two fundamental assumptions are employed in con- 
structing the wave functions: 


(1) The Hamiltonian is symmetric to the exchange 
of any two nucleons, which allows the separation of 
the wave function into the product of a space spin 
function and an isotopic spin function. This assumption 
of the equality of p—p, n—p, and n—n forces makes 
the isotopic spin 7 a good} quantum number. The 
effect of Coulomb forces for determining the wave func- 
tions is also assumed to be negligible, which should be 
a valid approximation since the nuclei treated are 
rather light. 

(2) The intrinsic spin and orbital angular momentum 
of each individual nucleon are strongly coupled so 
that the individual particle energy for the state 7=14 4 
lies considerably below that for 7=/—}. 


The single particle wave functions are taken to be 
those resulting from a central harmonic oscillator po- 
tential. The state of orbital angular momentum 1 is 
then represented by the product of a spherical har- 
monic and a radial wave function. The radial depend- 
ence for states encountered in this calculation is given 
by the functions with no nodes: 


Ri(r) (r/ri)*], (1) 


where .V; is a normalization factor. The parameter r; 
in the oscillator function can be chosen in such a way 
as to make the function quite similar to that function 
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resulting from a square-well potential with constants 


4H. A. Bethe and R. F. Bacher, Revs. Modern Phys. 8, 149 
(1936), 
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TaBLe I. Coefficients in the potential energy expressions, (ao+ai.x+a2x*+a3x5)K and (89+8i1x+f2x*+8sx)K, 
where x=p‘ 41 + p*), p=rz/ro and K=(A»o 735) (1 + p*) 9/2 
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fitting experimental observations. In this way the 
differences resulting from the use of these two central 
potential wells can be minimized. 

These orbital functions are then coupled with in- 
trinsic spin functions in linear combinations that have 
individual particle eigenvalues 7=/+}. The individual 
particle eigenfunctions are multiplied by isotopic spin 
functions and combined into many-particle Hartree- 
lock wave functions having total angular momentum 
I and isotopic spin 7. The procedure is illustrated in 
Appendix III. 

With these wave functions as zero-order functions, 
the potential energy of two-body interactions can be 
calculated as a first-order perturbation. If the nuclear 
interactions are restricted to be charge independent 
static central forces, the general interaction of two 
nucleons is® 


[Cot+Ci(o1-02)+C2 (1-22) 


+C3(0;-@2) (41-2) VJ (ny), (2) 


where @ and ¢ are the ordinary spin and isotopic spin 
vectors, respectively, and J(rj2) is the spatial depend- 
ence. The interaction can be alternatively expressed 
in the form of exchange interactions 


(W+MP + BOwtHP 02 Vd (ri), (3) 


where Py, and Qj. are the operators that exchange the 
space coordinates and spin coordinates respectively for 
particles 1 and 2. The coefficients identify the usual 
name for the interaction, Wigner, Majorana, Bartlett, 
and Heisenberg. The wave functions are antisymmetric 
to the complete exchange of two nucleons, so that if 
one introduces the operator Ry: which exchanges the 


5 E. Wigner and L. Eisenbud, Proc. Nat. Acad. Sci. U. S. 27, 
281 (1941). 
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36 036 
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72 072 
64 O44 
72 864 
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67 OO8 
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32 040 
36 540 
34 560 
39 060 
36 540 
34 020 
40 320 
42 840 


19 224 
38 136 
25 272 
29 832 
40 248 
27 144 
44 616 


72072 72 072 


charge of two nucleons, all wave functions obey the 


relationship 
PyOpRyy = 


—y. (4) 


The coefficients in (2) and (3) are connected by the 
relationships for antisymmetric wave functions: 

Vie = 1 ( 1 +o; *@»), 

PyOw= —Ra=— 3 (1+ 41°22), 


Py2=—} (14+0,-02) (14-41-42). 


(S) 


Therefore, by calculating the energies for the four 
possible interactions (1, Py2, Qi, and P).Q,.), one can 
obtain the result for any central-force interaction. The 
central-force solution of the deuteron, where Pj.=1, 
requires that 1 4+M=0.8 and H+ B=0.2 in order to 
account for the difference of singlet and triplet poten- 
tials for low energy neutron-proton scattering. Aside 
from this restriction, the coefhicients are rather un- 
certain. 

lor the spatial dependence of the interaction, the 
negative Gaussian is used: 


J (132) = Ao expl — (112/10)? ]. (6) 


The parameters Ao and ro are related from the deter- 
mination of the deuteron binding energy.® This func- 
tion provides easy variation of the range of interaction, 
ro, and in the limit as ro goes to zero it behaves like a 
delta function. In this limit the ambiguity in exchange 
mixture is removed since Pj. approaches unity, and 
one can also check results of previous delta function 
calculations. The method of calculating the interaction 
integrals plus a tabulation of these integrals is pre- 
sented in Appendix I. 


6H. A. Bethe, Revs. Modern Phys. 8, 111 (1936 





ER 





0.8 
UNITS 
( oF 
0.064, 














Fic. 1. Order of energy levels of the (1f7/2)? and (1f7/2)* con 


figurations for the interaction (8) as a function of p, the ratio of 
nuclear size parameter to range of nuclear forces. Solid lines are 
levels appearing in both configurations; broken lines are addi 
tional levels for (1 f7;2)4 


III. DETERMINATION OF GROUND STATES 
A. Identical Nucleons 


The ordering of energy levels for a given nucleus 
depends only on the interactions among the nucleons 
outside closed shells. In configurations where the nu- 
cleons in unfilled shells are identical, the predictions of 
ground state spins have been given for the cases of 
delta function? and infinite range’ forces. The two 
approximations give a spin of zero for an even number 
of identical nucleons or holes, but for an odd number 
they differ in all but the trivial cases of a single particle 
or hole in a shell. Since the 1d3/2 shell contains no con- 
figurations where the predictions differ, only the 1/7,» 
shell is treated. 

Since the 1/7; shell is filled above Ca, the nuclei 
having an unfilled shell of identical 1/7/2 nucleons are 
the Ca isotopes, and those nuclei with filled 1/7;2 neu- 
tron shells, Sc, Ti, o3V®, osCr®’, o»5Mn*, ole, 
»7Co®, and osNi°®. The potential energy of interaction 
among 1/7/2 nucleons is all that splits the levels, so the 
theory of holes says that the level order for n identical 
particles is the same as that for » identical holes. There- 
fore the only configurations one needs in order to study 
the level splitting are (1/9/2)*, (1f7/2)*, and (1f7/2)4 

For identical nucleons, the charge-exchange operator 
R,» has the eigenvalue one, so from (4) we see that 
PyA12 1 or Pie Qi». The level order for the 


1M. G. Mayer, Phys. Rev. 78, 22 (1950). 
*G. Racah, Phys. Rev. 78, 622 (1950) 
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finite range inter- 


The genera! expression 


configurations is obtained using the 
action integrals of Appendix I. 
of the potential energy of a level is 


E=(M 3) (aygtaye tant agx)K 
— 171) (Bo+Bixt+ Box? 


where M, B, and 7 are 
Oyo, and Py. exchange, respectively. 
appendix, A and x involve the parameters Ao, 
the Gaussian interaction and the oscillator wave 
tion parameter, ry. The coefficients a; and 8; are tabu- 
lated for the various levels in Table I. 

The level order depends on the quantity p=r,/ro, 
nucleon to the range of 
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the strengths of 1, Py, 
As shown in the 
ro, of 
func- 
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the ratio of the range of a 1f7/2 
nuclear forces. Some possible exchange mixtures are: 


[O.8Py2+0.2Q0;2 |J (riz), Majorana plus Bartlett; (8) 


P,.[ 0.84+-0.2Q0 12 |J (riz), Majorana plus Heisenberg; (9) 


3(1+ Pw 
The 


present interpretation’ of 
scattering, although such a 
saturation requirements for nuclear forces. 

The level order of the various configurations is pre- 
1 and 2 for the inter- 


| 0.84+-0.20;9 |J (ri), Serber mixture. (10) 


the 
neutron-proton 
the 


part of (10) comes from 
high-energy 


potential 


space exchange 


violates 
sented as a function of p in Figs. 
action (8). For an even number of nucleons, the ground 
state has /=0 and is well separated from the first ex- 
cited state 2 for all ranges. This is true for any ex- 


change mixture that is not predominantly spin de- 
pendent. For three nucleons (or holes) there is a crossing 
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of the 7/2 level with those of lower /. The position of 
crossover depends on the exchange mixture, and the 
ground state of (1f7/2)* is listed as a function of p for 
several mixtures in Table II. 

In order to estimate a value for p corresponding to 
existing nuclei, the parameter r, is determined by com- 
paring the oscillator wave function with a square-well 
wave function whose constants are determined from 
the experimental evidence in this region of masses: 


Atomic mass number, A = 43. 
Nuclear radius= 1.48 10-"4! em=5.19 107" cm. 
Binding energy of last nucleon=8 Mev. 


For r;~2.9X10-" cm, the two wave functions are 
quite similar. If the range of nuclear forces ro for a 
Gaussian potential is assumed to be about 2.8 107" 
cm, the ratio p~1. This is near the region of crossing, 
but would tend to favor /=7/2 as ground state. The 
use of a Yukawa spatial dependence shifts the cross- 
over region so that an J of 7/2 is heavily favored; for 
the Serber exchange mixture (10), 7/2 would be low 
for all ranges. The singularity of the Yukawa potential 
at the origin, which makes it similar to a delta func- 
tion, accounts for this behavior, as has been pointed 
out by Talmi,’” who used a Yukawa dependence with 
Majorana exchange. Similar level order calculations 
have recently been published by Flowers and Ed- 
monds," using an elegant group theoretical approach 
and covering other configurations as well. 

The behavior of the levels as given by the Gaussian 
calculation has some similarity to experimental facts. 
It presents a possible explanation” of the spin of 3/2 
observed in the (1d5;2)* configuration of Na**. The fact 
that the (1f7/2)* configuration of V*' has a measured 
spin of 7/2 while the (1/7;2)~* configuration of Mn® is 
measured as 5/2 can be interpreted as evidence that 
these nuclei are near the region of level crossing. In the 
1gs/2 shell there is strong experimental evidence that 
there is a state, 7/2 (even parity), that competes with 
the 9/2 level in configurations of 3, 5, or 7 nucleons. 
These are the configurations where a generalization of 
the calculation results would lead one to expect cross- 
overs with the 7/2+ state being one which drops below 
9/2 as one goes from large to small values of r,/ro. 
However, one would also expect the levels 5/2+ and 
3/2+ to be low-lying states in configurations (1g9/2)* ° ’, 
and one would expect 1/2+ in addition to these for 
(1g9/2)°. These have not been observed in any of the 
numerous nuclei where such configurations occur. Re- 
cent explicit calculations of the (1gg/2)* configuration" 
show that 7/2+ is not expected as ground state with 
the usual central forces, although the level spacing is 


I, Talmi, Phys. Rev. $2, 101 (1951). 

" B. H. Flowers, Proc. Roy. Soc. (London 
4. R. Edmonds and B. H. Flowers, Proc. Roy. Soc 
A214, 515; A215, 120 (1952). 

1D. Kurath, Phys. Rev. 80, 98 (1950). 


A212, 248 (1952); 
(London) 


37. Talmi, Helv. Phys. Acta 25, 185 (1952); B. H. Flowers, 


Proc. Roy. Soc. (London) A215, 398 (1952) 
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quite small. Therefore, while the model does contain 
the possibility of level crossings in those nuclei where 
such behavior is observed, it does not explain all the 


observed facts, and further clarification is needed. 


B. Odd-Odd Nuclei 


The question of ground state spins for odd-odd nuclei 
has been investigated by Nordheim,'* who found quite 
good agreement with experimental evidence by using 
the following hypotheses. 


1. The individual configurations of neutrons and 
protons in odd-odd nuclei are the same as in odd-1 
nuclei with the same number of nucleons in the odd 
particle group. 

2. If the odd neutron and proton groups belong to 
different Schmidt groups, the resultant spin is the 
difference. jj =11+4, jo=l—} gives 1= | ji— je 

3. If the odd neutron and proton groups belong to 
the same Schmidt group, the resultant spin is high, 
often the maximum possible. 

hH=h+t}, je=b+} gives / large, often j,+ je. 


> 


When the odd-odd nucleus has a configuration of a 
single proton (or proton-hole) in a shell together with 
a single neutron (or neutron-hole) in a shell, the wave 
function is determined uniquely by stipulating 7. Calcu- 
lations for such simple configurations in the 1ds/2 and 
1 /7/2 shell were carried out to compare results with the 
Nordheim rules and with experimental evidence. The 
energy levels are listed in the tables of Appendix IT for 
the static central force interactions. 

The results can be summarized in the following man- 
ner. The space-dependent Majorana and Wigner in- 
teractions give different predictions for the coupling 
of two particles (or holes) and the coupling of a particle 
and a hole. For two particles, the Majorana interaction 
shows competition between parallel and antiparallel 
alignment of the 7’s. It favors antiparallel alignment for 
vanishing range of nuclear forces but parallel align- 
ment for any reasonable ratio of nuclear size to range 
of forces. This is shown in Table II] where the crossover 
value of p=r;/ro=ra/r, the ratio of oscillator pa 
rameter to nuclear force range, is given. For the nuclei 
in question it is expected that this ratio is close to unity. 
Wigner forces would give antiparallel alignment of 7’s. 

However, for the coupling of a particle and a hole, 
Majorana forces give competition between parallel 
j alignment and a value of / one unit less. For vanish- 


41, W. Nordheim, Revs. Modern Phys. 23, 322 (1951 
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Taste IIL. Coupling of a single neutron with a single proton. The ratio p= (nuclear size parameter) /(range of nuclear forces), 


Configuration Nucl lexp 


(1d3/2) (Ad3/2) 
(1ds2) *(1d3/2 
(1dy/2) (1 f7/2) 


(2 or 3)® 
(2)8 


(1 fri2) Afri) 


Inferred trom beta deca 

ing range of nuclear forces (p=) an J of one unit 
less than the maximum is favored, while for long-range 
forces the result is parallel alignment. This behavior is 
presented in Table IV, and the crossover values of p 
are seen to be considerably smaller than for the particle- 
particle cases. Wigner forces favor the smaller /, 
namely the p= ~ result. The results for space-dependent 
interactions do not show any of the dependence on 
Schmidt line groups postulated by the Nordheim rules. 

On the other hand, the spin-exchange Bartlett and 
Heisenberg interactions do not differentiate between 
particle-particle and particle-hole couplings. The Bart- 
lett interaction gives results in agreement with the 
Nordheim rules, and the Heisenberg interaction also 
vives this agreement but less unequivocally. From the 
deuteron one expects that space-dependent interaction 
has a weight of about 0.8 while spin dependence has a 
weight of about 0.2. So the separation of particle- 
particle cases from particle-hole cases should be real. 
The /’s expected for an exchange mixture like the 
Serber potential (10) are given in the last column of 
Tables IIT and IV. 

In comparing the particle-particle predictions with 
experimental results Sc® is unknown, and the decay 
scheme of Cl* cannot be easily interpreted. The al- 
lowed decay of K** to the /=2 level of A** is consistent 
with an assignment of 3 for the spin of K*’, in agree- 
ment with calculation. The spin of Cl** seems to be 2. 
Here Majorana forces would give 5, but spin-dependent 
forces favor 2 in agreement with the Nordheim rule. 
The Serber mixture bring 2 close to 5, but still above 
it for the region of physical interest p~ 1. 

For particle-hole coupling there is more certain ex- 
perimental evidence. The measured /’s of Cl** and K*® 
are both one unit less than the maximum for the shell 
model assignments. These agree with the results of 
using a Serber potential, although other combinations 
would give these results also. The spin assignment of 
6 for Sc has been found to be compatible with recent 
experimental results.!® A further experimental result 
of interest'® is the measured spin of 6 for V™, [(1f7/2)* 
 (1fa2) J. An calculation” of V® 


extensive also 


16 Hamermesh, Hummel, Goodman, and Engelkemeir, Phys 
Rev. 87, 528 (1952); D. Kurath, Phys. Rev. 87, 528 (1952). 


'6 Kikuchi, Sirvetz, and Cohen, Phys. Rev. 88, 142 (1952). 
'7 A. Hitchcock, Phys. Rev. 87, 664 (1982). 


ial 
Crossover 


t Serber potential 
region I 


8 Always 3 

Always 3 

5 for 04<p<1.85 

2 for p<0.4, p>1.85 
7 for p<2.5 


found a spin of 6 for the case of vanishing range of 
nuclear forces. 

The results of this calculation agree with the Nord- 
heim rule for coupling of two /+-} or two /—} particles. 
For the coupling of an /+-} particle with an /—} par- 
ticle the Majorana interaction gives parallel and anti- 
parallel 7 alignment as the low states but favors parallel 
alignment for expected values of the range parameter p. 
Spin-dependent interactions favor antiparallel align- 
ment, in agreement with Nordheim’s rule, but inter- 
actions with 20 percent spin dependence still favor 
parallel alignment. This disagrees with the experi- 
mental result for Cl*8, which fits the Nordheim rule. 

For the coupling of a particle and a hole, the present 
calculation gives strong evidence for an J of one unit 
less than that of parallel 7 alignment regardless of the 
Schmidt line groups involved. This seems to be in 
good agreement with experiment and explains K®, an 
outstanding exception to the Nordheim rule. 

The over-all picture for odd-odd nuclei is still ob- 
scure. While the calculation of particle-hole coupling 
seems to fit in well with experimental evidence, the 
particle-particle results are not well supported. Fur- 
thermore, there must be a region of transition from the 
particle-particle picture to the particle-hole picture as 
one considers nuclei other than the simple cases treated 
here, and the calculation becomes formidable. For this 
reason, odd-odd nuclei are not treated further in this 
paper. 


IV. POTENTIAL ENERGY CONTRIBUTIONS 
WITHIN THE lIf7;. SHELL 


When one deals with configurations having both 
neutrons and protons in unfilled shells, there are gener- 
ally several states with the same total angular momen- 
tum and isotopic spin. The problem of selecting the 
state presumed to have lowest energy without solving 
secular determinants is decided as follows. 

The ground-state /’s are presumed to be 7/2 for 
odd-A nuclei and 0 for even-even nuclei together with 
T=T,. Those magnetic moments that have been meas- 
ured are found to lie near the Schmidt line. The con- 
figurations of identical nucleons have calculated mag- 
netic moments on the Schmidt lines, and also have the 
property that for an J=7/2, M=7/2 state the con- 


figurations consist of an individual particle with m= 7/2 
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while the m’s of the remaining particles cancel in pairs, 
(i.e., for every particle in a +m state there is one in 
a —™m state). Similarly the /=0, M=0 states are made 
up of configurations wherein the individual particle m’s 
cancel in pairs. The property that only such configura- 
tions occur is assumed to carry over to the ground 
states of nuclei with both neutrons and protons in the 
unfilled 1/7/2 shell. As a result of restriction to such 
configurations,'* the quantum numbers J and 7 serve 
to determine a wave function uniquely. The validity of 
this assumption is tested in Appendix III for the case 
of three 1/7;2 nucleons where three states with J=7/2, 
T=1/2 are possible. Solution of the secular deter- 
minant shows that the lowest energy eigenvalue is quite 
close to that found by calculating the diagonal matrix 
element with the approximate wave function formed 
using the procedure stated above. 

By constructing the approximate wave functions 
for all odd-A and even-even nuclei in the 1/72 shell in 
accordance with these assumptions, as illustrated in 
Appendix III, one can then calculate diagonal energy 
matrix elements for the various static central force 
interactions. The resulting potential energy contribu- 
tions from within the 1/72 shell can be summarized in 
the expression : 


2)—47 (7 +1 N (7/2) 
b(p)+ 


nia 
D(p) 


2)+1/(7/2) 
d(p). 


n(n 
(11) 
4 


Here T is the isotopic spin, / the total angular mo- 
mentum, and v2 is the number of nucleons in the 1/7,2 
shell. In this expression 5(p), D(p), and d(p) are 
quantities which depend on the interaction potential 
used and the nuclear size through the ratio of oscillator 
parameter to range of nuclear forces, p=ry/rq intro- 
duced in Sec. I. Explicit expressions for these quantities 
are given in Eq. (A8) of Appendix I, but considerable 
information can be obtained without them. In order 
to obtain an idea of the physical meaning of the quan- 
tities 6, d, and D, we notice that for identical particles 
T=n/2, so that 6 is not present. For two neutrons, 
V2=D, and for three neutrons, V;= D+d so that D is 
the binding of two identical nucleons and d is the 
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amount added when another identical one is present. 
On the other hand, 6 arises when both neutrons and 
protons are present; its coefficient depends on the iso- 
topic spin 7, that is, the symmetry properties of the 
wave functions. It is the only term of V, that is in- 
volved when the difference in binding energy for isobars 
with the same / is evaluated. 


ISOBAR DIFFERENCES 
A. Comparison of Calculation and Experiment 


The experimentally measured odd-A beta decays in 
the 1/7/2 shell consist of one mirror decay, and ten 
others which have log/t values around five and are 
thus allowed transitions. These provide the most ac- 
curate experimental data for comparing energy dif- 
ferences with the calculated values. In addition, there 
are three isobar pairs of even-even nuclei whose mass 
differences have been measured. 

The theoretical binding energy difference consists of 
two parts: 

1. the Coulomb energy difference ; 

2. the difference in that part of the potential energy term due 
to interactions of the 1f;;2 nucleons with themselves. 


The Coulomb difference has two contributions, one 
arising from the repulsion of a 1/7;2 proton by the pro- 
tons in the closed shells, and the other coming from 
the Coulomb interaction of the 1/7/2 protons with each 
other. The interaction with the core can be estimated 
by the change in electrostatic energy of a uniformly 
charged sphere of nuclear dimensions upon adding a 
proton 


e= (6/5)Ze/R. (12) 
At w»Ca", Z=20, R= (1.48 10-") (41)'= 5.10 10-" 


cm; these give a value of e=6.75 Mev. This value is in 
good agreement with the experimental difference ob- 
tained from the mirror decay, Sc"(8+)Ca", where the 
binding energy difference is the sum of the kinetic 
energy of the beta particle, the neutron-proton mass 
difference, and two electron masses. Numerically this 
is 4.94+.0.07+0.78+ 1.02=6.74+.0.07 Mev. Therefore, 
this part of the Coulomb difference is included in the 
calculation as e=6.75(41/A)! Mev to provide for the 
dependence on nuclear radius. The electrostatic inter- 
action of the 1/2. protons is calculated in the same way 


TABLE IV. Coupling of a single nucleon with a single hole for odd-odd nuclei. The ratio p= (nuclear size parameter) 


(range of nuclear forces) is expected to be near one in the region of physical interest. p 


Configuration Nucleus 


(1dy/2) (152) nC 
(1d3/2) 11 f; ” ik” 
(1 foya) (fara) Sct 


18 These ground states are believed to be 


=Te/¥o Ta/To 


| 
ial 
Crossover r potential 


region ! 
2 for p>O.85 
4 for p>0.6 
ate i 6 for p>O5 
7 for p<O0.5 


p=1.5 
p= 3 
6,7 degener: 


p 0 


identical with those found by B. H. Flowers using the symplectic group. See reference 11. 
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TABLE V. Energy resulting 
1f. » protons The unit of energy is ¢ 
Mev 0.35 Mey 


from electrostatic interaction of the 
0.760?/ry [1.10% 10% ry | 


as the interaction due to nuclear forces. However, since 
the term is small and variations of the term for a group 
of isotopes are at most 5 percent of the total term, the 
contribution is listed only for each element. This is 
Fable V in units of ¢, 
the oscillator range parameter. In Sec. HI it was esti- 
3X10°" em for A=43; so an average 
value of c over the shell is c=0.35 Mev. 

The nuclear part of the interaction of 1/7/2 particles 
is given by (11), and it is clear that for isobar differ- 
ences, V,(7—1)—V,(1)=2Tb(p). The calculated dif- 
ference of binding energy is therefore a very simple 
a multiple of 6(p) plus a 
numerical Coulomb term obtained by using «=6.75 
« (41/4)! Mev and ¢=0.35 Mev. The calculated dif- 
ferences are listed in the last column of Table VI. 


done in where c=0.76e/r;; rz is 


mated that r, 


expression, consisting of 


The experimental binding energy differences are 
gotten chiefly from beta-decay observations. They are 
obtained by the equations: 


(B.E.)finat (B.E.) initiat {8 ee 
+- (yn'—,H') for Bt decay, 
(K.E.) mex 


(on'—,H!') for B~ decay, 


+- 2m 


( B.E. initial 


; (13) 
(B.E. final 


where (K.E.)inax is the observed maximum kinetic 
energy of the beta particle. Some additional binding 
energy differences are found in the mass spectroscopic 


Taste VI. Binding energy differences for isobars in the 1f7/. 
shell. Column two lists the experimental information as well as 
method and year of observation. Unless noted, data are from 
National Bureau of Standards Circular 499. Column three lists 
the experimental binding energy difference, and column four the 
calculated difference 


Maximum k 
method and vear ot kexp Cale. Bt 
obseryation* di ) diff. (Me 


6.65 —3b 
6.90 —3b 


1.12 40.05 a 
1.004 0.02 
0.255 40.008 6.55 + 
1.65 a (A9 700 
0.61 a (49 6.8045 
1.45 40.05 a 7.25 
24a (49 6.70 
»Oa (38 ‘ 
QOtor\ 7 
»>S4 ‘ 
Ma pec 4 2.7 3 
Ma 52 2.8 4 
Sumi « 4 
is 4 


{ 
95 +-6b 


1-—-absorption cloud chamber 


See reterence 25 
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data at A =48 and 50, the successive beta decays from 
oe” —o5Mn”—2,Cr”, and the (p, ) threshold on V®. 
Unless otherwise noted, the data are taken from refer- 
ences given in the National Bureau of Standards Circu- 
lar 499, They are listed in the first two columns of 
Table VI, and the experimental binding energy differ- 
ences obtained by using myc?=0.51 Mev and (on'—,H’') 
=().78 Mev are given in column three. 

By equating the experimental values to the calculated 
binding energy difference expressions, one obtains points 
for a curve of 6 as a function of A. As can be seen from 
Fig. 3, the points give 6 a magnitude of about 1.2 Mev, 
and show a tendency for 6 to decrease with increasing 
A. The transitions from T= 1/2 to T= 3/2 all have the 
term 36 in the calculated binding energy difference; 
similarly the T=0 to T=2 transition contains 6b. 
These are the lowest nonvanishing multiples of 6 that 
occur in odd-A and even-A transitions respectively, 
and as will be shown later, the proportionality co- 
efficient would be the same for weak spin-orbit coupling. 
The points arising from these transitions are the crosses 
of Fig. 3. The extent to which they scatter about a 
smooth curve, which is well beyond the average experi- 


Fic. 3. Plot of 


b(p) as a function 
of A from the last 
twocolumns of Table 
VI. Broken line is 
a fitted theoretical 
curve 


mental error of about 1 percent, is an indication of the 
degree of approximation of the model used. The points 
arising from differences between states of greater T are 
encircled in Fig. 3. The fact that these points make the 
scattering no worse is an indication that the propor- 
tionality constants of 6 are given correctly by (11). 
The significance of these proportionality constants for 
strong spin-orbit coupling as against weak spin-orbit 
coupling will be discussed in Part B of this section. 
The experimentally determined results for 6(p) can 
be used to estimate some nuclear parameters in the 
theoretical expression. The expressions for b(p) in the 
four central force cases are given in Appendix I; they 
depend on the parameters in the spatial dependence of 
the interaction potential A , ro and on the oscillator 
parameter r; in the wave functions. Ap and ro are re- 
lated by the solution of the deuteron problem with in- 
verse Gaussian potential, while from comparison of 
oscillator and square-well functions it was found that 
r,~3.0X10-" cm. The value of rp is expected to lie 
between 2.0X 10-" and 3.0X 10~- cm; numerical values 
of b(p) for the four exchange potentials are given in 
Table VIL using these parameters. It is evident that as 
long as there is a preponderance of potentials involving 
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space exchange (P}.), it is possible to fit the experi- 
mental magnitude of 6(p) with reasonable values of the 
nuclear parameters. Since all the expressions show a 
decrease of b(p) for increasing r, and constant ro, this 
feature of the experimentally obtained points of Fig. 3 
will be present. 

For example, the potentials (9) and (10) with J (re) 

Ag exp — (rie/ro)? ], Ap=35.6 Mev, ro= 2.2510"! 
cm will give curves for b(p) asa function of mass number 
that present a reasonable fit to the points of Fig. 3 for: 


53)! 10-" cm for (9), 


A is the mass number; 


r;=3.16(A4 
where 
r,=2.65(1°53)'*10-" cm for (10), 


! is the mass number. 


(14) 


where . 


To observe the effect of a spatial dependence having a 
singularity at the origin, the delta function, J(r»2) 
= A,6(rj2) is treated. In this case, P12 is unity, so the 
two exchange mixtures (9) and (10) coincide. All 
energies of 1/;,2 interactions in the delta-function case 
are proportional to the integral 


s 


G 2s f RA(ryrdr=0.865A 5 /r,;*. 


For the delta-function case the expression 6(p)=0.4G, 
which is seen to be proportional to r/~* and hence in- 
versely proportional to the mass number. The best 
fit to the experimental points is the curve b= (57.3/A) 
Mev. The three cases evaluated give substantially the 
same curve for basa function of A as is drawn in Fig. 3. 

The theoretical binding energy difference resulting 
from use of the curve of Fig. 3 is generally a value that 
is small compared to the quantities which contribute 
to it, since the Coulomb term and the potential energy 
term have about the same magnitude but opposite 
sign. These values are listed together with the experi- 
mental binding energy differences in Table VIII]; the 


(15) 


agreement is generally quite good, as would be expected 
from the agreement in Fig. 3. 


B. Symmetry Properties of the Wave Functions 


The expression b(p), which occurs in the binding 
energy differences of isobars, has coefficients which 
can be shown to result from the symmetry properties 
of the wave functions. The following discussion is 
based on articles by Hund’ and Wigner.” 

The total wave function is antisymmetric to ex 
change of any two nucleons. Since the isotopic spin is 
assumed to be a good quantum number, the wave func- 
tion is separable into the product of an isotopic spin 
function with a space-spin function. Under the assump- 
tion of strong spin-orbit coupling, the space dependence 
and the ordinary spin dependence are not separable. 
The symmetry properties of the wave function are 
fund, Z. Physik 43, 788 (1927); 105, 202 (1937) 

51, 105 (1937); 51, 937 (1937). 


19 I if 
” EF. Wigner, Phys. Rev 
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TaBLe VII. Numerical values of the expression 6(p) for the 
central force potentials. In both cases rs=3X10 8 cm, p=rz/ro; 
in case 1, 49=42.8 Mev, ro>=2.0K10°" cm; in case 2, 49=23.1 
Mev, ro =3.0X10 ™ em 


bitor p=10 


0.41 Mev 
1.44 Mev 
2.24 Mev 
0.20 Mev 


0.59 Mev 
1.06 Mev 
1.18 Mey 
0.30 Mev 


designated by the notation: 


¢({1 2}3) is a function antisymmetric to exchange of 
1 and 2 and is a function with the symmetry property 
A (2+1). 

¢({.1 23) is a function symmetric to the exchange of 
1 and 2 and is a function with the symmetry property 
S(2+1). 


The theory of the permutation group says that in order 
to be able to obtain a completely antisymmetric product 
wave function, the two components of the product 
must have adjoint symmetry character. The functions 
with symmetry properties A(Ai+A.) and S(A\+A2) 
have adjoint character. 

The component wave functions are formed so that 
they give irreducible representations of the permuta- 
tion group on # particles, where \;+-A:=n represents 
a given partition of m. This means that if one tries to 
change a wave function of symmetry (2+1) by per- 
mutation and combination to form A (3), 


o({1 233)—e¢({3 231)—e({1 3}2)=H({1 2 3}), 


one will find that y=0. The general statement is that 
if the A’s of a partition are arranged in order of non- 
increasing magnitude, then if the wave function belongs 
to an irreducible representation, one cannot increase 
any of the \’s by permutation of particles and combina- 
tion of terms. 

The isotopic spin variable is two-valued; hence a 


many-particle isotopic spin function cannot be made 


Tasie VITE. Comparison of theoretical and experimental 
binding energy differences 


BE. difference 
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antisymmetric in more than two nucleons. This is 
equivalent to saying that when the isotopic spin func- 
tion is written in its S(A;+As+---+A,) form, there 
can be only two parts, A; and A», to the partition of n. 
The difference \4;—Az is twice the isotopic spin quan- 
tum number 7. Therefore, since the space-sp'n part 
of the wave function must have adjoint character if the 
total wave function is to be antisymmetrized, its sym- 
metry properties are determined by 7. This is illustrated 
in Table LX for the case of seven 1/7/2 nucleons, that is, 
mass number 47, 

The central interaction potentials involve only the 
space and spin coordinates, so the symmetry properties 
of the space-spin functions are the relevant features. 
With respect to simultaneous permutation of the space 
and spin coordinates, a given space-spin wave function 
of n particles ¥, belongs to an irreducible representa- 
tion of the permutation group D(R), 


Pri (Xx. e741, °°" S re 


f 


> Diu (RWiL(X, o)1, «++ (X,0)]. (16) 
j=l 


Here P,» is a definite simultaneous permutation of the 
space (X) and spin (¢) coordinates of the n nucleons; 
D(R) is the matrix representing this permutation; y, 
is one of the wave functions representing the group 
(the ¥; are an orthonormal set); f is the dimension of 
the representation (it equals the number of independent 
wave functions needed to represent the group); 1<k, 
J<f. The potential energy of an interaction using this 
wave function is 

n 

Vik= D> P va* Var. (17) 

acf. 
By using the group properties as defined in (16) in 
the same way that Wigner* proceeds, one obtains 


n(n—1) . 
Vier 7 & fvrvins 
2/ j=l 


A representation for a particular group can be chosen 
so that all of its wave functions are either symmetric 
or antisymmetric to exchange of the particular co- 
ordinates 1 and 2. In this way (18) may be split into 


(18) 


n(n—1)f * f 
V kx - [= furvet 3 vt] (19) 
Zi j=l 


pestl 


TABLE IX. Symmetry properties of the component wave 
functions for seven 1f7/2 nucleons. 
Space-spin 


component 


A(7) 
(6 
(5 
( 


Isotopic spin 


Element component 


Ca" 
Sc? 
Ti” 


yu 


S(7) 

S(6+1) A 

S(5+2) A 
A 


+ 
4 ) 
+- 4) 


NNN Nh 


S(4+3) 4 


1 EF. Wigner, Phys. Rev. 51, 947 (1937). 
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TABLE X. Coefficients of 6 in the potential energy 
expression for isobars of mass number 47. 


Space spin 
Element symmetry Difference 





Ca 
7b 
Sc‘? 
5b 
12d 


Ti” 
3b 
yi , 15d 


where the first sum contains all the functions sym- 
metric to exchange of the coordinates of 1 and 2, there 
being s such functions. Therefore V,, contains two 
terms, the first of which remains unchanged if the 
interaction Vy» is replaced by Vy2P1:2Qi2, whereas the 
second term will change sign under such replacement. 

The result of calculating the 1/7/2 potential energy 
contributions is given in Sec. IV, where it was found 
that all the Vx, depend on three expressions D, d and 
6. For configurations of nucleons of like charge, where 
the operator P).Q\. has the eigenvalue —1, only D and 
d occur; so these both change sign when V4» is replaced 
by Vi2P Oi. Since 6 has no such simple symmetry 
properties, the second sum must be a linear combina- 
tion of D and d. There is only one linear combination 
of D, d, and 6 which does not change sign under re- 
placement of Vi2 by ViePiQie: 


S= (—D+5d+18)). (20) 


Therefore, all the integrals in the first sum of (19) are 
proportional to S. From the fact that PyQiwW,;=y,; for 
all wave functions on the first sum, plus the fact that 
in the limit of delta-function range dependence 
SUF V Pi = SV; the proportionality con- 
stants can be shown to be independent of the type of 
exchange. In the limit of infinite range interaction and 
no exchange, the integrals are all alike, 


forves, =Va=cj5, 


so the proportionality constants are all alike. From the 
value of S in this limit, one finds c=1/9. Thus we can 
write (19) as 

n(n—1)fsS f 


sets i pa vi*V io ] 
9 


j=st+1 


(19a) 


Vine= 
27 
Section IV shows that only 6 occurs in the differ- 
ences of V,,’s for isobars; so what we seek is the co- 
efficient of 6 in Vy. Since 6 occurs only in S, this co- 
efficient is: 


The coefficient of b depends on the ratio 2s/f, which 
is simply connected to the characters of the repre- 
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TABLE XI. Coefficients of 6’ in the potential energy expression 
under the assumption of separability of space and spin dependence 
for isobars of mass number 47. 





Spatial symmetry 


S(24+2+2+41) 


Element 


Ca? 





Sc S(3+2+42) 
S(44+2+1) 
S(4+3) 


sentation: 
2s— f= X(t), the character of a transposition 
f=X(E), the dimension of the representation. 
The ratio X (t)/X (EZ) can be obtained® from the sym- 
metry properties of the space-spin wave functions, 
A(Ai+A2). Murnaghan™ gives a general formula for 
the result when the wave functions are in the form 


SOrtAgt +++ +Ag): 


k 
¥ A (Aj— 2+). (21) 


=! 


X (t) 
n(n—1)———-= 

X(E) 
For wave functions in the A (A;+A2+---+A,) form, 
the sign of the left-hand side of (21) is changed, and 
with only two X’s the term of Vy which involves 6 
becomes 


$n(n—1)(2s/f)b 
= }[n(n—1)—Ai(Ai—1)—A2(A2—3) Jb. (22) 


Substitution of Ay+A,=n and Ay—A2=2T in (22) 
shows that this term agrees with the term containing 6 
in (11); however, the form (22) shows its origin more 
clearly. The resulting isobar differences for mass number 
47 are listed in Table X. 

If instead of assuming strong spin-orbit coupling, one 
assumes the opposite extreme of negligible spin-orbit 
coupling, with space-dependent interactions dominant, 
one has the first approximation® in Wigner’s super- 
multiplet theory. Here the wave function is separable 
into the product of space dependence, spin dependence, 
and isotopic spin dependence. The symmetry property 
of the space-dependent component of the wave func- 
tion is the determining feature in this approximation. 
The ground states have been classified,** and are *F 
for odd-A nuclei, and ‘S» for even-even nuclei. The 
potential energy differences will again depend on the 
coefficient }n(m—1)(2s/f), where (2s—f)/f=X(0) 
X(E). The space wave function can have at most four 
\’s in the partition and is written in the form S(A;+Az 


= See reference 3, footnote on p. 98. 

*3F. D. Murnaghan, The Theory of Group Representation (Johns 
Hopkins Press, Baltimore, 1938), p. 140, Eq. (5.6). 

* B. H. Flowers, Proc. Roy. Soc. (London) A210, 497 (1951). 
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+A3s+A,). From Eq. (21) one obtains 


4n(n—1)(2s/f)=}[n(n—1) + Ai—1) 
+A2(A2— 3)-+Az(As— 5) +Aa(Ag— 7) J. (23) 


For isobar differences, the coefficient (23) times a 
function 6’(p) will be all that is involved* in the poten- 
tial energy differences. The case of mass number 47 is 
listed in Table XI. 

In a Hartree model, the potential energy difference 
is the only difference in the binding energy of isobars 
aside from the Coulomb difference. The isobar differ- 
ences for odd-A and even-even nuclei as given by the 
two models are summarized in Table XII. 

The strong spin-orbit coupling model was compared 
with experiment in Fig. 3. If the coefficients predicted 
by the weak spin-orbit coupling model were used in- 
stead to plot 6’ as a function of A, the points for T= 3/2 
and 7'=2 would be unchanged since the coefficients are 
alike in the two models. However, for greater 7’s the 
weak coupling coefficients are smaller; so the encircled 
points of Fig. 3 would all be raised to values between 
1.4 and 1.68 Mev. The points would then be badly 
scattered, and no smooth dependence of 6’ on A would 
give a good fit to the data. 

The dependence on the coefficients can be tested 
without involving 6 and 6’ for mass numbers where 
more than one nonmirror decay is present. By taking 
ratios of non-Coulomb part of the binding energy dif- 
ferences, the 6 (or 6’) cancels. The comparison of the 
models with experiment is given for the four experi- 
mentally measured cases in Table XIII. 

The experimental values provide a measure of the 
degree to which space and spin dependence are sepa- 
rable in the wave function for a Hartree model. The fact 
that the experimental values lie closer to the values 
obtained from the approximate functions of the 7/ 
model provides a good argument for strong spin-orbit 
coupling as an approximation preferable to that of 
weak spin-orbit coupling. 


VI. TOTAL BINDING ENERGY OF STABLE NUCLEI 


Mass spectroscopic results for nuclei as large as 
those of the 1/7/2 shell are generally not so reliable as 
the results for light nuclei. When comparing the re- 
sults of various laboratories, the measurements of dif- 
ferences between nuclei are often in much better agree- 
ment than the absolute masses. For this reason, it is 
very fortunate that all the masses in this shell have 


TABLE XII. Binding energy differences for isobars, aside from 
the Coulomb difference, as given by the strong spin-orbit coupling 
and weak spin-orbit coupling models. 


Weak coupling 
(T+ yb’ 
(27 +2)b’ 


Strong coupling 
27b 
(4T7—2)b 


Change of isotopic spin 
T to T-1 
T to T-—2 
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TaBLe XIII. Ratios of binding energy differences in 
the 1f7/2 shell (Coulomb contribution removed). 


Weak 
coupling 


Strong 
coupling 


0.60 
0.60 
0.43 
0.60 


k xp 

value 
0.68 
0.54 
0.48 
0.63 


Ratio 


0.75 
0.75 
0.60 
0.75 


Ti**(B*)Sc/Ca*®(B-)Sc* 
V47(B*) Ti? /Sc*7 (Bp) Ti® 
Cr” (Bt) V®/Sc®(s ) Ti® 
"Mn®(8*)Cr5!/Cr5'(K ) V5! 


been measured recently at one laboratory.” The calcu- 
lations had been completed before these results were 
available, and it was gratifying to discover that agree- 
ment with the calculation, particularly in regard to the 
even-Z isobar differences at mass number 48 and 50, is 
better for the new data than for that which was previ- 
ously available. 

The experimental binding energies are obtained from 
the mass spectruscopic data with the following con- 
version formula: 


B.E. (Mev) =0.931[1.008146.4 +-0.000840 (A — Z) 


—mass of neutral atom], (24) 


where B.E. is binding energy, A is the mass number, 
and Z is the charge. The values are listed in Table XIV, 
and the points are plotted in Fig. 4. The only deviation 
from a smooth function of mass number A for the bind- 
ing energy curve is the variation for even and odd iso- 
topes found in the isotopes of Ca, Ti, and Cr. The mag- 
nitude of this variation is found to be about 1.7 Mev, 
in good agreement with the term from the semi- 
empirical Bohr-Wheeler mass formula, which gives this 
variation as 33.54~' Mev, or 1.8 Mev at A =49. 

In calculating the total binding energy with Hartree 
wave functions constructed according to Sec. H, one 
can separate the contributions as follows: 


1. Coulomb interaction of 1/72 protons with them- 
selves and with the other closed shells of protons. 

2. Potential energy of interaction of 1/7;2 nucleons 
with themselves, exclusive of the Coulomb interaction. 

3. Contributions directly proportional to the number 


Taste XIV. Experimental binding energy in Mev. 


Binding energy 


418.7 
426.6 
437.6 
434.8 
445. 
450. 
402. 
471.: 
476. 


Nucleus 


ra” 341.9 
‘all 350.2" 
-a® 361.7 Ti” 
‘a’ 369.7 Cr” 
381 vi 
387 Cr® 
398 Mn 
Fe 
Co 


Binding energy Nucleus 
Ti 
Ti” 


Ca* 


*From Cat! —Ca mass difference. V. L. Sailor, Phys. Rev. 75, 1836 
(1949) 

» Related to Cr’(p, »)Mn®™ threshold. Lovington, McCue, and Preston, 
Phys. Rev. 85, 585 (1952) 

© Related to Mn® by radioactive decay data 
reference 25 


26 Collins, Nier, and Johnson, Phys. Rev. 84, 717 (1951); 86, 
408 (1952) 


All other values taken from 
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of 1/72 nucleons. These include spin-orbit-coupling 
energy, kinetic energy, and potential energy of inter- 
action with the core nucleons. 

4. The total binding energy of the .>Ca® core. 


The Coulomb contribution is that obtained in Sec. V. 


Coulomb term (Mev) 


=[Z—20 }[23.28A-§]+0.35k, (25) 


where Z is charge, A mass number, and & is the coeffi- 
cient of ¢ in Table V. The contribution from nuclear 
forces among 1f7;2 nucleons is given by (11). This is 
based on the assumption that odd-A and even-even 
nuclei have ground states of /=7/2 and /=0, re- 
spectively. 

The remaining binding energy contributions, 3 and 
4, while contributing the bulk of the absolute value, 
are expected to give a smoothly varying function of the 
mass number A. Calculations of absolute values with 
product wave functions, done chiefly in the p shell, 
have been quite unsuccessful, but they have been able 
to account for the structure of the binding energy curve 
that is superimposed on a smoothly varying function 
of A. The procedure of this investigation is to see 
whether the first two terms can account for the fluctua- 
tions of the experimental curve and then determine the 
uniform function of A needed to give the absolute 
values of the experimental curve. 

The even-odd variation in the binding energy for a 
given Z is the only irregular dependence on A that is 
experimentally evident. Among the terms of the calcu- 
lation for a fixed Z, only the nuclear 1/f7;2. contribution 
(11) exhibits such behavior. We can rewrite (11) in 
terms of Z by using the fact that it was assumed that 
T=Tz for ground states and that 27'z=A—2Z. Since 
A=n+40, where n is the number of 1/72 nucleons, 
(11) becomes 


V.=([(Z—20)(n+21—Z) |b 
n—I/(7/2) n(n—2)+1/(7/2) 
‘| |o+{ d. (11a) 
4 2 4 


The even-odd variation is given by the second differ- 
ence of Eq. (11a) with Z constant. The small changes in 
b, D, and d arise from changing the mass number by 
one are neglected, and in the second difference only the 
terms involving / or those quadratic in m can con- 
tribute. 


CVingi— Van l—[Vn—Vn-r] 


d * 1 + f. —— =|] 
+ 
7/2 4 


+ D for odd n 
. (26) 


-a'v.={ 


—D+d for even n 


The experimental points within the shell give a nu- 
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merical value for this second difference: 


+3.3 Mev for odd n 


A*V .= (error +0.3)}. (27) 


— 3.3 Mev for even ” 


This indicates that in order to obtain agreement with 
experiment, one must have |d|<|D]|, and D~3.3 Mev. 

So far no particular central force interaction has been 
used. Before investigating particular potentials, some 
further properties of d and D will be used to show what 
properties a potential must have to provide agreement 
with experiment. 

The expressions for D and d are given in Appendix I 
for the four types of exchange with central forces. 
These expressions occur in calculating interactions for 
configurations of identical nucleons; wave functions of 
such configurations are antisymmetric to simultaneous 
exchange of space and spin. Therefore, D and d have 
the property that if the interaction Py.Qi2Vi2 is used 
instead of Vj», the result is to merely change the sign 
of D and d. If one uses the coefficients W, M, H, and B 
to represent the amount of exchange of type 1, Pi, 
Pio, and Qi», respectively, the general expression for 
d or D is a linear combination of the expressions listed 
in the Appendix with these coefficients. Using the fur- 
ther result that from the deuteron problem one expects 
W+M=0.8 and B+H=0.2, the general expressions 
for D and d become 


d=0.6dw+ (M—B)(dy—dw), 
D= 0.6Dwt+ (M— B) (Du ae Dy). 


(28) 


Furthermore, the Appendix shows that dy = (—1/2)dw, 
so that 


d=[0.6—1.5(M—B) ]dw. (28a) 


With the nuclear parameters that were determined 
from the isobar differences in Sec. V, the magnitudes of 
Dy, Dy, and dy are the following: 
Delta-function range 
Dyw=~6.0 Mev 
Dy = 6.0 Mev 
dw=0 


Finite range 
Dyw~3.8 Mev 
Dy = 1.3 Mev 
d w~ 2.6 Mev 


From these magnitudes it is clear that in order to satisfy 
the requirement |d|<!D_, the coefficient of dw must 
be small in the finite range case. This would give 
M—B=04 and consequently D=1.3 Mev, too small 
a value for the other requirement, D~3.3 Mev, re- 
sulting from comparison with experiment. On the other 
hand, the case of delta-function range gives d=0 and 
D=3.6 Mev and is independent of M—B. These values 
will give an even-odd variation term quite similar to 
observation. 

The values resulting from the particular finite range 
potentials (8), (9), and (10), are the following: 


(8) (M=0.8, B=0) gives D=0.3 Mev, d= —1.5 Mev; 
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(9) (M=0.8, B=0.2) gives 
D=0.8 Mev, d= —0.8 Mev; 


(10) (M=0.4, B=0.1) gives 
D=1.5 Mev, d= +0.4 Mev. 


From these sample cases the indication is that in 
order to have simultaneous quantitative agreement with 
isobar differences and with the even-odd variation for 
isotopes in the binding energy curve, the delta-function 
limit is the best approximation. This means that the 
use of a range dependence like the Yukawa potential 
would improve the agreement of the finite range cases 
considerably since its results are expected to lie closer 


160 


=z 
° 


ee 
° 





°o 


° 
%o 
° 
° 
” 
“ 
ws 
o 
7 
w 
z 
> 
i) 
« 
ww 
_ 
ws 
° 
z 
Qa 
z 
a 





Fic. 4. Binding energy of stable nuclei in the (1f;/2) shell: 
(1) Coulomb contribution; (2) (1f7/2) interactions from Eq. (11); 
(3) (A—40) times the smooth function W(A)=35347! Mev; 
(4) Sum of these contributions. The circles are the experimental 
values. 


to those of the delta-function dependence than the in- 
verted Gaussian range dependence. 

The even-odd variation discussed above is the only 
irregular contribution to the binding energy for a given 
Z. In general, for the nuclei in the shell the Coulomb 
contribution and the contribution due to the 1f7,/2 in- 
teractions cancel each other’s irregularities. The con- 
tribution 3 directly proportional to the number of 
1 fz/2 nucleons can, therefore, be represented by a smooth 
function of A, namely (A—40)W(A), where W(A) is 
obtained by fitting the experimental points. The sepa- 
rate contributions and their sum which represents the 
binding energy in excess of that of Ca” are presented 
in Fig. 4, for the delta-function case where W(A) 
=8.6(41/A) Mev gives a good fit. This dependence on 
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A is reasonable since one expects the terms which it 
represents to depend on A to some negative power 
around unity. For two-thirds of the points agreement 
is within 0.4 Mev and all are within 1.0 Mev. 


Vil. Ff! VALUES AND MAGNETIC MOMENTS 
A. ft Values 


The allowed ff values in the shell can be calculated 
for a Gamow-Teller interaction by evaluating the 
nuclear matrix elements of the operator > ,e‘r,‘. Here 
7, is the isotopic spin operator which changes the 
charge variable of a nucleon, and @ is the Pauli spin 
vector. The transitions are assumed to be between 
states of /=7/2, and the matrix element is averaged 
over initial states and summed over the final states 
with different magnetic quantum numbers. The square 
of the matrix element is listed in the second column of 
Table XV; the decays are listed by pairing each decay 
with that of its hole image since their theoretical 
matrix elements are the same. 

The decay Sc(8+)Ca" is a mirror decay, namely 
from T,=—1/2 to T,=+1/2. The square of its GT 
matrix element is seen to be from two to ten times as 
great as those of the nonmirror decays. Experimentally, 
mirror decays have very low ft values and are called 
super-allowed; if only the GT matrix element were in- 
volved, the ratio of squared matrix elements should be 
about 30:1 to account for the difference between ob- 
served ft values in allowed and super-allowed transi- 
tions. However, the mirror transition can have Fermi 
interaction as well as the Gamow-Teller interaction 
contributing to its matrix element, which is not true 
for the allowed transitions. The matrix element for the 
Fermi interaction >°,7,' is unity for the mirror transi- 
tion and zero for all the rest. Therefore, the lack of a 
difference between calculated allowed and super- 
allowed transitions comparable to that observed ex- 
perimentally is the result of the omission of the Fermi 
interaction and possibly also to lack of cancellation in 
the matrix element by the many-particle wave functions. 

If the calculated GT matrix elements are assumed to 
be correct, the relative strength of Fermi interaction to 
GT interaction must be about 20:1 to account for the 


TasBL_e XV. Comparison of calculated and experimental ft values. 


(log ft) theor 


Decay Moar? (log ft)exp 


1.28 3.45 
0.57 } 49 
0.57 : 4.9 
0.46 ae 59 
0.46 5. §.2 
0.30 >4.6> 
0.30 5. >4,5> 
0.25 FE 6.0 
0.18 Ss, 5.6 
0.11 >4.4> 
0.11 >5.1> 


Sc#(Bt)Ca*! 
Sc#(8t)Ca® 
Fe (B*)Mn% 
Ca*®(B~) Sc 
Cr(AK)V 
V7 (8+) Tit? 
Cr#(pt)Vv* 
Sc (B>) Ti” 
Sc‘? (B~) Ti" 
Ti*®(Bt)Sc* 
Mn®*"!(8t)Cr® 


® Fitted to experimental value of Sc#(8*)Ca®. 
>» Lower limit for log ff since branching ratio for K capture is unknown. 
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low ft of the super-allowed transition. This is not com- 
patible with recent interpretations*® which indicate an 
upper limit of about 1:1 for this ratio. 

Therefore, the discrepancy must lie in the calculated 
(GT matrix elements. That this is likely is indicated by 
the results of Appendix III, where the secular deter- 
minant is solved with delta-function interaction in the 
case of Sc#. While the energy of the resulting ground 
state differs little from that obtained with the approxi- 
mate wave function constructed according to Sec. IV, 
|M\qr? for the Sc#(8+)Ca® transition drops by 60 
percent. The value of the matrix element is thus quite 
sensitive to the wave function and hence to the type 
of interaction used when solving the secular deter- 
minants; so calculation throughout the shell is not 
feasible. The fact that the magnitude drops when wave 
functions resulting from solution of secular deter- 
minants are used is expected since these should not 
have so much similarity as wave functions constructed 
according to Sec. IV. 

A reduction of the calculated |M!q7r* by a factor of 
about ten is needed to give the magnitude of the ob- 
served log ft’s for allowed transitions. If a constant 
reduction factor is assumed and incorporated by fitting 
the calculated log ft for Sc#(8+)Ca®, the resulting 
relationship is 


log! M | ar’ ft=4.66. (29) 


Values obtained by using (29) on column 2 of Table XV 


give column 3. There is still little semblance of any 
correlation with column 4, so the wave functions of 
Sec. IV are inadequate for calculating ft values. The 
fact that these wave functions are nevertheless suitable 
for energy calculations is not surprising since such 
calculations are an order of magnitude less sensitive to 
changes in the wave function. 


B. Magnetic Moments 


The magnetic moments obtained for the stable nuclei 
with the many-particle wave functions are listed in the 
second column of Table XVI. Comparison with the 
experimental determinations given in the third column 
shows that the theoretical values are considerably 
higher. Still, the experimentally observed tendency for 
the moment to be reduced when going from a nucleus 
like V*', which has only protons outside closed shells, 
to Sc**, which has both neutrons and protons outside 
shells, is given by the model, as has been pointed out 
by Flowers.?’ As in the case of the beta-decay matrix 
elements, the magnetic moment is considerably more 
sensitive to the nuclear wave function than is the en- 
ergy, so that nuclei having approximate wave functions 
are affected as is shown in Appendix III. 

However, there is no ambiguity in the construction 
of the wave function for V*' whose moment is predicted 

26 G. L. Trigg, Phys. Rev. 86, 506 (1952); J. M. Blatt, Phys. 


Rev. 89, 83 (1953). 
27 B. H. Flowers, Phil. Mag. 43, 1330 (1952). 
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to lie on the Schmidt line. There have been proposals** 


that the spin contribution to the magnetic moment is 
suppressed from its free particle value when a nucleon 
is in the field of other nucleons. If one follows this sug- 
gestion and uses the V*' experimental moment to esti- 
mate the amount by which the anomalous spin moment 
of both neutron and proton is suppressed, the results 
are fp=2.15u9 and w,=—1.2749. Magnetic moments 
calculated with these values are listed in the last column 


of Table XVI. 
VIII. CONCLUSIONS 


In summary, the following conclusions can be drawn 
from comparison of the jj-coupling model with experi- 
ment in the 1d3,2 and 1f7/2 regions. 

lor identical nucleons, even configurations give the 
observed order of 7=0, 2. Odd configurations give the 
] of the single odd nucleon, although the (1f7/2)° con- 
figuration has levels of smaller J that are calculated to 
lie close to the ground state in energy. 

For odd-odd nuclei, the coupling of a single particle 
with a single hole is given in agreement with experi- 
ment. For coupling of two nucleons or two holes, calcu- 
lation does not always agree with experiment. 

For other 1/72 shell nuclei, the wave functions con- 
structed according to the assumptions of Sec. IV seem 
suitable for obtaining binding energy differences. They 
can account for the kinks in the binding energy curve 
of the stable odd-A and even-even nuclei if the range 
dependence of interaction is closer to the delta function 
than the Gaussian. They also account for the binding 
energy differences of isobars within the Hartree model, 
which the wave functions of the weak spin-orbit cou- 
pling model do not.” The 17,2 shell is peculiarly suited 
for such a comparison, since it is the only section of the 
periodic table where isobars of sufficiently great dif- 
ferences in neutron excess have both neutrons and 
protons within the same shell. This makes the binding 
energy difference of neighboring isobars a single, simple 
quantity, directly related to the symmetry properties 
of the wave functions. 

Although the approximate wave functions are good 
for energy calculations and give reasonable values for 
the few measured magnetic moments, they are not ade- 
quate for calculation of allowed ff values. The results 
indicate that while the wave functions formed according 
to Sec. IV are good first approximations, they are not 
sufficiently exact for the sensitive test of ff values. 
Furthermore, if the configuration (1 f7/2)52°%, which is 
the ground state of »;Mn°*, is involved in any of these 
decays, it would seriously affect the ff calculations. 


28 F. Bloch, Phys. Rev. 83, 839 (1951); H. Miyazawa, Progr 
Theoret. Phys. (Japan) 6, 263 (1951); A. de-Shalit, Helv. Phys. 
Acta 24, 296 (1951). 

27 FE. Wigner (reference 21) accounts for binding energy differ 


ences by using a model with potential energy from the Hartree 


model with negligible spin-orbit coupling and kinetic energy calcu 
lated with the statistical model. For the nuclei considered here, 
the use of two models is not necessary if 77 coupling is assumed. 
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Tas_e XVI. Magnetic moments for odd-A nuclei in the 1 f7/2 shell. 


Calculated” 
—1.27 
+4.58 
—0.99 


Nucleus Calculated* Experimental 


Ca® —1 
Sets +5 
a 


+4.75¢ 
Tit? 

—1.10¢ 
Ti* — | 


ya + 5.7 +5.15¢ 


® Calculated with pp = +2.79, ua = —1.91 

» Calculated with suppressed moments to fit V™; 

© W. G. Proctor and F. C. Yu, Phys. Rev. 78, 471 | 

4 Jeffries, Loliger, and Staub, Helv. Phys. Acta 24, 643 
uncertain) 

eW. D 


1.27 
(1951) (isotope 
76, 1421 (1959) 


Knight and V. W. Cohen, Phys. Rev 


On the other hand, the energy differences would not be 
seriously affected since the (1f7/2)72* configuration 
which was assumed to be the ground state in the calcu- 
lations should lie very close to the (1f7/2)52°% in 
energy.”"* 

The author wishes to express his gratitude to Pro- 
fessor M. G. Mayer for suggesting the investigation 
and providing liberal amounts of discussion and guid- 
ance during the course of the work. 


APPENDIX I. EVALUATION OF INTERACTION 
INTEGRALS 

The potential energy of interaction caused by nuclear 
forces is obtained by calculating the matrix element for 
two-body interactions using the many-particle spin- 
orbit coupled wave functions. This is a sum of integrals 
involving the individual particle functions with co- 
efficients determined by the wave function of the par- 
ticular nucleus in question. The individual particle 
integrals can be integrated over ordinary spin, and are 
then linear combinations of the fundamental integrals 


(ab! V | cd) 


= ff uct tin? 2)V a(t) ue 2\drdra (Al) 


where «= R,1(r)Om(A)Pn(¢), the subscripts on the u’s 
referring to the set of quantum numbers n, /, and m. 
The functions are normalized so that 


9 


f R*r*dr=1- f ©? sinddd= 1; f Pdg=1. 


0 0 


The fundamental integrals all involve the spatial 
dependence of the interaction between pairs of nucleons, 
This is taken to be the negative Gaussian: 


J (r\2) = Ay exp — (t12/r0)? ] 
= Ay expt — (r?+ 92? — lure) /r¢ |. 


(A2) 

28 Note added in proof:—Recent experimental data indicate 
that odd-A nuclei having the configuration (1 f7/2)~* have a ground 
state of 5/2 with the state 7/2 a few hundred kilovolts higher, 
whereas this situation is reversed for the configuration (1 f7/2)3. 
The new data also provide closer agreement with the binding 
energy differences for 7/2 states calculated in Sec. IVA). See 
L. S. Cheng and M. L. Pool, Phys. Rev. 90, 886 (1953); B. Crase 
mann and H. T. Easterday, Phys. Rev. 90, 1124 (1953); C. D. 
Jeffries, Phys. Rev. 90, 1130 (1953) and Bull. Am. Phys. Soc. 5, 
24 (1953 
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Tas_e XVII. Direct and exchange interaction integrals for 
1fz/2 nucleons. The general expression is [ao+ayx+a2x*+a;x%7]K, 
where x= p*/4(1+-p?), K = (Ao/735) (1+?) and p=ry,/ro. 


Wigner interaction Majorana interaction 
a a? aa ai at 


8820 22050 


aa 





77D "8820 22050 14700 14 700 


10710 
11 340 


8400 
6300 


3150 
5670 


8400 
6300 


6930 
1890 


75D 14 490 

E 7560 
6720 
4620 


1260 
3780 


6930 
7560 


6720 
4620 


5670 
630 


73D 11 340 

E 4410 
6216 
3444 


378 
2772 


4914 
5796 


6216 
3444 


71D 5040 10 332 

E 0 2268 
3402 
4536 


6216 
2772 


6216 0 
2772 2268 


5040 = 10 332 
0 1134 


6720 
2100 


1890 
3780 


6720 0 
2100 1890 


5670 11340 
0 0 


8400 
2100 


8400 0 0 
2100 1260 3150 


6930 14490 
0 0 


8820 22050 14700 0 O 14700 
0 0 0 0 0 0 


6660 16650 11 820 5580 15570 11820 


9090 
10 260 


8520 
4980 


2610 
4800 


8520 
4980 


6480 
1440 


14 580 
5220 


7296 
4428 


5778 
6696 


1404 
3780 


7296 
4428 


6390 
1350 


12 494 
4266 


7296 
2868 


3618 
5796 


864 
2610 


7296 
2868 


6390 12492 
0 1296 


1890 
4320 


8520 
3540 


8520 0 
3540 1620 


6480 14580 
0 2430 


3240 11820 
1080 0 


16650 11820 0 
1080 


6660 
0 0 0 


7020) 15930 11 340 4860 12690 11 340 


7542 
10 476 


9456 
3612 


2790 
4158 


9456 
3612 


16 362 
2664 


7290 
450 


9456 
5844 


1008 
3132 


4464 
5886 


9456 
5844 


16 362 
6768 


7290 
1800 


5400 11 340 
3240 0 


1080 
2160 


7020 15930 11 340 
0) 0 0 


7740 19026 13068 4068 10818 13068 


9300 13 068 
8208 0 


3096 
3672 


7740 19026 13068 
0 0 0 


Following the method applied to the case of Coulomb 
interaction in atomic physics,” the interaction is ex- 
panded in a series of Legendre polynomials of argument 
w= cosé: 

J (riz) = Ao expl— (ri2-+127)/r0? do nae (ni, 72)Pe(u). (A3) 
The fundamental integrals are then linear combina- 
tions of Slater integrals with coefficients obtained from 


*®F. U, Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, Cambridge, 1951), Chap. 
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the angular part of the integration. These coefficients 
are the same as for the atomic case and are tabulated 
in reference 30. For the 1f shell, the Slater integrals 
are the following: 


pom f J Rif (ri) Rif (72) expl — (r?+12)/re?] 
XK a(n, re)ryPrerdridrs. 
The values of & are 0, 2, 4, and 6 with the following a,: 
do= (1/y) sinhy, 
a2= (5/y*)[(3+y") sinhy—3y coshy ], 
a4= (9/y5)[ (105+-45y?+ y*) sinhy 
— (105y+10y*) coshy ], 
ag= (13/y")[ (10395 +4725 y? + 210y*+ y®) sinhy 
— (10395 y+ 1260y'+ 21°) coshy ], 


(A4) 


where y= 2nr2/r,’. 
The radial functions for the 1f shell are the harmonic 
oscillator functions 


Ry, = Nir exp — (r/r)?]. (A5) 


The Slater integrals are evaluated with these functions, 
giving the expressions, 
F =[105+9(105)x+9(11) (21) 
+9(11)(13)x° ]7K, 
F® =[0+9(63)x+9(11)(18)x? 
+9(11)(13)a7 35K, 


F® =[0+0+49(11) (11)a?+9(11) (13)a* ]63K, 
F® =[0+0+0+9(11)(13)x"]91K, 
where x= p'/4(1+ )*), K = (Ao/735)(14+p*)-*”, p=ry/ro. 


The integrals desired involve the spin-orbit coupled 
individual particle functions, and since the integrals 
are linear combinations of the Slater integrals, they 
can be expressed as polynomials in x. The formulation 
in terms of x is convenient since the limiting cases of 
zero range and infinite range of interaction are im- 
mediately evident as x goes respectively to infinity or 
zero. The integrals for nucleons in the 1f7/2 shell are 
given in the form, 


(A6) 


fcr@s@ yr sc7)5@Mrdrs 


= 75 direct = 75D. 


ftv 5(2) Vif 5( 1 )7 (2) ]dridre 
=75 exchange=75F. 


Here V2 is the two-particle interaction potential, and 
7(1)5(2) means that particle 1 is in the state with z 
component of angular momentum m=7/2 and that 
particle 2 is in the state m= —5/2. The integrals are 
given for the interactions Vj2=J(rj2), the Wigner 
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interaction, and for Vj2=J(rj2)Pi2, the Majorana or 
space exchange interaction. The integrals for Heisen- 
berg interaction can be obtained from the Wigner in- 
tegrals since the Heisenberg operator P).Q.. merely 
exchanges particles 1 and 2 in the space-spin function. 
Thus the direct integral with Heisenberg interaction is 
the exchange integral of Wigner interaction and vice 
versa. The same relationship holds between Bartlett 
(Qy2) and Majorana integrals. 

The resulting integrals which allow calculation with 
any type of static central-force interaction are given 
in Table XVII. There the coefficients of the powers of 
x in the polynomial (ay+aix+a2x*+a;2")K are listed. 

The quantities arising in the expression for potential 
energy within the 1/72 shell (11) can naturally also 
be expressed as polynomials in x. For the four inter- 
actions these are: 

Wigner Interaction 

Dw = (105+1620x+5346x2+5148x9)7K, 
dw = (210+ 1440x+ 1980x°+-0)7K, 

bw = (0+ 200x+ 9682°+ 11442°)7K. 


Majorana Interaction 

Dy = (+154+324x+ 1782x°+51482°)7K, 
dy = (—105—720x—990x?+-0)7K, 

by = (+604536x+ 1232x°+ 11442°)7K. 


Heisenberg Interaction 
Du 2 Dy, dy = —dy, 
by = (4+105+820x+ 14742°+572x)7K. 


Bartlett Interaction 
Dz= —Dy, dz= —dvy, 
bg= (0+ 100x+4842°+572x°)7K. 
APPENDIX II. ENERGY EXPRESSIONS FOR 
ODD-ODD NUCLEI 
The Slater integrals for configurations of 1d3). nu- 
cleons and for mixed 1d3;2 and 1f7/2 nucleons involve 
the parameter rq from the radial 1d wave function 


Riya= Nia expl— (r/ra)? } (A9) 


TasLeE XVIII. Energy level order for 1d;/2 configurations. 
where x= pa*/4(1+p#), pa=ra/ro, and Ka= (Ao/15) (1+) 


CM (1day2) (lday2) ) 
Majorana Heisenberg 


ao a a » a) a 


— 1260 4970 
—90 —70 2520 1960 
180 280 — 1260 4970 

0 0 


330-1930 


CE*{ (1day2 


Majorana Heisenberg 


ay : ao ay a? 


3470 750 3010 2520 

3010 750 2030 1260 

1820 750 3010 2520 
0 0 


and K**[ 


5040 
2520 
5040 
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as well as the parameters ry, Ao, and 79 defined in the 
evaluations of Appendix I. 
For 1d3,2 configurations the Slater integrals are: 


F =[15+70x+6322 JK a, 
F® =[0449x+ 6327 5K a, 
F =[(0+0+63x 9K a, 


(A10) 


where 
Ka= (Ay 15)(1 t pu’) , 


For mixed 1 f7/2 and 1d3/2 configurations the integrals 
are: 


x=pa'/4(1+p2); pa=ra/to; 


F© =[5+30w+33w? ]Q, 
F® =[0+21w+33w? ]5Q, 
FO =[0+0+33w* 90, 


(All) 


where 


1/7 2p/pa yee A Pes" 
“= - ji ; V= (256A 9/5) (2+ p.“) (w, pypa’)*”?. 
4\2+p/+p/ 


F =[35/3+42y+33y BC, 
F® =[0+27y+33y* JIC, 
F® =[(0+0433y¥ JIC, 


(A12) 


where 
ps‘pat 
(oP? +pd) (pf +pa+ 2p/pa) ; 

C= (256A 0/5) pa" (y/p/pa)*”. 


In the limit py=pa=p, one obtains the simplification 
y=w=vx. The level crossings given in the text are ob- 
tained for this particular case. 

The expressions for the level order of the various 
odd-odd nuclei are given in Tables XVIII, XIX, and 
XX. In this polynomial form it is easy to see the order 
in the limit of delta-function interaction since in this 
limit y=w=a« and «>>1. The infinite range interaction 
case is also obvious since here x, y, w<1. 


The expressions are in the form [ao+aix-+a2x* ](K 4/25), 


72. The level /=0 is set at zero as a reference level. 


bday2)  (Aday2)~*) 


Wigner Bartlett 


ae at a a 


1260 1580 
0 - 1960 — 2520 70 
— 980 -1260 70 

0 0 


0 -980 


(1daj2)*! 


Bartlett 


a 4 ay 


50 


Wigner 


980 
1960 320 
980 800 
0 0 
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TABLE XIX. Energy level order for (1dj/2, 1f7/2) configurations. The level / = 2 is set equal to zero as a reference level. The expressions 
for Majorana and Heisenberg interaction are in the form [aeta:y+ary? ](C/35), where y= (ps'put/pP2+p2) (pP+p2+2p7oe)— and 
C= (256A 0/5)pa(y/pPpz)**. The expressions for Wigner and Bartlett interaction are in the form [fot+fBiw+B.u? ](Q/35), where 
w= pp?/4+2p7+2p2 and O= (256A6/5) (p72 +2) (w/pPp. 9/2, 


CH8L (1da72) (1 f7/2) J 


Majorana Heisenberg Wigner Bartlett 


Br 
— 280 


ag at 


432 1884 


Bs 
440 


— 1540 
1100 


a 


440 0 


ao ar 


Bo 

— 1840 0 
168 84 - 1540 0 210 — 1540 0 — 980 
72 264 1100 0 —210 — 1540 0 — 700 
0 0 0 


60 


—1256 

— 1106 
—746 

0 


— 1540 
— 1540 


Kf (1day2) “(1 f2/2) ) 
Majorana Heisenberg Bartlett 
Bi 


—976 


Wigner 
Bo B B 


280 «440 
1540 


at ae 


2484 


a a2 


440 0 — 1400 0 
2184 1540 0 0 0 980 -126 
1764 1100 0 — 360 — 440 0 700 1100 —46 

0 0 0 0 


APPENDIX III momenta 


Ihr, w= (+1) —M(M +1) Jr, ya. (A13) 


Similarly, operating with 7+ =T7,+17, should give zero. 


The nucleus Sc* is treated as an example of the con- 
struction of wave functions. This nucleus has one 


proton and two neutrons in the 1/72 shell so that there 
are several states with the same total angular mo- 
mentum / and isotopic spin 7. Therefore, the approxi- 
mate wave function is constructed in accordance with 
the assumptions discussed in Sec. IV, and an exact 
wave function is also found by solving a secular deter- 
minant. “The expectation values of various observables 
are calculated with the approximate function, and the 
exact function and the results are compared to check 
the validity of the approximation method. 

The individual particle states are represented by 
symbols like 7p and 3n. The first of these symbols 
represents the state with 2 component of angular mo- 
mentum m=7/2 and isotopic spin projection /,= —1/2 
(proton); similarly, the second state has m= —3/2 and 
!,=1/2 (neutron). The general wave function for Sc® 
with M=S°m‘=7/2 and T,=>01,'=1/2 is the linear 


combination : 


W=A DY 7p(1)7n(2)7n(3)4+- By & 7 p(1)5n(2)5n(3) 

+ By © 7n(1)5p(2)5n(3)+ Bs & 7n(1)5n(2)5p(3) 

tC, dO 7p(1)3n(2)3n(3)4 Cy 7n(1)3p(2)3n(3) 

+C 3% 7n(1)3n(2)3p(3)+ Di & 7p(1)1n(2)1n(3) 

+ Dy 7n(1)1p(2)1n(3)4+ Ds & 7n(1)1n(2)1p(3) 

+F, & 5p(1)3n(2)1n(3)+F 2X 5n(1)3p(2)1n(3) 

+F sy ¥ 5n(1)3n(2)1p(3)+G SY 3p(1)3n(2)1n(3) 
+S” S5p(1)5n(2)3n(3)4+J SX Sn(1)1p(2)1n(3). 


A component 5°7p(1)7n(2)7n(3) represents the sum 
over all particle permutations in the three individual 
particle states 7p, 7”, and 7m with appropriate signs to 
make the function antisymmetric to exchange of any 
two nucleons. 

The arbitrary coefficients are then determined by 
requiring the desired values 7=7/2 and T=1/2. This 
means that operating on w with ]=J,+ iI, should give 
zero because of the general equation for angular 


The procedure for obtaining the approximate wave 
function according to Sec. IV is to set the coefficients 
Fy, Fo, F3, G, H, and J equal to zero, Then applying 
the conditions /*~=0 and T+y=O will determine the 


other coefficients. 


These are 


A=— 


a B= —C,=D, 


TaBLE XX. Energy level order for 1f7;2 configurations. The 


expressions are 


in 


the form [ao fay x+ ayx® tay Ky, where 


r=py' 4(1 t+p;*), ps=rys/Yo, Ky= (A9/735) (1 +-ps*) 92. The level 
/ =0 is set equal to zero as a reference level. 


Cenwewon 


ao 
2940 
2940 
2940 
2940 
2940 
2940 
1680 


Sen weunrdn| 


— NAW es 


Majorana 


am 


6552 
4788 
468 
4392 
—576 
2628 
$492 


a 


9576 
—13 104 
4464 

13 896 
9432 

17 424 
15 048 


Wigner 


-2520 
—~6300 
—7200 
—6300 
—4500 
—2520 

—900 


0 


—15 372 
—30 492 
—27 072 
—26 928 
—25 668 
—18 612 

-7920 


Majorana 


a 


26 460 
460 
460 
4600 

2 896 

22 680 

13 609 


ae 


0 


58 O12 
58 O12 
50 992 
54 448 
46 132 
46 132 
28 112 


Wigner 


2520 
6300 
7200 
6300 
4500 
2520 

900 


0 


15 372 
30 492 
27 O72 
26 928 
25 668 
18 612 

7920 


Sc®@C (1s 


17 160 


21 336 
33.936 
27 576 
31 824 
27 144 
27 456 
17 160 


(1f1/2)] 


5880 
5880 
5880 
5880 
5880 
5880 
5880 


840 
630 
450 
300 
180 

90 

30 


Heisenberg 


a 


20 160 
6300 
15 480 
6300 
18 180 
2520 
21 780 


a 


59 47 


2 
30 492 
47 772 
26 928 
49 176 
18 612 
66 924 

0 


Bartlett 


11 088 
4788 
400608 
4392 
3960 
2628 
1044 


34 524 
13 104 
20 484 
13 896 
15 516 
17 424 

9900 

0 


as 

50 736 
33 936 
44 496 
31.824 
44.928 
27 456 
54912 


50 736 
33 936 
44 496 
31 824 
44 928 
27 456 
54 912 


Heisenberg 


a 
§2 920 
52 920 
52 920 
§2 920 
§2 920 
45 360 
52 920 
0 


a 

116 424 
116424 
116 424 
109 296 
116 424 
92 664 
116 424 


Bartlett 


13 608 
11 O88 
11 268 
10 692 
8460 
5148 
1944 
0 


49 896 
43 596 


36 036 


72 072 
67 872 
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=+2, B,=B;=—C 
malizing factor (27) 

If one does not set coefficients equal to zero as in the 
approximate case, the 7+ and 7* operators will lead to 
equations reducing the number of arbitrary constants 
from 16 to 3. This indicates that there are three states 
with J=7/2, T=1/2, which can only be resolved by 
solving a secular determinant of the matrix elements 
for nuclear interactions. Three arbitrary wave func- 
tions are constructed, consistent with the /=7/2, 
T=1/2 requirements and mutually orthogonal. The 
secular determinant is solved for the case of a two- 
particle delta-function interaction 


Vi2= A3(0.8+0.2012)6(ri2), 


—C;=D,=D;=—1 with nor- 


D 


(A14) 


where (» is spin exchange. The various physical quan- 
tities calculated with the resulting wave functions are 
given in Table XXI and compared with values ob- 
tained by using the approximate wave function. 
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TaBLe XXI. Expectation values with the approximate 
and exact wave functions for Sc*. 


1 ft/2 shell Mag. mom. 
energy nm 


Miartfor |M{qr* for 
Wave function i*(8*)Sc® Sc#4#(8t)Ca® 
¥ (approximate) 2.400G 
y1 2.516 G 
¥2 1.313 G 
V3 . 0.981 G 


+ 4.08 
+4.82 
+ 1.03 
+0.02 


0.57 
0.24 


0.40 
0.72 


From Table XX1 it is evident that the lowest energy 
solution of the secular determinant y; represents a 
state with about the same energy as the approximate 
state. However, while the energies agree within 5 
percent, the magnetic moments and Gamow-Teller 
matrix elements for beta decay are considerably dif- 
ferent. This indicates the degree of validity in using 
the approximate wave functions and is satisfactory for 
energies. 
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The Linear Combination in 3 Decay* 


D. C. PEASLEE 
Columbia University, New York, New York 
(Received April 29, 1953) 


Empirical evidence on the shapes of first- and second-forbidden spectra is surveyed to determine the 
linear combination of invariants in the 6-decay interaction. Absence of 1/W terms in allowed shape first 
forbidden spectra excludes combinations SA and V7. Spectrum shapes for AJ = 2, no, transitions exclude 
VA and indicate that for negatron emission the relative algebraic sign of the terms is (S—T7). These spectra 
also indicate the need for considerable correction of nuclear matrix element estimates because of the presence 
of pseudoscalar-coupled forces in the nucleus. Extrapolation of these empirical corrections to the case of 
RaE shows that the full linear combination should be [S—7+(1/4)P], where 6 is positive and of order 
unity. Arguments based on symmetry principles indicate that the correct interaction should in fact be 
(S4T+P), where + refers to 8* emission. The effects of the difference in sign of the 7 term should in prin 
ciple be observable. This law for 8 decay is compared with the decay of the « meson, and it is found that if 
the linear combinations are the same, the coupling constants also have identical absolute values. The mean 
coupling constant is | f| = 1.44 0.04 10~" erg cm’. The chief experimental doubt concerns the ~-meson 
spectrum, which is expected to go through zero at its end point if the 8 and yu interactions are identical. It 
appears possible to deduce the combination (S—7+/P) uniquely from the postulates that the neutrino 


field is (1) unique; (2) massless; (3) part of a universal four-particle interaction. 


I. INTRODUCTION AND SUMMARY 


HE shapes of forbidden 8 spectra are analyzed to 
provide information about the linear combination 
of invariants, SV 7AP, in the 8-decay interaction. It is 
assumed as a basis throughout that (1) the interaction 
contains equal parts of Fermi (.S, V) and Gamow-Teller 
(7, A) invariants; and (2) that there is no appreciable 
(<10 percent) mixture of S and V or of T and A in the 
interaction. These assumptions are indicated by the 
most recent analyses of allowed spectra.'? 


* Work performed under the research program of the U. S. 
Atomic Energy Commission. 

10. Kofoed-Hansen and A. Winther, Phys. Rev. 86, 428 (1952). 

2 J. P. Davidson and D. C. Peaslee, Phys. Rev. 91, 1232 (1953). 


In forbidden transitions only those spectra involving 
a mixture of different nuclear matrix elements can give 
information about the linear combination ; by assump- 
tion (2) this implies that the only useful spectra are 
those with a spin change AJ <n-+-1, where n is the order 
of forbiddenness. To extract the parameters A of the 
linear combination, it is necessary to have some inde- 
pendent estimate of the ratios of nuclear matrix ele- 
ments, which always occur in combination with AX. 
Section II attempts to form such estimates for the 
general matrix element, extending a procedure previ- 
ously given® for first-forbidden matrix elements and 


3T. Ahrens and E. Feenberg, Phys. Rev. 86, 64 (1952). 
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making some allowance for pseudoscalar-coupled nu- 
clear forces.‘ 

In Sec. III are given simplified expressions for the 
spectrum shapes of first- and second-forbidden transi- 
tions. The low-Z approximation is used in order to 
obtain perspicuous algebraic forms for the spectrum 
shapes; since the analysis relies only on order-of- 
magnitude arguments, the low-Z approximation should 
not generally vitiate the conclusions. It is found possible 
to simplify the expressions for the spectrum shape even 
further by taking only the large terms of order aZ/2R. 
The combinations ST and VA are observed to have the 
same generic shapes in this lowest-order approxima- 
tion. They can be differentiated only by using inde- 
pendent estimates of matrix element ratios for second 
and higher forbidden spectra, or by comparison with 
spectra like RaE, where the usually dominant terms of 
order aZ/2R happen to cancel. 

Section IV discusses the comparison with empirical 
data. The allowed shape of most first-forbidden spectra 
with AJ <2 clearly arises from the dominance of energy- 
independent Coulomb terms in the electron wave func- 
tion, as has been observed.® The absence of 1/W terms 
in these first-forbidden transitions of allowed shape 
definitely rules out the combination SA and provides 
some evidence against V7. Nothing more can be de- 
duced from these spectra because their allowed shape 
does not provide any indication of nuclear matrix 
element ratios. 

The second-forbidden spectra with AJ =2 have non- 
unique shapes for which only the combinations V A 
and ST are available on the basis of previous evidence. 
The combination VA is found to be at variance with 
the spectrum of Cl**, so that the only remaining possi- 
bility is S7’. This conclusion is in harmony with recent 
B—v correlation experiments® in He®. Further compari- 
son with the A/=2, no, shapes indicates that (1) the 
relative algebraic sign of the terms in negatron decay is 
given by S—7'; (2) a reasonable fit cannot be obtained 
without a considerable correction of the nuclear matrix 
elements for pseudoscalar-coupled forces. 

The spectrum of RaE is considered as the only case 
that gives evidence on the amount of pseudoscalar 
interaction P in the linear combination. General argu- 
ments based on the rarity of the RaE type spectrum 
indicate that it should be considered a 0-0? transition. 
The unique shape indicates cancellation of the usually 
dominant, energy-independent terms. These conclu- 
sions are the same as those obtained by a detailed 
analysis of the spectrum.’ Extrapolation of the empirical 


4M. Ruderman, Phys. Rev. 89, 1227 (1953). 

5H. M. Mahmoud and FE. J. Konopinski, Phys. Rev. 88, 1266 
(1952). 

6B. M. Rustad and S. L. Ruby, Phys. Rev. 89, 880 (1953); 
J. S. Allen and W. K. Jentschke, Phys. Rev. 89, 902 (1953). 


7A. G. Petschek and R. E. Marshak, Phys. Rev. 85, 698 


(1982). 
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pseudoscalar-coupled force corrections from the second- 
forbidden spectra to the case of RaE indicates that the 
linear combination active in this transition is 7— (1/6) P, 
where 6 is a positive number of order unity. 

In Sec. V are reviewed the symmetry arguments that 
bear on the linear combination. The only combination 
consistent with any symmetry principle and the em- 
pirical evidence is (S— 7+ P). This is taken as the cor- 
rect form for negatron decay ; for positron emission the 
combination becomes S+7+ PP, and the difference in 
sign of T should lead to observable effects. This linear 
combination is uniquely selected by the conditions 
that (1) the interaction should be antisymmetric in 
exchange of pairs of equivalent particles, where this 
does not include all pairs of particles in the interaction ; 
(2) the interaction should be invariant on mass reversal 
of the massless neutrino field, in the case of u-meson 
decay into two neutrinos; and (3) the 8-decay inter- 
action is identical with that for u-meson decay. 

In Sec. VI the decay of the isolated «1 meson is com- 
pared with 8 decay. It is found that if the linear com- 
bination is assumed to be the same for both cases, then 
the coupling constants have the same magnitudes 
within allowances for experimental errors. The mean 
value of the coupling constant in f(S— 7+ P) is | f| = 1.44 
+0.04 erg cm’. The chief point of present experimental 
doubt is the shape of the uw-meson decay spectrum, 
which should go to zero at its end point if the B- and 
u-decay interactions are indeed identical. 


II. NUCLEAR MATRIX ELEMENT RATIOS 


The shapes of forbidden spectra with AJ <n+1 can 
be used to determine the linear combination only if 
the ratios of certain nuclear matrix elements can be 
estimated a priori. Arguments of invariance under 
rotation and reflection show that general relationships 
exist only between matrix elements with identical selec- 
tion rules. Fortunately, only such ratios are required 
in fitting the spectrum shapes. Ratios of matrix ele- 
ments with different selection rules depend on specific 
details of the wave functions involved. 

A procedure has been given’ for estimating the ratios 
of first-forbidden matrix elements. It leads to conclu- 
sions at variance with the fit’ of the RaE spectrum, 
unless one assumes an unconscionable proportion of P 
in the linear combination. This dilemma can be re- 
solved! in the case of RaE by considering the pseudo- 
scalar nature of nuclear forces. In this section we 
attempt to obtain approximate ratios for first- and 
second-forbidden matrix elements, taking pseudoscalar 
forces into account but otherwise following the spirit 
of reference 3. 

In writing the 8-decay operators, a summation )>, 
over all the nucleons of the nucleus will be understood 
but not written explicitly unless necessary. The £- 
decay operators concerned are all contained among the 
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forms 


io VR, 
oXr-vR,, 


where ( changes a neutron into a proton and R, is a 
solid harmonic [r"¥’,,(@)] or equivalent coordinate 
tensor’ with (2u+1) independent components. The 
“relativistic” operators contain the factor ys; and de- 
pend strongly on the presence or absence of the factor 
8. The nonrelativistic operators are not much affected 
by 8 and will be written without it. The most general 
relations are those between relativistic and nonrela- 
tivistic operators, but there is one fairly general rela- 
tion between two nonrelativistic operators for an nth- 
forbidden transition : 


fvre0x rUR WV =i hf v0) o-rXp, Rk, (2) 


= it f ¥"OR.W, 


where the square bracket is a commutator and the sub- 
scripts 7 and f indicate initial and final nuclear wave 
functions. For multiparticle transitions or cases where 
there is considerable Russell-Saunders coupling, the 
coefficient ¢/ can be evaluated only from detailed 
knowledge of the nuclear wave functions. For the most 
useful first approximation of transitions between the 
same subshells in j—/ coupling, however, 


= (1/h){(o-L),—(e-L),} (3) 


=-+n for odd A. (3a) 


The relativistic matrix elements not containing 8 can 
be related directly to nonrelativistic elements without 
explicit introduction of the nuclear forces. For example, 


—j4 
fore vVR,= } fu OR,, ] 
1C 


—_ 1 
= fur ~H,.—H,, OR, ] 
he 


—t1 Ze 
lap 1.2—(1- 1) | [ORs (4) 


| he | R 


where //)=—a:pc—8Mc*, again without writing ex- 
plicitly the summation >. The argument follows that 
of reference 3: the total energy difference of the two 
nuclear states is AE=E,—E,, the Coulomb energy 
difference for a uniform charge distribution is 1.2 Ze?/R 
with R the nuclear radius, and 0</f,<1 is a fraction 
Rev. 60, 308 
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representing the extent to which the change in Coulomb 
energy is counterbalanced by an opposite change in the 
nuclear symmetry energy. Reference 3 takes /,~, 
while a value equivalent to /,~ § is obtained from more 
explicit calculations’ with single-particle wave functions 
and a specific Hamiltonian operator. With atomic units 
h/moc for length, moc?=4 Mev for energy, Eq. (4) 


becomes 


fowwR.- ix f OR. x= 2.4B(1—/,)—AW, (5) 


where B is the Coulomb barrier height of the (final) 
nucleus in Mev and AW =AE/moc’. For negatron emis- 
sion in elements heavy enough to have forbidden spec- 
tra, AW is frequently negligible relative to the term 
in B. Equation (5) for n=1 is the first Eq. (19) of 
reference 3. 

The only other relativistic operator of possible im- 
portance in 8 decay that does not involve 8 is Vys; 


consider 


fi Hy, Qa-r |= ine f Orlov, Qo-r | 


= ine f Ores + lia 9 Xr) (6) 


2 
ihe fon(s + ol). 
h 


For the operator o-L in this matrix element we must 
take, for any individual nucleon that makes a transi- 
tion, the average value of #-L for fixed 7 and /=j+}; 
this value is —h, independent of 7 and /, so that in 


; 
for fit Vo-r |= ix f 00 r. 
he 


This is the second Eq. (19) of reference 3. 

In contrast to Eqs. (5) and (7), relativistic operators 
containing 8 can be related to nonrelativistic operators 
only by writing out the matrix elements in nonrela- 
tivistic approximation. At this point certain char- 
acteristic terms will arise if the nuclear forces are 
pseudoscalar with pseudoscalarScoupling. Consider the 
operator Bys5: 


general 


(7) 


fvrose.= ftv"0ve —Wo* i}. (8) 


Here Yo is the product of the large components of the 
wave function for all nucleons in the nucleus, and yy, 
differs only by the substitution of the small component 
for the particle on which Q@ys operates. A nonrela- 


91). L. Pursey, Phil. Mag. 42, 1193 (1951). 
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tivistic approximation for y, is to be obtained from the 
equation of motion: 


Dx 


where the pseudoscalar potential is 


B*M2)w=(E-V-V,)¥, (9) 


at: pk 


Vp=3 DL T*V*(By5)'(By5)*, 
1#k 
Tik=aqi-g*, Vik= Vo exp(—xl|ri—r*!|)/[ri—r*|. (10) 
The “ordinary” potential V does not contain any Bys5 


factors. We write out the component of (9) that corre- 
" V Wik: 
—o*. pkopy— > o!: plape!*+ (A 


ik 


Fz, Tort 2. 


pak kit jrk 


sponds to (£ 
Mcp t= (k- V yy* 


TUVis4*, (11) 
where no summation is implied on the index k. Here 
¥,"* is the product of the small component wave 
functions ¢g for the n nucleons ijk: ++, times the product 
of the large components ® for all other nucleons. Equa- 
tion (11) reduces to first order in g by dropping the 
second and sixth terms, which are small of order ¢* 
relative to the otherwise similar first and fifth terms, 
respectively. Taking E-—V~AMc yields 
1 
4i'=— Lok: phopot TV J. 


2M? 1#k 


(12) 


Since only terms of first order in g are preserved, it is 
consistent to retain only those of first order in V and 
substitute py (—1/2Mc)e’- po on the right-hand 
side of (12), so that 


> TU ‘ep’ Wo, (13) 


2M ik 
where U=V/2Mc’. 
The matrix element (8) is now, writing the >>, 
explicitly, 


—1 
(OBy5) = Mt » fte-r.o4 
ZMcC k 


[7%*o'-p’, kU]. (14) 


1 
{ pp > 


2Mc & ixk 


The first term of (14) is just that obtained without 

considering pseudoscalar forces and to this approxima- 
tion vanishes identically. The second term arises from 
the pseudoscalar potential. Using the fact that Q 
=4(r,+i7,), we obtain 


[7 '*e!- p’, vFU" “Lo? p, ik 


+ (Ofr— Q'r,4 \lo'- Pp’, U'* ], . iS) 
where the + bracket is an anticommutator. The second 


term in (15) will be dropped because a summation 
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over 7, is expected to give a term of order (V—Z), 
A<10 percent relative to the first. The first term of 
(15) gives a contribution to (OBys) of 


1 
(16) 


EE [loe-p, ve). 
2Mc i xi 

The order-of-magnitude relation between V’* and the 

nonrelativistic approximation to the two-body pseudo- 

scalar potential is V?*~— (2Mc/hx)?H’*. Now Yo x 2jll* 

is that part of the nuclear force on the jth nucleon which 

is contributed by the two-body pseudoscalar potential. 


We accordingly write 


2M \? H,! 

, Uits of ) ' 

kK) K 2M 
where uw is approximately the w-meson mass and p is 
an undetermined factor. Here p takes care of the fact 
that the effective potential in the nucleus may not all 
arise from two-body pseudoscalar forces and also in- 
cludes the uncertainty in the relation of V’* to H*. 
This uncertainty is aggravated because the above dis- 
cussion depends on the first term of a power series 
expansion in V,, and higher terms may be important. 
We do not expect |p! to differ by an order of magnitude 
from unity, but not much more can be said; it may 
show appreciable fluctuation from one nucleus to the 
next, and under these fluctuations may be a gradual 
trend with A. 

Lumping our ignorance in the factor p, we have 


p 
(O81=)~". [ COw-p, H.] 
ured 


1.2Ze\ p 
i( ) fore. (18) 
R Te 4 


Since we have already taken the pseudoscalar forces 
into account once, we can evaluate fVe-p to this 
order by taking for Hy) the nonrelativistic approxima- 


9 


tion without pseudoscalar forces, Ho~ p’?/ 2M. Then 


iM 
foe: p fm Vo-r | 
h 


iM | Ze 
1 AE—~1.2 a1) } foe, 
h | R 


so that, in atomic units, 


mM 
(OBYs) of )x 24 f oor (20) 
sf 


The procedure leading to (12) may be immediately 
applied to show that nuclear forces with pseudovector 
coupling will make a negligible correction to the matrix 
elements as compared with that from pseudoscalar 


(17) 
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coupling. In this case, (13) becomes 


vit= — (1/2M2)[o*- ptobo— pH Hi* } 
= —(1/2Mc)[1+ pH,/2Mc Jo: po, 
so that 


(QBys) = ~ (1/2Me) f [o-p,Q] 


— (p/2Mc) f (o-p,QH,]/2Me. (22) 


In this case the second term is smaller than (18) by a 
factor of order (u/2M)*~5X10~-*. Thus pseudovector 
coupled forces behave like any “ordinary” forces in 
making no appreciable correction to the lowest order 
approximation for relativistic matrix elements. 

Repeating the above arguments for the operator 
OBys0° VR, leads to 


1 
(Opa: VR,)= ——— YE foto po wR] 
2Mc & 


1 
+—-Y LY | [Qe’-p,ot-v'RAU*). (23) 


2Mc 1 kei 


Here again the first term is obtained under any nuclear 
force assumption, and the second is peculiar to pseudo- 
scalar coupling. For the first term we have 


(24) 


flo-p.0-R.]=2' f (oxp)-¥R.. 


Consider the quantities 
a=(—ih/M)(oXp)-VR,, 
bm= (aX r)-V(— (ith/M)p-V)"R,. 


Now using Ho~ p?/2M and atomic units, we have 


f (i b,, |= =x fbn 
—th —th 
-f( . oxp-v)( pv )mRat f bars (26) 
M M 


The first term of (26) can be obtained by taking the 
commutator of a with Ho m successive times, so that 
(26) reads 


~x fb.= (—x)" fat f baer 


Equation (27) is a recursion relation in J°b, subject 
to the boundary condition that 6,=0, since R, is of 
degree n in the coordinate on which ¥ operates. The 


solution is 
bam (n—m(—o fa 


(27) 


(28) 
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and for the particular case m=0, 


iM \ /x 
f (oxp)-wR.- -(- ~)(*) (oXr)-VR,. 
h n 


The first term of (23) is, accordingly, 


x 
(Qa: 0 Ry)o~—( ) f oxe-wR, 
n 
t 
(ef 
n 


by use of (2). For n=1 this is the third Eq. (19) of 
reference 3. 
For the second term of (23) we_write 


[o'-pi, oF WRU] =[3[o'- py 
Xo VFR,! .. ie |, 


(30) 


(31) 


and then capitalize on the fact that U’* is almost a 
6 function. Under this approximation, ¥*R,*= —¥’R,/ 
and the }°,,,0‘=S—e’, where S is the total spin. 
Assuming no correlation between S and ¥’, we drop 
the term S-¥’ and have for (31): 


b [o’-p’,a*- GFR, AU j->d [p-wR,!, Uk), (32) 


ky) kw) 
With (17) the second term of (23) becomes, in atomic 
units, 


p a 7 
fo p-VR,, H, | 


pe 3 
1.2 Ze?\ p 
Hf ) fev VR, 
R pict 
mM 
=— of )rf24B) FOR. 
2 


iM f_ —iM, 
fo-wr.- fc R,)= fr. 
h h 
Thus, finally, 


l mM 
(OBa:9R,)=— a 4 ( | )/24)| for. 
n ue 


Relations (2), (4), (7), (20), and (35) will be used in 
the analysis of the shapes of forbidden spectra. From 
this analysis it will appear that the general form of the 
pseudoscalar corrections is adequate, but that the 
specific expressions for the coefficients of the pseudo- 
scalar terms cannot be taken too seriously. This is not 
surprising in view of the many crude approximations 
made in obtaining these coefficients; they are perhaps 
better replaced by a single phenomenological parameter 
with absolute magnitude of order unity. 


since 


(35) 
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III. ALGEBRAIC FORMS OF FORBIDDEN SPECTRA 


To obtain some insight into the shapes of forbidden 
spectra that are possible under various linear combina- 
tions, we write out the correction factors in low-Z 
approximation. This procedure has the advantage of 
showing at once which terms are large and what can- 
cellations must occur among these large terms in order 
to produce unusual spectral shapes among the remain- 
ing small terms. Use of the low-Z formulas means that 
the cancellation conditions and the spectral shapes re- 
sulting from cancellation are given only approximately. 
Any conclusions based only on order-of-magnitude 
arguments ought still to be valid, however. 

The features of all linear combinations not containing 
SV or TA mixtures are illustrated by the four choices 
STP, VA, SAP, VT. The real coefficients \ in these 
equations are limited by the result from the mirror 
transitions that Ay=-tAgr. This condition is assumed 
throughout. To specify the first-forbidden correction 
factors,*” it is convenient to define the following func- 


tions: 


12x,= (p?+K°), 
yilK, a)=[{BA+0) —a}+3{(p?/W)(At+d 
+K(A—1)} P+ (1/18) [ p?(2A—1)?+ K?(2A+-0)* ] 
+4(p/W) +0), 
yi(K, a, a!) =[Bi—at ht(p’?/W+K) F 


+[B—a'+}(p’/W+K) P+ (24/W)[(Bt—a 
+4Kt)(B—a'+4K)—$Kt]+ (1/18) (p?+K?) 
K (440) +9(p?/W?) (1+8), 

| B—g-+ 5 (p*/ W +K) P+.” 

(2/W)g' (B—g+4K)+$(p?/W?). 
Here B=Ze*/2R; and if R is in atomic units, B is nu- 
merically equal to the Coulomb barrier height in Mev 
of the final nucleus, B= Z/A‘. The quantities p, W and 
K are the electron momentum, electron energy, and 
neutrino energy in moc* units; and 


ai(K, g, g’)= 
(36) 


A “Np Aer= + 1 . (37) 


The other parameters are all real numbers and repre- 
sent ratios of nuclear matrix elements as follows: 


fox r= ifr i = ia fr, fo=ia' fir 
(Ap din) f Br ig for fren for 


The factor g includes in its definition the ratio \p/A@r, 
which is real but of undetermined magnitude. According 
to the results of the preceding section, the coefficients 


(38) 


a, a’, g, g’ are all of order B. 
The first-forbidden correction factors for the four 


” A.M. Smith, Phys. Rev. 82, 955 (1951). 
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combinations listed above now take the form 


2 | 2 | 2 
C= fx xi+ fr vit | for Z1. (39) 


Here x is independent of the combination assumed, and 
y and < are given by the following scheme: 
STP: y:(—K, a); 2:(K, g, 0), 
VA: yi(K, Aa’); 2:(k, g’, 0), 
SAP: yi(K, 0, 0); 21(K, g’, g), 
VT: yi(K, a, a’); 21(—K, 0, 0). 
factors it is 


For the second-forbidden correction 


convenient to define the functions 
1080.x2= [ (p?+ K*)?+ (4/3) pK? ], 
3y2(K, a)= PALS BA+ 30) — $a J+ 3 (p?/W) (A+-30) 
+ 43K (A—30}°+ AC B(A+ 30 —4a]+3(p?/W) 
XK (A+ 50) +2K (A— 30) 32+ (1/150) p*(3A— 0)? 
+ (1/150) K4(3A+-1)?+- 9 p?K?+ (p?/W?) (A+ 34)? 
X([(1/25)p?+ 3K? ], 
3yo(K, a, a’) = p{n?(a’; 2, 4) + ($0)? (2a/t; 4, 4) 
+ (2M/W)[¢(a’; 4)¢(2a/t; 4)—}K?]} 
+ K*{nP(a’; 4, 4) + (409? (2a/t; §, 3) 
+ (2n/W)[E(a’; 4)¢(2a/t; 4)— (1/25) K?]} 
+ (p+ K*)[(9+2)/150]+4 PP K2+ (p?/W?) 
x (14+ /4)[ (1/25) p?+- 3K? J. 
p(a;k)=B—at+kkK, 
n(a;j,k)=f(a;k)+jp/W, 


where 


frini fe feac- ia f Ru, 
fau-ia [Rs 


and the 7,;, A;;, Ri; are defined in reference 8. The co- 
efficients a, a’ are again of order B. In low-Z approxima- 
tion, the second-forbidden correction factors are then 


(42) 


|2 2 
C= fo Xo+ fs V2, 


| 
| 
| 


(43) 


where x2 is associated with the G7 part of any linear 

combination, and y, is given by the following scheme: 
ST: y2(—K, a), 
VA: yo(K, da’), 
SA: yo(—K, 0, 0), 
VT: y2(K, a, a’). 


(44) 


Since the matrix elements of P contribute only a 
negligible amount to any second-forbidden decay, the 











schemes (44) are independent of P. This was not true 
of first-forbidden decays, where P contributes appre- 
ciably to AJ=0 transitions. In the applications of (43) 
below, we consider only transitions with A/=2 and 
drop the term in x» as negligibly small. 

Some general features of the y,; and y2 are at once 
apparent. For medium-to-heavy nuclei where most for- 
bidden transitions occur, the terms in (36) and (41) 
involving B are an order of magnitude larger than the 
remaining terms. Hence to a first approximation the 
spectrum shapes are given by the terms in B alone. 
This makes for great simplification in classifying the 
spectrum shapes. In particular, this simplification shows 
why most first-forbidden transitions with AJ<2 have 
an apparent allowed shape, as has already been pointed 
out > the dominant terms containing B in (36) have no 
energy-dependent factors. The same approximation for 
the second-forbidden spectra leads to a general shape 
of the form: 


( o~ Pe? 2 
t 2 
2B( A+ —b 
2 
y= | - , (45) 
t 
(s+ —b 
2 7 
b=a Si; 





Vd. 


= ata’ 


For the combinations SA and VT the value of 0 is 
obtained under the approximation 1/W=1, which is 
not unsuitable because all second-forbidden transitions 
with AJ =2 have low-energy end points. 

In this first approximation where only the leading 
terms in aZ/2R are retained, certain general features 
of the combinations are independent of the order of 
forbiddenness. The S7(P) and VA combinations are 
indistinguishable in generic form: each contains two 
constants representing matrix element ratios (¢ and a 
or a’), and if we have no prejudices about the values of 
these parameters, any spectrum can be fitted equally 
well with ST(P) or VA. The combination SA (P), on 
the other hand, has only one such parameter (/), and 
is therefore relatively inflexible for fitting observed 
spectrum shapes. It will be seen below that this in- 
flexibility is sufficient to rule out the combination 
SA(P). The combination VT is the most flexible of all, 
containing three independent parameters (f, a, a’); it 
would therefore be very difficult in general to exclude 
this combination by comparison with observed spectral 
shapes. A fortunate circumstance in the first-forbidden 
spectra makes it possible to make a fair statistical 
though not absolute argument against this combination. 


LINEAR COMBINATION 
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The higher terms that do not involve B in the spec- 
trum shapes must be considered only in the event that 
the terms in B happen just to cancel. In this relatively 
rare circumstance, the combinations S7(P) and VA 
will show a real difference in shape, arising from the 
opposite signs of K in the two cases. Apparently the 
only known spectrum of this type js the RaE spectrum, 
where analysis’ shows that S7T(P) is a better fit than 
VA. It is of interest to note that this necessity of in- 
voking higher terms in the spectrum shape is prac- 
tically peculiar to first-forbidden transitions. For second- 
(and presumably for higher) forbidden transitions, the 
quantity B occurs in several coefficients that multiply 
simple functions of the energy like p? and A*. These 
coefficients are not identical in form, so that if one of 
them vanishes, the others are very likely not to vanish. 
For example, in the first-forbidden transitions we must 
use the higher terms in y,(K, a) if B(A+/) <a, which is 
certainly conceivable; in the second-forbidden y2(K, a) 
the higher terms will be necessary only if \+-//2~b=0, 
which is a much less likely occurrence. 

These spectrum shapes, particularly their approxi- 
mate forms preserving only the large terms, are applied 
in the next section to observed spectra. The A/= 2, no, 
spectra have previously been fitted by using T alone, 
and it is easy to see why this was possible. This choice 
corresponds to taking b=a,A=0 in (45); and for any 
value of a that yields a certain v? when A= +1, we can 
find another value of a that yields the same v* with A=0. 


IV. COMPARISON WITH OBSERVED SHAPES 


First-forbidden spectra with AJ <2 all have allowed 
shapes with the exception of RaE, which will be dis- 
cussed below. These allowed shapes attest to the va- 
lidity of the first approximation, in which only terms of 
order B are retained in fitting the spectral shapes. It is 
impossible from these allowed-shape spectra to dis- 
tinguish between ST(P) and VA, but the presence of 
1/W terms in the expression (36) for SA(P) and VT 
allows us to argue against these combinations. 

A number of first-forbidden spectra of apparent 
allowed shape have been analyzed? with a correction 
factor C)= (1+1r/W). The values of |r| average on the 
order of 7 percent and are generally within the esti- 
mated errors of the determination. The algebraic sign 
and magnitude of r seem to fluctuate randomly among 
independent measurements of the same spectrum. We 
may conclude that there is no evidence at variance with 
the statement that r=0. 

This conclusion immediately rules out the combina- 
tion SA. For the A/=1 transitions, only y,(K, 0,0) is 
effective, and 


r=2N/(1+f)=+1, (46) 


since A= +1, and /=+1 is the most likely value for a 
first-forbidden transition with AJ=1. Of the first- 
forbidden transitions analyzed in reference 2, the shell 
model indicates the Pr, Pm'7, Re!'®*, and Au! are 
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most likely to have AJ=1; while Be and Hf'* are 
somewhat uncertain and may or may not have AJ=1. 
It is clear, however, that none of the cases most likely 
to have AJ=1 give anything approaching |r| =1, so 
the combination SA seems definitely excluded. 

The argument is somewhat less positive for V7’, the 
other combination that gives 1/W terms in the allowed- 
shape spectra. Again taking only the AJ=1 transitions 
and retaining only terms of order B in (36), we have 


2\(Bt—a)(B—a’) 


rx ; (47) 

[ (Bt—a)?+ (B—a’)*] 

This can give r=0 in agreement with observation if 
a’= B or a= Bt. The matrix element estimate (35) in- 
dicates that a#Bt; but the estimate (5) shows that 
a’ =x, which is at least of order B. In fact, if f,=0.6 as 
assumed in reference 3, we have x~B. It is therefore 
apparent that the nuclear parameters can conspire to 
give r~0 by a fortuitous cancellation in the VT case, 
while still retaining the allowed shape." 

The matrix element estimate (5) is certainly not to 
be regarded as accurate to the last percent, however: 
fluctuations are expected in nuclear parameters like /, 
and Ze?/R, and the term AW in x will vary in any case. 
For example, variations in AW alone cause a standard 
deviation of about 5 percent around a mean value of 
x/B=1 for the four AJ=1 cases of reference 2. If we 
assume an equivalent, independent deviation in x/B 
from other sources and include the factor 2 in (47), we 
have an expected standard deviation of ¢,~15 percent 
about a mean value of r=0. 

The AJ =1 transitions in reference 2, weighted accord- 
ing to their errors A,, show a a,/~5 percent about a 
mean value of —0.02. The probability that four inde- 
pendent elements which should have a fluctuation a, 
actually show by chance a fluctuation <a,’ is roughly 
p= ¥(o,'/o,)** for o,’/0,&1. If we take o,’/a,~1/3 as 
is suggested by the figures in the preceding paragraph, 
the value obtained for p is on the order of 0.2. We may 
therefore make a statistical argument that it is quite 
unlikely (expected chances of order 20 percent) for 
the linear combination to be V7. 

For the second-forbidden transition we again make 
the simplification of retaining only the terms in (41) 
of order B*, since this approximation proves to be so 
well followed in the first-forbidden cases. We fit the 
Al=2, no, spectra by first plotting C(W)=[n/(Wo 
—W)}, where » gives the conventional Kurie plot. 
According to (45), this C(W) should have a minimum 
at W,,, where v?=W,,/(Wo—W,,). Although the ex- 


'"' This is just the opposite of the conclusion reached in reference 
6 by means of the same arguments. The difference is that reference 
6 assumes not only a’~B but also a~Bt, in which case all the 
first-order terms of y;(A, a, a’) vanish, leaving only the strongly 
energy-dependent second-order terms. Actually, the matrix ele 
ment estimate should be a~ — Bf; the error appears to arise from 
the notation in reference 6, which rather suppresses the roles of 
d and ft and thus makes it possible to overlook a minus sign. 
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TABLE I. Fits of AJ =2, no, spectra. 








Decay v? 


0.6 d3/2 —> d3/2 
~2 ds/2 ~- £9/2 
>= 10 
2 10 d; 2 . R72 
>10 


Transition 
C6 « 
Tc” a,b 
]'2 c 


(75135 d 
Csli7 


Feldman and C. S. Wu, Phys. Rev. 87, 1091 (1952). 
Rev. 81, 461 (1951) 
S. Wu and E. der Mateosian (private communication). 
idofsky, Alperovitch, and Wu, Phys. Rev. 90, 387 (1953). 
. M. Langer and R. J. D. Moffat, Phys. Rev. 82, 635 (1951). 


a 

b 

e 

d 
© 


L. 
S. I. Taimuty, Phys 
C 
iF 


perimental minimum is not always very pronounced, 
it seems more reliable to estimate v? in this way than 
by a least-squares fit, which tends to overemphasize 
the ends of the spectrum where the data are poorest. 
Table I lists valuesf of v”. 

Table I also indicates the individual particle transi- 
tions according to the shell model and the associated 
values of the parameter /. As far as the crude arguments 
below are concerned, Table I contains just three inde- 
pendent cases: Cl** with =O and Z=18 has <1; 
Tc® with (=+2 and Z=44 has 2°21; and I, Cs!55, 
Cs"? (high-energy transition) all have ‘= —2, Z=55, 
and v*>>1. We shall use just these three groups in 
applying (45) to determine the linear combination. The 
ideal values of ¢ given in Table I will also be assumed; 
they are presumably subject to at least the same sort 
of deviations as found between the magnetic moments 
and the Schmidt limits, but this should not vitiate the 
order-of-magnitude considerations below. 

The results for first-forbidden spectra indicate that 
we have only to consider the combinations VA and ST. 
In allowed-shape, first-forbidden spectra it is impossible 
to distinguish between these combinations; and the 
distinction would remain impossible in any order of 
forbiddenness, if we had no independent means of esti- 
mating nuclear matrix element ratios. Because of esti- 
mates like those of Sec. II, however, we are able to dis- 
tinguish VA and ST in the second-forbidden spectra. 
Consider first VA: Eq. (5) indicates that a’~B, and 
inserting this relation in (45), we have 


wf (A+0)/tP. (48) 


This should be of order 10 and 1 for t=2A(=+2) and 
t= —2X, respectively, which might agree with Table I 
if \=—1; on the other hand, v? should be very large 
for (=0, which is in disagreement with Table I. Hence 
the spectral shapes provide evidence against VA, cor- 
roborating the direct recoil measurements.® 

For the ST combination we use the matrix element 
estimate (35), writing it in the form 


a= — x[3/+4], (49) 


t Note added in proof:—The second-forbidden spectrum of the 
ground-state 8 decay of Fe® has been measured by F. R. Metzger 
(private communication). The spectrum shape indicates = 2. 
The most likely shell model assignment is a f3/2—f7/2 transition 
with ‘= +2. This case therefore appears to be strictly analogous 
to Tc”. 
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where the pseudoscalar correction is regarded as an 
empirical parameter. The specific form given for 6 in 
(35) depends on too many approximations to be very 
reliable. From (45) it is clear that v*=1 when t~ —2\, 
regardless of the value of a. It is therefore only a ques- 
tion of whether Tc” or the I-Cs group has 2 closest to 
unity; and Tc is obviously the choice. This implies 
that \=—43/=—1, or that the combination involves 
(S—T) for negatron decay. 

From (45) we see that + is large (I—Cs) when the 
denominator approximately vanishes and small (CI**) 
when the numerator approximately vanishes. Taking 

= —1 and the appropriate values of /, these conditions 
lead to the requirement that 


a~—2B (50) 


in each case. Comparing with (49) and taking x/B 
=1—2, we have 

cl 

I—Cs. 


6=1-—2 


$=2—3 (51) 


The fact that 640 is empirical evidence for the neces- 
sity of pseudoscalar-coupling corrections to the B-decay 
matrix elements. It would be impossible to approach 
cancellation of numerator or denominator in (45) if 
6=0. 

The second-forbidden spectrum shapes thus lead to 
the conclusions that (1) the combination VA is ex- 
cluded in favor of ST; (2) the relative sign of the terms 
is (S—7) for negatron emission; (3) nuclear matrix 
element estimates require substantial corrections for 
pseudoscalar-coupled forces in the nucleus. 

We now return to the first-forbidden spectrum of 
RaE. This transition has a comparatively long half-life 
and a non-unique forbidden shape, both of which indi- 
cate a cancellation among the large, energy-independent 
terms in (36). We may argue the choice of the par- 
ticular expression in (36) as follows: the transition is 
most likely to be one involving y; alone or 2; alone, 
because a simultaneous cancellation of the large terms 
in both y; and 2, is even less likely than the relatively 
rare cancellation in either one. The quantity y; appears 
alone in all AJ=1 transitions, while z; appears alone 
only in 0-—+0* transitions. These latter occur very in- 
frequently,"* which implies that the rare RaE-type 
spectrum should be associated with z;. The previous 
analysis limits the choice of interaction to STP, and 
cancellation of the large terms in z; implies that 

e~B. (52) 
This is just the result obtained by detailed analysis’ 
ot the RaE spectrum. To compare this with the matrix 
element estimate (20), we write (20) in the form 


g~— (Ap/Ar)xé. (53) 


2 R. W. King (private communication). 
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Taking 6 to be the same as in (51) and x~ B, we obtain 
—\p/rA\r=1 /§= (3+4). (54) 


The entire empirical argument based on spectrum 
shapes may now be summarized as follows: the absence 
of 1/W terms in allowed spectra excludes SV and TA; 
the absence of 1/W terms in allowed-shape _first- 
forbidden spectra excludes SA and V7; the non-unique 
second-forbidden spectra exclude VA and indicate a 
relative sign (S—T7) for negatron emission; and the 
RaE spectrum indicates that the full linear combina- 
tion for negatron emission should be 


[S—T+ (1/8) P], 


where 6 is a positive number of order unity. 


(55) 


V. SYMMETRY PRINCIPLES 


The empirical evidence on the linear combination in 
8 decay is summarized in (55). Because of the difficulty 
in estimating precisely the contribution of pseudoscalar 
forces to the nuclear matrix elements, we cannot hope 
to obtain more than an order of magnitude value of 6 
from the data. Since it appears impossible to proceed 
further on an empirical basis, we consider what com- 
binations like (55) may be in accord with various 
simple symmetry principles. 

The general interaction of two Fermi-Dirac fields is 


ViObWiOWr, (56) 


where Y=y7*@ is the adjoint function and O---O is a 
scalar product of any of the five Hermitian relativistic 
invariants, or a linear combination of these products. 
The behavior of (56) on permutation of Y, and ps or 
v2 and yw, has been given." It is convenient to write 
(56) in terms of the “normal” linear combinations that 
are eigenvectors under the exchange operation P= py, 
or prs, 
2,=S-— T+ FP 
Q=A—V, 
Q,;=2(S—P)—(A+V), 
2Q,=2(S—P)+(A+V), 
Q;=38S+T7T+3P, 


pot; 
perky 
put; 
p=+1; 
p=. 
The eigenvalue of P for each Q is given in (57). 
To generate all possible permutations of (56), it 
would be necessary to add to P just one further type of 


permutation operator P’= py. or py. We cannot find 
general eigenvalues for P’, however, because 


P’[p,Op2]=27 Of," = (PiO7Y2)7 =P, 07 Yr, 


where the superscript 7 indicates transpose. There is 
no general linear relation between O and O* that is 
independent of the representation of the Dirac matrices; 
hence the eigenvalues of P’ are dependent on the Dirac 


(57) 


(58) 


8M. Fierz, Z. Physik 104, 553 (1937). 
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representation, implying that P’ has no physical sig- 
nificance. 

The only operator like P’ for which general eigen- 
values exist is P*, where 

PPP. |=frOW’, 

and y is the charge conjugate solution’ defined by 

v=, V=—IC, 

This operator is physically suitable because P,Op2 and 

¥2Oy,° both describe the same physical process. More- 

over, the eigenvalues of P* are independent of the repre- 


(59) 


Coy,C=—y,7. (60) 


sentation, being 
p= —l, 
=+1 


Equations (57) and (61) give the eigenfunctions of 
P and P*. There is only one linear combination that is 
a simultaneous eigenfunction of both operators :"® 


p=p'=-1. 


O=S,A,P 


( 
Ou; T. 66%) 


-2,)=S—A—P, (62) 


Since the combination (62) is excluded for 6B decay by 
the experimental data, we may inquire which of the 
operators P and P* to abandon first. There is some 
precedent for requiring the eigenvalue p= —1, if the 
interaction (56) is to hold for equivalent particles in 
the positions (1,3) or (2,4), since these particles are 


known to obey anticommutative statistics. On the 
other hand, the experimental evidence favoring P° 
as a valid physical operator is all obtained from inter- 
actions with the electromagnetic field, which is not the 
case described by (56). On this basis the operator P 
seems to be the more fundamental for (56); the only 
eigenfunction of P resembling the empirical (55) is 9). 
We henceforth assume that the true combination in 8 
decay is in fact 9), so that in (55) 6=1. 

The linear combination 2, describes 8~ decay when 
(56) is written in the conventional order: 


(Wy pObn) (b.-OW,). 


To find the corresponding combination Q,’ that is 
appropriate the describe 8* decay, first take the charge 
conjugate of the right-hand term, 


V. OW.=P, OV, 
where O’ differs from O by the associated eigenvalue 
p= +1. Then insert (64) in (63) and take the complex 
conjugate of the entire expression, obtaining 


(WvOWp) (p.O'p,*). 


According to the eigenvalues (61), the linear combina- 
tion 2,’ in (65) that corresponds to Q, in (63) is 


(63) 


/ 


(64) 


(65) 


Q,/=S+T+P. (66) 
4A. Pais and R. Jost, Phys. Rev. 87, 871 (1952); earlier refer- 
ences are given here 


16 (C. L. Critchfield, Phys. Rev. 63, 417 (1943). 
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The minus sign prefixing 2,’ is unobservable, so that 
the net result is a change in the relative sign of the T 
and ($+) terms in going from 8~ to B+ emission. The 
effects of this change should in principle be observable. 


VI. DECAY OF THE uw MESON 


It is of interest to compare the decay of the isolated 
meson into an electron and two neutrinos'®? with the 
law (55) for 8 decay. In fact, it appears that we can 
select the combination &; on the basis of a couple of 
plausible postulates concerning the neutrino field. In 
the interest of formal simplicity we consider the equiva- 
lent process of annihilation of a u* meson by an electron 
with the production of two neutrinos. The interaction 
operator has the form 


(P,OV,) (P.Ov.). 


Now if both y, represent quanta of the same field, we 
require p= —1 to satisfy their anticommutative statis- 
tics. This limits the choice of linear combinations for 
(67) to Qy, Qe, Q3. 

We obtain a further selection of the linear combina- 
tions by assuming that the unique neutrino field in (67) 
is strictly massless. This means that (67) should be 
invariant under mass reversal of the neutrino field. 
This mass reversal is effected by ¥,—¥,7s, or hence 
O-»7;0 in (67). This transformation will at most change 
the sign of (67). The sign changes for the five combina- 
tions (57) are, respectively, m=+,—, —, —, +. The 
only combination that has p= —1, m=-+1 is Q). 

We can therefore deduce the unique choice Q; for B 
decay from three postulates: 


(67) 


(1) there is only one type of neutrino field; 

(2) this field is massless; 

(3) the interaction of four spin : 
“universal.” 


(68) 
fields is 


In the last postulate “universal” means only that £- 
and w-meson decay have the same interactions, with 
proper replacement of equivalent fields. If later develop- 
ments prove that other four-particle interactions have 
the same form, we can remove the quotation marks. 
We can make certain tests of this third postulate by 
comparing the half-lives for 8 decay and u-meson decay, 
and also by examining the shape‘of the electron spec- 
trum for u-meson decay. 

The electron spectrum for u-meson decay has been 
calculated.'’ It is convenient to express this spectrum 
in terms of the linear combinations {’ associated with 


Zz £,0;= +2 IM, 


where the g and f are coupling constants. A substitu- 
tion go, £s—>— £2, —¥s5 is necessary to convert the sign 
conventions of reference 17 to the usual ones. Neglect- 


(65) by writing 
(69) 


16 Tiomno, Wheeler, and Rau, Revs. Modern Phys. 21, 144 
(1949), 
17L.. Michel, Proc. Phys. Soc. (London) 63, 514 (1950). 
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ing the electron rest mass, we have for the spectrum 
formula (45) of reference 17: 

4 pEdE 
P(E)dE=-- 
3 h(2rh*c*) 
a=3F*=3(fP+ fet fs+ fet fs), 
b= 6f e+ 6fer+ 4f?+ 4fe+ osé, 


[au sid bE], 


where £ is the electron energy and y is the rest mass 
energy of the u meson. Use of the linear combinations 
(2’ has the advantage of eliminating cross terms in f/f, 
from (70). The shape parameter p of reference 17 is 


p=3(1—b/2a)=[fert+3(fet+fs) /P. (71) 


The mean life + for u-meson decay is given by 1/r 


= fi" P(E)dE, or hence: 


APH SP AIS P+ f2A+3f¢ 
= (24hy/r)[ 2rh*c?/p? } 


= 2.00 10-% (erg cm*)’, (72) 


when the experimental values'*'? 7r=2.09X10°° sec 
and p= (209.8+2.2)moc? are used. We may compare 
(72) with the value of the interaction constant deduced 
from 8 decay. The most detailed estimate published to 
date! is based on mirror-image transitions in light nuclei 
where the interaction P plays no part. A re-analysis of 
this problem, using the most recent data, selecting only 
those cases closest to the ideal one-particle model, and 
assuming the interaction 2), leads to a constant” 

Bo= (ft) |Qy|2= 2mh7 In2/(f2mo%c*) = 5600 sec, (73) 
where (ft) is the empirical parameter determined in 
measurements of 6-decay lifetimes and mp is the elec- 


18 Alvarez, Longacre, Ogren, and Thomas, Phys. Rev. 77, 752 
(1950). 

'’ Lederman, Booth, Byfield, and Kessler, Phys. Rev. 83, 685 
(1951). 
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tron rest mass. An extra factor of 2 appears in this value 
for By because the empirical fit in reference 1 was so 
normalized that By/(ft)=4$/2,|*. The corresponding 
value of f/? is 


fP=2.19%K 10-% (erg cm*)?. (74) 


Although the numerical values in (72) and (74) are 
not identical, the uncertainty in the u-meson mass in- 
troduces an error of about 5 percent into (72), and the 
scatter of individual (/f) values in determining B makes 
it reasonable to assign an error on the order of 10 
percent to (74). Therefore, if we assume the same linear 
combination &, for 8 and w decay, the coupling con- 
stants are the same within the experimental errors 
specified. The weighted mean value of the coupling 
constant is 

fi} = 1.44+0.04X 10- erg cm‘. (75) 


If the w-meson decay interaction is really Q,’, the 
shape factor (71) should be p=0, indicating a decay 
electron spectrum that goes to zero at its end point. 
Present experimental evidence on this question is 
somewhat conflicting,” and an accurate determination 
of the spectrum near its end point would be of crucial 
significance in determining whether the 8- and u-decay 
interactions are identical. It would also be desirable, 
if possible, to determine the capture rate of « mesons 
by individual nucleons to an accuracy comparable with 
that of (72) and (74), say 10 percent. 

The author wishes to express cordial thanks to 
Prof. C. S. Wu for a number of stimulating discussions 
and for the opportunity to use unpublished data. He 
also thanks Dr. M. A. Ruderman and Dr. S. A. 
Moszkowski for enlightening discussions, and Mr. E. L. 
Stone for numerical work in obtaining Table I. 


* Leighton, Anderson, and Seriff, Phys. Rev. 75, 1432 (1949); 
Sagane, Gardner, and Hubbard, Phys. Rev. 88, 557 (1951); 
A. Lagarrique and C. Peyrou, J. phys. et radium 12, 848 (1951); 
Bramson, Seifert, and Havens, Phys. Rev. 88, 304 (1952). 
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The yield of 5.27-day Xe'% in the thermal neutron fission of U5 was determined accurately by a method 
in which the fission rate was measured with a double chamber fission counter, and in which the disintegration 
rate of the chemically separated Xe was measured by gas phase proportional counting. Five separate deter- 
minations gave a mean value of (6.62+0.15) percent, where the indicated error is the 99 : 1 probable error. 
A considerable number of possible sources of error was investigated in detail and taken into account when 


making the measurements and calculations. 


As by-products of this work, it was determined that: (1) the independent yield of Xe" in U5 fission is 
not greater than 0.1 percent of the chain yield; (2) the independent yield of 9.15-hr Xe" is about 3.5 percent 
of the total yield of the mass-135 chain; and (3) the half-life of I'%3, as measured by a procedure which 
circumvented most of the interference from other nuclides, is 20.8+0.2 hours. 


I. INTRODUCTION} 


Sioa recently it was felt by those who have 
measured fission yields radiochemically that the 
accuracy of such measurements is not better than 
+10 percent.' The largest part of the error is introduced 
in the process of getting the disintegration rate from 
the observed counting rate of a solid radioactive source, 
usually about 20 mg of a salt spread over a circle of 
~15 mm diameter. This error is particularly serious in 
the case of absolute fission yield measurements. In a 
relative yield measurement, where the fission yield of a 
given nuclide is determined relative to that of another 
fission product, there is usually a partial cancellation 
of errors in making the correction from counting rate to 
disintegration rate, so that relative fission yields may be 
good to +5 percent. 

This state of affairs has become susceptible of con- 
siderable improvement due to advances in the tech- 
niques of beta counting developed in the last several 
years. Gas phase counting now enables one to determine 
beta disintegration rates of radioactive gases with an 
accuracy of one or two percent, and comparable ac- 
curacy can be attained with most solid beta sources by 
means of 4m counters. These reduced beta-counting 
errors are now of the same order as fission counting 
errors, so that the latter must be subjected to a more 
careful scrutiny if accurate absolute yield measurements 
are to be made. 

We have chosen the gaseous nuclide 5.27-day Xe'™ 
as subject for a more accurate determination of an 
absolute fission yield. This yield, together with pub- 
lished accurate relative fission yields of Xe and Cs 
isotopes determined mass spectrometrically,?* provides 


t Research carried out under the auspices of the U. S. Atomic 
Energy Commission. 

‘See the summary of the Plutonium Project fission yield work 
by E. P. Steinberg and M. S. Freedman in Radiochemical Studies: 
The Fission Products (McGraw-Hill Book Company, Inc., New 
York, 1951), Paper No. 219 National Nuclear Energy Series, 
Plutonium Project Record, Vol. 9, Div. IV. 

? Macnamara, Collins, and Thode, Phys. Rev. 78, 129 (1950). 

* Wiles, Smith, Horsley, and Thode, Can, J. Phys. 31, 419 
(1953). 


accurate yields for the fission chains of masses 131 
through 137. Xe'** can also be used as a convenient 
standard in future radiochemical relative fission yield 
determinations. 


II. THE BASES OF THE YIELD MEASUREMENT 


The fission yield of a given nuclide is, by definition, 
the fraction of fissions that result in the (immediate 
or ultimate) formation of that nuclide, all possible 
paths of formation being included (except those arising 
from secondary effects such as neutron capture by the 
fission products). A yield measurement requires the 
determination of the activity of the nuclide produced in 
a quantity of fissile material that has undergone fission 
at a known rate for a known time. In an absolute yield 
measurement, the fission rate is measured by fission 
counting. 

For the case of the Xe’ yield in U™® fission, the 
appropriate equations can be developed as follows: 

The fission chain of mass 133 is: 


A 


.Y 
4.4-min $b—2%2-min Te—> 20.8-hw 129 %5.27-day Xe—e-stoble Ce 


63-min Te” 2.3-day Xe 


e ‘\ 
& \ 


The earlier members of this chain are formed directly 
in fission to an appreciable extent, without growth from 
precursors. Pappast showed that about 60 percent of 
the chain is formed at the 4.4-min Sb (or earlier), about 
25 percent starts at 63-min Te, 5 percent at 2-min Te, 
and 10 percent at 20.8-hr I. In Sec. VI, below, we 
show that the amount starting at Xe is negligible (<0.1 
percent of the chain yield). For the purpose of our 


# All data, except the I' half-life, were taken from the most 
recent compilation, ‘Table of Isotopes” by Hollander, Perlman, 
and Seaborg, Revs. Modern Physics 25, 469 (1953), and from 
work of A. C. Pappas reported on p. 67 of a Progress Report of 
the Massachusetts Institute of Technology Laboratory for Nuclear 
Science and Engineering, May 31, 1951 (unpublished). For the 
I'3 half-life the “Table of Isotopes” lists two values: 20.5 hours 
measured by Bartholomew, Brown, Hawkins, Merrit, and Yaffe, 
Can. J. Chem. (to be published); and 22.4 hours measured by 
Pappas. We adopt the value of 20.8 hours obtained in our own 
measurement, described in Sec. VIII. 
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calculations, the following simplifications can be intro- 
duced without loss of accuracy: the 4.4-min Sb is 
ignored; the two Te isomers are lumped together as a 
single activity with a 1.1-hour half-life; 75 percent of 
the 20.8-hr I grows from a 1.1-hr Te parent; the re- 
maining 25 percent of the I is formed directly in fission 
(this includes 15 percent which really is not formed 
directly, but whose path of formation by-passes 63-min 
Te); when calculating the 2.3-day Xe'™ activity and 
the 5.27-day Xe activity deriving from it, we assume 
that the entire chain originates at the 20.8-hr I. 

Using these simplifying assumptions, we write the 
following paths of formation for 5.27-day Xe. The 
relative yield for each path is indicated in parentheses. 


(0.976X0.75) 
(0.976X0.25) 
(0.024). 


(a) Te-I—Xe 
(b) I—Xe 
(c) I—Xe"—Xe 


The equations used in the fission yield calculation 
are adopted from the standard equations of radioactive 
transformation. For a sample of uranium which had 
undergone fission at a constant rate f for a time 7, the 
activities at any subsequent time /, of a primary fission 
product, its daughter, and grandaughter, are given, 
respectively, by the following equations: 


A,(7, ))=f¥ A—e ee, (1) 


T\(1—e™") T(1—e-™") 


ett, (2) 
T,—T, 


Ale, )= f1| — eT ht 
_ %-T2 


- «oT PA—e") 
A3(7, (= a eM 
(T:—T2)(T:—Ts) 
T?(1—e™*") 


+ 
(T:—T))(T:— Ts) 


e dot 


T3?(1—e"*#") 


+ ett. (3) 

(T3—T))(Ts—T2) 

The subscripts 1, 2, and 3 refer to the parent, daughter, 
and grandaughter, respectively; A and 7 refer to 
disintegration constants and _ half-lives, respectively ; 
and FY is the fission yield of the first member of the 
chain. 

The Xe! activities, A, and A., formed by way of 
paths (a) and (c) respectively, are both calculated from 
equations of the form (3), while A», the Xe activity 
formed by way of path (6), is calculated from an equa- 
tion of the form (2). In our experiments we take 
7= 1.000 hours (which is close to the actual irradiation 
times) and ‘= 253.0 hours (which is close to the actual 
times of Xe extraction from the fission product mix- 
tures). With these values of 7 and ¢ and the appropriate 
half-lives and relative path yields given above, the 
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equations for the different paths reduce to: 
A,= 1.647710 f{Y (0.976) (0.75), 
A= 1.6334 10% fY (0.976) (0.25), 
A,== 2.2643 10 fY (0.024). 


The sum of these does not account completely for all 
the Xe activity observed. A small quantity of 2.3-day 
Xe'*™ also contributes to the observed counting rate. 
Assuming that its counting efficiency is equal to the 
conversion coefficient of its 0,233-Mev y ray, i.e., 0.85, 
its activity from Eq. (2) is: 


Ag=0.854X 108 f¥ (0.024) (0.85). 


The sum of the last four equations gives the total of the 
observed activities of mass-133 xenons: 1.6763 10° f/Y, 

In addition to this, another small contribution is 
made by 12.0-day Xe, a 0.7 percent branch in the 
decay of 8.1-day I'*' (whose fission yield is 3 percent). 
Using the above methods of calculation, we find that 
this contribution is 0.18 percent of the total observed 
activity, i.e., Aobs= 1.6763 10-* f¥ (1.0018). Our final 
working equation is: 


V = 595.5(Aons/ /k, (4) 


where & is a correction factor, close to unity, introduced 
because the actual times of Xe extraction deviated 
somewhat from 253 hours. In the different runs, k varied 
between 1.0003 and 1.0054. (See Table V and Sec. V.) 


III. MEASUREMENT OF THE FISSION RATE 
A. General Considerations 


For an absolute fission yield measurement, we have 
to measure, by fission counting, the rate of fission in a 
relatively large quantity of U*®, designated the “slug,” 
sealed in a container which prevents loss of fission 
recoils and permits subsequent complete chemical 
extraction of the Xe’. This was accomplished as 
follows. 

A small quantity of U™*, designated the ‘‘foil,”” whose 
weight relative to the slug weight was accurately 
known, was mounted on a platinum backing in a layer 
so thin that when a fission occurred in it, one of the 
pair of recoiling fission fragments escaped without 
serious energy loss and was detected in a fission counter. 
By placing foil and slug in the same neutron flux in the 
Brookhaven pile and counting the foil fission rate, we 
were able to compute the slug fission rate. 

For an accurate measurement, it is necessary to 
investigate a considerable number of possible sources of 
error. These special investigations will be described in 
appropriate places below. 


B. The Fission Counting Apparatus 
This was designed to permit: (1) high fission-counting 


rates with low counting-rate loss and low background; 
(2) minimum distortion of the neutron flux distribution 
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in the neighborhood of slug and foils; (3) insertion deep 
into the pile to a point of small flux gradient; (4) ease 
of handling; (5) checks and comparisons of various 
kinds. 

In order to reduce the fission background to the 
desired limit, the body of the counter was machined 
from a billet of spectroscopically pure Al (containing 
less than 5X10~* ppm of U, according to a chemical 
analysis by Stoenner of this Laboratory®), and all other 
Al used within the counter was 25, plated with ~9 
mg/cm® of Cr. It may be noted that a counter con- 
structed entirely of 2S aluminum would probably show 
useably low backgrounds if it were chrome-plated, but 
there is an additional, and by no means negligible, 
advantage of pure aluminum: its radioactivity decays 
so rapidly that the counter may be handled with com- 
plete safety within a few hours after bombardment. 

The counter gas was argon flowed through the counter 
at atmospheric pressure. The electron collection time 
was so short (~3 ywsec) in argon that there was a very 
low probability for the occurrence of pile up pulses as 
large as fission pulses. By the use of fast amplifiers and 
scalers, the low counting-rate loss of 0.7 percent per 10° 
fissions/minute was achieved (see Sec. III-D). 

The counter proper is shown in Fig. 1. It consisted 
of two independent pulse ionization chambers housed 
together, with a 4’;-in. space between them that just 
accommodated the fission slug. The use of two inde- 


pendent fission chambers gave checks on the fission 
counting and provided means for a variety of tests. 
The fission foils, ~0.01 ug of U** deposited on a Pt 
disk 0.002 inches thick and 1 inch in diameter, were 
mounted on chrome-plated 2S aluminum disks, 2% in. 
in diameter and ,)5 in. thick, which made contact with 
the grounded counter wall. Spaced about 7 mm from 
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Fic. 1. Double chamber fission counter. 


® According to R. Stoenner’s analyses, 2S and 52S Al contain 
0.5 ppm of U, which is consistent with the backgrounds obtained 
with another counter constructed of 2S Al. 
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these plates were the collecting plates, chrome-plated 
aluminum, 2 in. in diameter and ;, in. thick, insulated 
from the counter wall by quartz within the counter and 
by ‘Teflon elsewhere. Argon was flowed into the counter 
at a rate of about 15 cc per minute through a long thin 
2S aluminum tue, and it escaped through leaks left 
around the insulators, etc. 

Each of the two fission chambers was provided with 
its own electrical leads and electronic gear. Fission 
pulses from a chamber were piped along a 0.010-in. 
diameter stainless steel wire that ran down the axis of a 
15-ft long 2S aluminum tube with an effective diameter 
of about 2 in., the wire being insulated from the tube 
wall by Teflon spacers placed at intervals of about 15 in. 
The wire also served to carry voltage to the collector 
plates from the voltage supply of the amplifier. The two 
aluminum tubes (one for each chamber) were encased 
in a larger (1,°s-in. diameter) 2S aluminum tube, and, 
for radiation shielding, this tube array was filled with 
paraflin to within five ft of the counter. In operation, 
the tube array, together with the gas-flow tube, pro- 
jected from the pile hole through appropriate radiation 
shields. 

The fission pulses, which were about five-fold atten- 
uated as they passed down the 15-ft tube, were fed into 
a preamplifier (Atomic Instruments, Model 205B) and 
amplifier (Atomic Instruments, Model 204C). The 
amplified pulses were then fed into a very fast scale-of-16 
(designed and constructed at our request by the 
Brookhaven Electronics Division), which, in turn, fed 
into a commercial scale-of-256, to give an overall 
scaling factor of 4096. The pulses from the scaler were 
recorded on Veeder-Root recorders. 

Great pains were taken to insure electromagnetic 
shielding of each of the fission counting systems from 
each other and from external sources of electromag- 
netic disturbance. Before each run, the whole counting 
system was shown to be electrically quiet to a fairly 
violent test with a special electromagnetic hash gener- 
ator. 

C. Tests on the Counter 


Discriminator plateaus of the counter were taken as 
a function of various variables. 


1. Voltage.—Good discriminator plateaus were ob- 
tained when the voltage across the counter plates was 
between about 200 and 350 v, as measured with the 
counter at zero pile power. Below 200 v, the collection 
of electrons from the fission pulses was not sufficiently 
rapid, and above 350 v pile up pulses became too 
prominent. At zero pile power our voltage supply put 
270 v across the counter plates, but when the pile was 
at power for our usual running conditions (5 Mw, 
nominal), the general radiation intensity made the 
counter conducting to such an extent that it drew about 
five microamperes of current, and the voltage dropped 
to about 240 v. 
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2. Amplifier settings.—Various combinations of gain, 
time constant, and feedback were tried. The best 
plateaus were obtained with the following nominal 
amplifier settings: gain, 32; time constant, 3; feedback, 
2. With these settings, the measured over-all ampli- 
fication factor (preamplifier plus amplifier) was 100 000. 

3. Pile power.—As the pile power increased, the dis- 
criminator plateaus shrank, but they probably remain 
useable (with some loss of accuracy) at pile powers four 
or five times greater than the 5 Mw used in all our runs. 

4. Argon flow rate.—The plateaus were independent 
of the argon flow rate provided it was greater than about 
3 cc per min. Our serious counting was done at flow 
rates greater than 12 cc per min (about one counter 
volume in 5 min) 


The best discriminator plateaus we obtained (the 
others were nearly as good as these) are shown in Fig. 2. 
They were taken under our standard running condi- 
tions: flux, ~2X 10" neutrons/cm? sec; fission counting 
rate, ~150 000 counts/min. In taking them, one of the 
chambers was used to monitor the neutron flux while 
the plateau was being run on the other chamber, which 
provides the means of normalizing to the same flux all 
plateau points of a given chamber. Correction has also 
been made for the variation of background with dis- 
criminator setting (inset of Fig. 2). At discriminator 
settings corresponding to the middle of the fission 
counting plateaus, the background counting rates were 
only about 1.5 percent of the fission counting rates of 
our standard fission foils (0.007 855 ug of U***), 

The plateau slopes were so small that we feel justified 
in neglecting any plateau slope correction to the ob- 
served fission counting rates. 

It should be mentioned that the plateaus were the 
same for different fission foils, and that they were 
equally good, though displaced slightly, when the elec- 
tronic gear ordinarily used with one chamber was used 
with the other. 


D. Counting Rate Loss 
This was determined by measuring the counting rates 
of two fission foils of different strengths at two pile 
powers. Let R denote the observed fission rate of a foil 
whose true fission rate is f, and assume that the dead- 
time, 6, of the counter is given by: 


R= f(1— Rb). 


Suppose foil 1 is in chamber 1 of the counter, and foil 2, 
of greater strength than foil 1, is in chamber 2. Observe 
their fission counting rates at flux a. Assuming that 
both chambers have the same dead-time, we have 


Ria fia(1— Ri08) 


Rea fea(1— Read) 


where Rj, is the observed counting rate of foil 1 at flux 
a, and similarly for the other symbols. There will be a 
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Fic. 2. Discriminator plateaus of fission counter with U™* foils 
under standard run conditions. 


similar equation for flux 6. Since the ratio of the true 
fission rates of the two foils is independent of the flux, 
we can solve the two equations pertaining to the two 
fluxes to get 6 in terms of observed fission rates: 


Ri ,Ro» anz RpRo 
RioR»(Rut+Rea)—RwRea(RiatRe») 


6= 
In our measurement of 6, foil 2 was six times stronger 
than foil 1, and the two fluxes were those corresponding 
to pile powers of 0.5 Mw (where the weak foil fission 
rate was ~7500 counts/min and the strong foil rate 
was ~45 000 counts/min), and 5.0 Mw. The value 
found for 6 was 4.3 usec, which corresponds to a count- 
ing-rate loss of 0.72 percent per 10° counts/min. The 
two foils were further compared at pile powers of 1.0, 
2.5, and 7.4 megawatts. Between pile powers 0.5 Mw 
and 7.4 Mw the observed ratio of strong foil rate to 
weak foil rate dropped 3 percent. Application of the 
counting-rate loss correction brought the 7.4 Mw ratio 
to within 0.6 percent of the 0.5 Mw ratio. At 2.5 Mw 
the observed ratio was 0.9 percent below the observed 
ratio at 0.5 Mw; by applying the correction this ratio 
was only 0.2 percent above the ratio at 0.5 Mw. 


E. Equality of Neutron Flux at Positions of 
Slug and Foils 

If slug fissions are to be computed with accuracy 
from the counted foil fissions, slug and foils must be 
exposed to the same neutron flux. Three perturbing 
factors must be considered: 

1. Self-shadowing in the slug.—This was completely 
negligible in our experiments, where the slug weight 
was only about 40 ug. 
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Taste I. Relative mean specific activities of Cu stacks at different 
positions in the counter. 


Average stack activity 
Ist measurement 2nd measurement 


1,000 
1.002 
0.998 
1.002 


Stack No 


1.000 
0.999 
1.001 
1.003 


2. Gradients in the neutron flux density in the pile. 
The two fission foils were separated by } in. with the 
slug between them. It was possible for the slug center 
to be displaced laterally somewhat less than a centi- 
meter from the foil centers. Therefore, the neutron flux 
must have negligible variation over distances of about 
a centimeter if slug and foils are to see the same flux. 
Our bombardments were made with the counter at a 
point about 12.5 ft deep within a hole of the Brookhaven 
pile which runs horizontally through an internal thermal 
column, By observing fission rate vs depth of counter in 
the pile, it was established that at this point the flux 
variation was certainly less than 0.5 percent per cm 
over a distance of ~10 cm. It was also shown that 
rotation of the counter had a negligible effect on the 
ratio of the fission rates in the two chambers. 

3. Differential neutron shielding of slug and foils. — 
The slugs, which consisted of about 40 ug of U*® 
wrapped in several thicknesses of Al foil and sealed in 
flat quartz cells with walls ~0.5 mm thick, were 
separated from each of the fission foils by plates of 2.5 
aluminum, chromium, and platinum,® of thicknesses 
0.035, 0.001, and 0.002 in., respectively. From the 
known cross sections, it was computed that the neutron 
absorption by all these materials was about 0.6 percent. 
The extent to which the slug, thus shielded by aluminum 
foil, quartz, chrome-plated aluminum, and platinum, 
would see a flux different from that seen by the foils 
was tested as follows. Twelve copper foils (about 16 mg 
each), 0.0005 in. thick and 1.5 cm? in area, were each 
weighed to 0.01 mg. The twelve Cu foils were divided 
into four stacks of three foils each and, by means of 
very thin films of Apiezon wax, a stack was fastened to 
each of two blank platinum disks (substituting for the 
fission foils) and to each side of a standard quartz cell 
containing a slug of 4 mg U*® (100 times the weight of 
the standard slug). These were placed in the standard 
slug and foil positions in the counter and exposed to 
neutrons in the standard pile position. Several hours 
after bombardment, the activity of each of the twelve 
Cu foils was determined twice by measuring the Cu®™ 
annihilation radiation with a Lauritsen electroscope. 
For each of the two activity measurements, the average 
specific activity of each stack was computed. The nor- 
malized results are shown in Table I. We conclude that 

6A spectrochemical analysis by M. Slavin of this Laboratory 


showed the platinum to contain negligible amounts of noble metal 
impurities. 
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the neutron flux was the same, within 0.2 percent, at 
all four positions. This is consistent with a calculation 
using neutron diffusion theory and assuming that all 
neutron absorbing material was concentrated in the 
slug. 

Note that in addition to showing the absence of flux 
distortion due to neutron absorbers in the counter, this 
experiment also demonstrates the essential absence of 
neutron flux gradients in the pile, at the position of the 
counter, over distances of about a centimeter. 


F. Foil Preparation and Tests 


Uranium enriched to 93.72 percent in U**® was made 
up into a stock solution containing, according to 
chemical analysis, 39.1 mg U/ml. An aliquot of this 
stock solution was diluted about 250 000-fold to make a 
“foil solution” with a U concentration of 0.1565 ug/ml. 
Dilution was in two steps, the diluent was ~1.5.V HNO; 
prepared with doubly distilled water, and all dilution 
vessels were calibrated to better than +0.2 percent. 

In our standard method of fission foil preparation, 
50.19 (calibrated micropipette) of foil solution was 
deposited at the center of a smooth clean Pt disk one 
inch in diameter and 0.002 inch thick.? This was 
followed by a pipette rinse of 1.5.V HNO; (the solution 
used as diluent in preparing the foil solution), the rinse 
consisting of a single pipette-full of the acid which was 
drawn up from, and ejected back onto, a waxed glass 
slide three or four times® before final deposition on the 
Pt disk. The liquid was evaporated under the heat 
lamp, and the residue was ignited in a Bunsen flame 
for about thirty seconds. There remained a faint dis- 
coloration which appeared smooth and transparent 
under the microscope. The Pt disks were finally fixed, 
by means of a thin film of Apiezon wax, in a depression 
0.001 in. deep in a chrome-plated aluminum disk that 
served as a ground electrode of the fission counter. 

Five fission foils, each containing 7.855 10~* ug of 
93.72 percent U*, were prepared by the standard 
method. Two additional foils were prepared by slight 
variations of this method: one, without final ignition, 
to test whether ignition affects the escape of fission 
recoils; and the other, by stippling the foil solution and 
rinse in smal] droplets over the surface of the Pt before 
evaporation and ignition, to test whether possible 
clumping of the U was great enough to cause loss of 
fission recoils. 

The relative strengths of these seven foils were deter- 
mined by fission counting them in counter chamber 2 


7 The Pt foil, obtained from the Baker Platinum Corporation 
of Newark, New Jersey, was from a rolling with previously unused 
rollers. It did not have a mirror finish, but appeared smooth and 
free of pits or scratches under 100X magnification. Prolonged 
efforts to polish it further by a variety of recommended methods 
resulted in a mirror finish, but with unacceptable pitting, so it 
was used as it came from the manufacturer. 

® We found that this method of repeated rinsing with a single 
drop gives somewhat more reproducible results than does a single 


rinse. 
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against a monitor foil in chamber 1, with results shown 
in Table II. The relative foil strengths have a standard 
deviation of 0.47 percent of the mean. In order to insure 
that no gross error was made in the preparation of the 
foil solution, another fission foi! was made by the 
standard method, but from a second solution prepared 
completely independently of the first. Its computed 
strength relative to a standard foil was 1.215; its ob- 
served relative fission counting rate was 1.226. 

Finally, to test whether extraneous solids in the foil 
solution cause loss of fission fragments, two more foils 
were prepared, the first containing five times, and the 
second containing ten times, the extraneous solids of 
a standard foil. This was done by using 5 and 10 times 
as much HNO, solution and rinse. Their observed 
relative fission counting rates were, respectively, 0.988 
and 0.990 of the expected, showing that for our standard 
foils, no error due to the presence of extraneous solids 
need be feared. 

We conclude from all these results that our standard 
foils can be trusted to +0.5 percent. 

The foils used in our five fission yield runs were 
various pairs selected from foils 23, 24 and 25 (see 
Table II). 

G. Preparation of the Slugs 

Two “slug solutions” were prepared independently 
of each other by diluting aliquots of the U™® stock 
solution described above. Dilutions of 100-fold and 
200-fold, respectively, were made with 1.V HNO, as 
diluent. Four slugs, each containing 37.806 ug of U, 


were prepared from the 100-fold diluted solution, and- 


one slug, containing 46.971 ug of U, was prepared from 
the 200-fold diluted solution. 

To prepare a slug, 99.91 X (calibrated micropipette) 
of a slug solution were deposited at the center of a 6-cm 
sq of “Reynold’s Wrap” aluminum foil. This was fol- 
lowed by a pipette-full of HNO, used as a rinse in the 
manner described under Foil Preparation. The ~200 d 
of solution plus rinse were evaporated under the heat 
lamp, following which the edges of the aluminum foil 
were folded around the resulting dry deposit to give a 
thin, flat packet, 2 cm sq. The packet was then wrapped 
in a second 6 cm sq of aluminum foil, so that altogether 
the slug uranium was enclosed in seven thicknesses (a 
total of 35 mg/cm’) of aluminum, several times the 
maximum range of fission fragments. Finally, the slug 
was inserted in the open end of a flat quartz cell, 25 mm 
x30 mmX5.5 mm with walls ~0.5 mm thick; the 
open end was fuzed shut ; the cell was evacuated through 
a narrow tube and tested for leaks’ with a Tesla coil; 
and then the narrow tube was sealed off close to the cell. 


H. Slug Bombardment 


The slug was bombarded in the space between the 
two fission foils for an hour at a constant (+2 percent) 


9 Preliminary experiments had shown that the presence of small 
leaks in the quartz cell can result in the escape of as much as half 
the fission gases. 


FISSION OF U#3§ 


TABLE II. Relative strengths of fission foils. 


Foil Type 
23 standard 
25 standard 
VIII standard 
IX standard 
XI standard 
20 not ignited 
24 stippled 


Relative strength 


1.0000 
1.0044 
0.9914" 
0.99344 
0.9946" 
1.0023 
1.0015 


® Determined indirectly 


neutron flux of ~2 10" neutrons/cm® sec. Foil fission 
rates were ~150 000 fissions/min. All of the fissions of 
each of the two foils were recorded. The total of the 
recorded fissions of each foil was then corrected for 
background and counting-rate loss, divided by 60 to 
give the foil fission rate as fissions per min, and multi- 
plied by the ratio of slug weight to foil weight to give 
the slug fission rate. 

hb The results of the fission counting in five yield 
measurement runs are shown in Table III. Column 4 
gives the slug fission rate computed from the count of 
the foil in chamber 1 of the counter, and column 5 gives 
the corresponding fission rate computed from the fission 
count in chamber 2. Column 6 is included to show the 
consistency of the results of the two chambers. It is seen 
that there is a rather systematic difference of about 
one percent, with chamber 2 giving the higher value. 
Column 7, the mean of columns 4 and 5, is the slug 
fission rate datum that enters as f in the yield equation 


[ Eq. (4) of Sec. IL]. 


IV. MEASUREMENT OF THE Xe'** ACTIVITY 
A. Xenon Extraction 


Seven to ten days after end of bombardment, the 
quartz cell containing the bombarded slug was fixed 
vertically between two heavy glass jaws in a dis- 
solver vessel (Fig. 3) which was part of a vacuum 
system. The air in the dissolver was flushed out by 
helium, and most of the latter was transferred to an 
evacuated three liter cylindrical storage bulb. About 
140 cc of Xe carrier were accurately measured out in 
another vessel, and part of it was admitted to the dis- 
solver. Then the lower section of the dissolver was 
TaBLe III. Fission counting data. 


Slug fission 
rate* X10°% 


Bombard 
ment Slug to 
time foil 
min) ratio 


Ratio: Mean slug 
Chamber 2 fission 


Run Chamber 1 Chamber 2 Chamber 1 rate X107* 


0.992 
1.013 
1.013 
1.008 
1.007 


8.915 
7.435 
7.811 
8.703 
9.354 


8.842 
7.532 
7.914 
8.776 
9.420 


4813 
4813 
4813 
4813 
5980 


1-201 66 
J-202 60 
J-203 55 
1.204 70 
7-205 57 


* For convenience in the fission yield calculations, these rates were com 
puted for an assumed standard bombardment time of 1.000 br. The error 
» incurred in the yield calculation is vanishingly small 
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rotated in the ground joint, breaking the quartz cell 
between the glass jaws. About 10 ml of 6N HCl was 
admitted to the dissolver, now in communication with 
the storage bulb, and, while the slug was dissolving, 
most of the remaining Xe carrier was bubbled through 
the acid and collected in the storage bulb. A few ml of 
concentrated HNO, were finally added to the dissolver 
to complete the dissolution, which required about half 
an hour. During the next hour, the remaining Xe 
carrier, followed by two liters of He, were bubbled 
through the solution, now boiling and refluxing, and 
into the storage bulb, where for the following 16 hr the 
accumulated gases were thoroughly mixed by heating 
(heat mantle) at 200° a 40-mm diameter circulation tube 
connecting the top and bottom of the bulb. 

After the mixing period, the gases were passed from 
the storage bulb through the following series of traps: 
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two traps containing NaOH pellets, the first at 23° and 
the second at — 78°, to remove water and acid vapors; 
two empty traps at — 195°, to freeze out most of the Xe; 
and a small 80-100 mesh charcoal column at 0° to catch 
any Xe escaping the —195° traps. At this point any 
residual Xe in the dissolver was collected by bubbling 
five more liters of He through the slug solution and 
passing the resulting gases through all the traps. 

The charcoal column was now cooled to — 195°, and 
together with the empty traps containing the frozen Xe 
at — 195°, was pumped free of He. Following this, the 
charcoal column was warmed to +80° (at which tem- 
perature it no longer adsorbs Xe), and the traps con- 
taining the frozen Xe were warmed to —78°, whereupon 
the Xe evaporated, passed through the warm charcoal 
column, and then through a 50 cm long column of 10-30 
mesh Ti metal at 900° (previously outgassed at 1020°) 
where any remaining non-noble gas impurities were 
removed, The purified Xe was finally condensed in a 
bulb at —195°. 

The entire Xe extraction process required about 42 
hr: 2 hr to dissolve the slug and collect the sweep gases 
in the storage bulb, 16 hr of gas mixing in the bulb, and 
24 hr for the remainder of the procedure. About 95 
percent of the original carrier was recovered. 


B. Tests on the Xe Extraction Process 


No provision had to be made for separating Kr ac- 
tivities from the Xe because the Xe activity was of the 
order of 10° times that of the only long-lived Kr fission 
product (10-year Kr**) when the counting began, about 
ten days after the irradiation. By then all of the shorter- 
lived Kr activities had completely decayed. 

In a few preliminary experiments the chemical purity 
of the carrier Xe before and after being passed through 
the extraction procedure was determined with a Con- 
solidated-Nier Mass Spectrometer by Mr. A. P. Irsa 
and Dr. L. Friedman of this Laboratory. All the Xe 
samples showed the same nitrogen contamination of 
0.3 percent, but this may have been an instrumental 
effect of the spectrometer. In addition, the tank Xe was 
found to contain 0.2 percent of Kr. Most of this Kr 
impurity was eliminated by the Xe extraction pro- 
cedure, necessitating a 0.2 percent correction in com- 
puting the chemical recovery of the Xe. 

The degree to which Xe activity failed to be swept 
from the dissolver by our gas sweeping procedure was 
tested in three auxiliary runs. In the first of these, after 
an initial sweeping with 140 cc of Xe plus 2 | of He, the 
slug solution was subjected to a second sweeping with 
the same amounts of these gases. The second sweeping 
was found to contain 7 percent of the total Xe activity. 
The next test was identical with the first, except that 
the slug solution was boiled more vigorously during 
the gas sweepings. This time the second sweeping con- 
tained 1.5 percent of the Xe activity. In the third test, 
the initial sweeping was done with 140 cc of Xe plus 
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four (instead of two) liters of He, and this time the 
second sweeping contained only 0.5 percent of the total 
Xe activity. This was considered satisfactory, but as an 
added safety factor, the slug solution was swept with 
a total of seven | of He in the fission yield runs. 


C. The Xe'** Counting 


The gas counters were of glass, 2 cm in diameter and 
30 cm long, with chemically deposited silver cathodes 
whose volumes had been measured to within 0.2 percent. 
They were filled with a portion of the recovered Xe, 
usually to ~300 mm pressure at 22°, the pressure and 
temperature being carefully measured. Finally the 
counter pressure was made up to one atmosphere with 
pure methane. Under these conditions, the cathode 
volumes of the counters contained about 23 percent of 
the original Xe carrier. In calculating the exact per- 
centages, corrections were applied for deviation of the 
Xe from perfect gas behavior. 

Counting was done in the proportional region, with a 
5-kv power supply, a non-overloading amplifier, and a 
scale-of-64 (Atomic Instrument Company, Model 101). 
Each counter had a zero-slope plateau 100 to 300 v long, 
centered at about 3000 v. Backgrounds were deter- 
mined (either before or after the activity measurements) 
by filling the counters with carrier gas and methane to 
the usual pressures, and making several measurements 
during a two week interval. The gases were taken from 
the same tanks that were used in the runs with activity. 
The various counters had backgrounds between 70 
counts min and 100 counts/min, each one being reliable 
to +4 percent. 

The Xe from each run was measured into two 
counters, designated a and 6, each of which was 
counted ten times, over a period of two weeks, starting 
about 10 days after irradiation, on each of two electronic 
circuits, designated 1 and 2. Eight different counters 
were used for the five runs. Initial counting rates were 
12 000 to 24 000 counts per min. In each case the decay 
followed a 5.3-day half-life very closely during the 2 
week counting interval, being little affected by the 
small amounts of 2.3-day Xe" and 12.0-day Xel!™ 
also present. 

The internal consistency of the Xe counting in a 
given run was checked as follows. 

First we checked whether a given counter showed the 
same counting rate on the two circuits. The uncorrected 
decay curves observed with a given counter on the two 
circuits were drawn separately, and the activities read 
from each of these curves, at the arbitrarily chosen 
reference time of 253 hr after end of bombardment, were 
compared. The ratio of these two activities for counter a 
is shown in column 2, Table IV; column 3 shows the 
corresponding ratio for counter 6, results being given 
for all five runs. 

Next, to check whether counters a and 6 showed the 
same specific activity, the counts observed with counter 
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TABLE IV. Ratios of the Xe™ counting rates of a given counter 
on two circuits, and ratios of the counting rates of two counters 
filled with aliquots of Xe" from the same slug. 


counts/min circuit J) 
> 
counts; min circuit 2) fcounts/min a)/ 


Run Counter 6 counts/min 6) 


ounter @ 


1.005 
1.004 
1.004 
1.012 
1.013 
1.008 


, 0.998 
0.982 
0.989 
0.993 
1.005 


7-201 0.990 
1-202 0.994 
J-203 0.994 
7.204 0.992 
1.205 0.996 


Average 0.993 


a on the two circuits were averaged, and the average, 
corrected for background and corrected to 100 percent 
chemical yield, was compared with the corresponding 
average of counter 6. The comparison is shown in 
column 4 of Table IV (the ratios are all greater than 
one simply because the designation a was assigned to 
the counter of higher counting rate). 

The basic Xe activity datum that enters the fission 
yield calculation in a given run is the mean of the 
corrected a and b averages of that run. This gives the 
disintegration rate of the total Xe in the given slug 
253 hr after the end of a 1-hr bombardment. Of this 
total activity, about 98.8 percent was 5.27-day Xe’, 
one percent was 2.3-day Xe™™, and the remaining 0.2 
percent was 12.0-day Xe, as is discussed in detail 
in Sec. II. 

On the basis of past experience :'' with similar 
counters we judge it unnecessary to make wall or end 
corrections on the observed counting rates. In the work 
cited, it was shown to a precision of two percent that 
for two B-ray emitters with maximum energy 0.155 Mev 
and 1.2 Mev, the observed counting rates (corrected 
for background) were equal to the disintegration rates 
of the radioactive gas contained within the cathode 
volumes of the counters. For example:'' the A" activity 
(1.2-Mev 6 rays) per ml of cathode volume remained 
constant when the diameter of one series of counters 
was varied from 1.9 cm to 8.7 cm, and also when the 
cathode length was varied from 7.0 cm to 75.8 em in 


Data and results for the yield of Xe'™ from 
[245 fission a 


TABLE V 


Time 
to Xe Kein 
Xe activity 
253 hr actor 
1, m) kh 


Fissions per 
minute in 
slug X10°8 


sepa 
ration tl 
hour 


( orrection fission 
f t yield 

Run (percent) 
6.006 
6.671 
6.635 
6.678 
6.504 
6.62 


98 040 
&3 800 
87 140 
97 830 
102 130 


1.0046 
1.0003 
1.0054 
1.0019 
1.0039 


201 &.878 187 
1-202 7.483 235 
1-203 7.863 182 
’.204 8.740 209 
7.205 9 387 192 
lean 


( 
{ 
( 
[ 
l 
N 


*Standard deviation, a, for a single determination is 0.95 percent of 


the mean. The 99:1 probable error for the mean is 2.2 percent of the mean, 


mW 21, 158 


(1950) 
"S. Katcoff, Phys. Rev. 87, 886 (1952) 


Bernstein and R. Ballentine, Rev. Sci. Instr 
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another set of counters. The standard deviation for 
individual counters was 1.6 percent of the mean and no 
trend was indicated with the variation in length or 
diameter. We assume that the same is true for the 
0.345-Mev 8 rays of Xe'*, 


V. RESULTS OF THE YIELD MEASUREMENTS 


The processed data and the computed fission yield 
values for Xe'* in the thermal neutron fission of U**5, as 
determined in five runs, are shown in Table V. Column 
2, which is copied from the last column of Table ITI, 
gives the slug fission rates, f. Column 4 gives the total 
Xe activities, Avis, in the slugs 253 hr after the end of 
each bombardment, as computed from the observed Xe 
counting rates. Column 5 shows the factors k which 
correct for the effect of the difference between the 
actual extraction times and the assumed time of 253 hr. 
lor example, if the Xe! is extracted 192 hr after the 
bombardment, an additional small amount, 0.39 per- 
cent, grows into the solution from its 20.8-hr I'* parent 
between 192 hr and 253 hr. This must be added to the 
measured activity. Finally, column 6 shows the Xe! 
yield values, VY, computed from columns 2, 4 and 5 with 
the aid of the yield equation (4) derived in Sec. IT, 


V=595.5kA omn/f. 


The mean value is (6.62+0.15) percent, where the 
indicated error is the 99: 1 probable error. As concerns 
possible systematic errors, we feel that generous assign- 
ments would be one percent in the slug fission rates and 
two percent in the Xe disintegration rates. Other pos- 
sible systematic errors, e.g., errors in the nuclear 
constants of the mass 133 chain, cannot be very sig- 
nificant. We believe it highly unlikely that our measured 
fission yield is in error by more than 3 percent, which 
we adopt as our accuracy estimate. 


VI. INDEPENDENT YIELD OF Xe'** IN U?*> FISSION 


For an accurate measurement of the total fission 
yield of 5.27-day Xe, it is necessary to know what 
fraction of it, if any, is formed directly in fission. This 
can be determined by separating Xe so soon after a 
short irradiation of U* that it cannot have grown 
much from its parent I'’, and comparing this activity 
with that of the Xe separated from the same irradiated 
U after most of the parent I'* has decayed. The Xe! 
found in the first extract (designated a) results from 
two sources: direct formation in fission, and growth 
from I'* during the short interval before Xe separation. 
The amount formed from I'* is calculated from the 
Xe! found in the second extract (designated 6), with 
the aid of Eqs. (2) and (3). The activity of the Xe! in 
a formed directly in fission is then found by difference. 

Let us consider the conditions used in our experiment. 
The irradiation time was 0.033 hr, extract a was sepa- 
rated 0.34 hour after end of bombardment, and extract 
6 was separated after 253 hr. Using the first two times 
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for 7 and ¢, respectively, Eq. (1) reduces to 
A (0.033, 0.34) = 18.05 10-5 fY,,, 


where A; is the activity of 5.27-day Xe'* found in 
extract a which was formed directly in fission, and Y,; 
is its independent yield. At 253 hr after the bombard- 
ment A; had decayed to 


A ,(0.033, 253) = 4.52 1075 fY ;. (5) 


The activity of 5.27-day Xe! found in extract 6 after 
253 hr is given [from (2) and (3) ] by 


A, (0.033, 253)=5.56X 10~* fY,, (6) 


where Y, is, to a very good approximation, the total 
yield of Xe'. By combining Eqs. (5) and (6) we get the 
fraction of the total Xe'* yield which is formed directly 


in fission: 

Y; A, (0.033, 253) 

= 1.23( ~— ). (7) 
Vs A, (0.033, 253) 


In our experimental procedure two identical uranium 
samples (~40 ug U*° in each) were sealed into the 
usual quartz cells and then irradiated side by side in 
one of the pile pneumatic tubes for 0.033 hr. Xe extract 
a was removed from one of these slugs after 0.34 hr, 
and extract 6 was swept from the other slug after ap- 
proximately 253 hr. It was found more convenient to 
take the two Xe extracts from two identically irradiated 
slugs instead of from a single slug.” This eliminated the 
possibility of Xe loss during the long decay time. 

The standard sweeping and separation procedure 
(described in Sec. IV-A) was modified somewhat for 
these independent yield experiments. The slugs were 
dissolved and swept with Xe carrier and 2 | of helium 
as rapidly as possible; for extract a this was completed 
at 0.34 hr after irradiation. In the next 40 min, this 
mixture was passed through the usual series of traps. 
No additional helium was used. The Xe of extract a 
collected at the bottom of the charcoal column was 
probably contaminated with some short-lived Kr 
isotopes. Therefore the first 10-15 percent of the Xe 
desorbed from the column was discarded. The remainder , 
was collected and put into counters in the usual manner. 

The Xe of extract 6 decayed with the usual 5.27-day 
half-life. Counting of extract a Xe began 24 hr after the 


TABLE VI. Activities of Xe at 253 hr after the end of two 
bombardments to determine the independent yield of 5.27-day 
Xe'* in U fission. 


U-301 U-302 


160 dis/min 137 dis/min 
183 185 

(— 23) (—48) 

56 800 57 400 


Run 
Total Xe activity 
Xe! grown from ['* 
A, (0.033, 253) 
A,(0.033, 253) 


Extract a 


Extract b 


To a very good approximation, the method of calculation 
outlined above applies without modification. 
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irradiation, and the activity decayed initially with the 
9.2-hr half-life of Xe!* (see next Section). After a few 
days, when this component had decayed, the remaining 
activity in each counter, corrected for background, was 
down to ~100 counts/min, and this decayed with a 
hal{-life of ~4.6 days. Since the experimental points of 
these decay curves were somewhat scattered, the devia- 
tion from a 5.27-day half-life is probably within the 
experimental error. 

Data from the two runs of this experiment are sum- 
marized in Table VI. All activities are corrected to 100 
percent chemical yield and are averages based on the 
counting of duplicate samples from each extract. The 
duplicates agree to within a fraction of one percent for 
extracts 6. However, for the a extracts the duplicates 
differ by 9 percent in Run U-301 and by 30 percent in 
Run U-302, differences which are reasonable in view 
of the low activity of these samples. The activities of 
Xe! in the a-extracts which grew from I'* were calcu- 
lated from the Xe activities found in the } extracts. This 
calculation is fairly sensitive to uncertainty in (1) the 
fraction of I'* formed from a 63-min Te precursor; and 
(2) the times of Xe separation from the solutions. In 
view of these difficulties it is not surprising that small 
negative values were obtained for A,, which are dif- 
ferences between activity values not known with suf- 
ficient accuracy. By assuming that 50 dis/min for A, is 
the minimum that could have been observed, we cal- 
culate from (7) an upper limit of 0.1 percent for the 
fraction of the mass 133 chain originating at Xe. The 
independent yield predicted by the postulate of equal 
charge displacement of the primary fission fragments” 
is 0.04 percent of the total yield. In any case the value 
is so small that it need not be considered when"measur- 
ing the total yield of Xe", 


VII. INDEPENDENT YIELD OF 9.15-HR Xe'** IN 
U5 FISSION 

As a by-product of the experiments reported in the 
previous section we were also able to measure the inde- 
pendent fission yield of 9.15-hr Xe'*®. Each of the Xe 
samples from extracts a decayed initially with a 9.2-hr 
half-life. The portion of this activity produced by 
decay of its 6.68-hr I'® parent is calculated from Eq. 
(2) and is given by 


A, =1.1310- f¥,, (8) 


where A, is taken at 27.8 hr after the end of the bom- 
bardment, and Y, is the total fission yield of 6.68-hr 
I'%5, The fission rate, f, can be evaluated from the 
amount of 5.27-day Xe' found in extract 6, taking 
6.6 percent’ for the Xe'® fission yield. Then by sub- 
stituting this value of f into (8) and setting Y, equal'® 

'8 Glendenin, Coryell, and Edwards, Paper 52 of reference 1 

4 See Sec. V, above. 

15 We use a value of 6.49 percent for the total yield of the mass 
135 chain, based on our absolute value of 6.62 percent for the 
yield of mass 133 and the relative fission yields reported in refer- 
ence 3. See Table IX, below. 
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TaBLeE VII. Activities and independent yield of 9.15-hr Xe'§ 
from U** fission. , 


U-301 U-302 


19 900 dis/min 
11020 
8 884 


23 850 dis/min 
10 890 
12 960 


9.15-hr Xe" in Total Xe" activity 
extract a at 27.8 Xe grown from [48 
hours after end Ai (0.033, 27.8) 

of bombardment 

Yi, independent yield of Xe"* (percent) 0.27 0.19 
Percent of chain yield originating at Xe 4 29 


to 0.062, we can calculate A,. This figure is subtracted 
from the total observed 9.15-hr Xe'*® (at 27.8 hr after 
the irradiation) to get the activity, A; of the Xe'* 
produced independently. From Eq. (1), 


A ,(0.033, 27.8) = 3.05 10 fY,. (9) 


The independent yield, Y;, is then calculated from (9) 
with f the same as before. 

The results of these measurements are presented in 
Table VII. Duplicate samples for activity measure- 
ments agreed within 2 percent when correction was 
made to 100 percent chemical yield. The major cause 
of the discrepancy between the results from the two 
runs is probably the ill-defined time of separation of the 
Xe" from its I'** parent. For our final value of the 
fraction of the total Xe'** that is formed independently 
in U™® fission we have 3.5+1.0 percent. Hoagland and 
Sugarman’® reported a value of about 5 percent; 
Brown and Yaffe recently reported’? a value 2.6+1.0 
percent. The curve of Glendenin, Coryell, and Edwards" 
predicts 4 percent. 


VIII. HALF-LIFE OF I'*' 


The two values listed in the Table of Isotopes‘ for 
the half-life of I'* (20.5 and 22.4 hr) differ by almost 
10 percent. In calculating the Xe" fission yields from 
our experimental results, yield values differing by 2 
percent are obtained depending on which of these I'* 
half-lives is used. Therefore a new half-life determina- 
tion was made in order to remove this source of error. 

The measurement is complicated by the fact that 
iodine separated from fission products soon after irradi- 
ation contains several active isotopes, some of which 
decay to active Xe daughters. The 6.68-hr I'® and its 
9.15-hr Xe daughter would interfere very seriously with 
a measurement of the I'* half-life. Fortunately, the I'*° 
can be eliminated completely because its Te parent is 
very short-lived (<2 min) while I'*® grows from a 
1.1-hr Te. Thus it was only necessary to irradiate some 
uranium for 5 min and isolate Te about 15 min later. 
This contained 1.1-hr Te™ but no Te'*. Also present 
were Te, Te'”, and Te™. The purified Te was allowed 
to stand for 1.4 hr, and then the iodine activities which 
grew in were isolated. These consisted of 53-min I'™ 
and 21-hr I'*, plus small amounts of 2.4-hr I'® and 


16 E. J. Hoagland and N. Sugarman, Paper No. 147 of reference 


 - 
‘7 F, Brown“and L. Yaffe, Can. J. Chem. 31, 242_(1953). 
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Tas_e VIII. Data and results of I'* half-life determination. 


Run 1 
B-4 
mg Al 


cm? 


9710 


Counter p—-1 
Absorber 1398 Al 
cm? 


Initial counting rate (counts/min) 16 690 
Number of I'* half-lives observed 11 
Half-life of I (hr 20.8 


130 


8.1-day I'". By allowing the iodine to stand for 24 hr 
the two shorter-lived isotopes disappeared. Then the 
iodine was precipitated as AgI and activity measure- 
ments were begun. 

The only interfering isotopes were the 5.27-day Xe! 
daughter and 8.1-day I''. These were suppressed by 
counting the 6 rays through 100 mg/cm? of Al which 
removed all of the Xe!” 8 rays and 96 percent of the 
I's! 8 rays but only 50 percent of the I'* radiation. The 
decay of the y rays was followed by counting through 
5 g/cm® of lead which removed nearly all of the Xe! 
y rays, } of the I'*' y rays, but only } of the I'** y rays. 

In the chemical procedure the Te was reprecipitated 
three times as the metal, and the iodine was purified by 
three cycles of oxidation, extraction with CCl, reduc- 
tion, and extraction with water. One iodine sample was 
obtained from each of two separate runs. The 6 rays 
of each were measured with two different mica window 
Geiger counters and the y rays were measured with a 
Nal crystal scintillation counter. For the first 9 days 
counts were taken twice daily; then for the next 18 days 
measurements were made every other day. 

The Geiger counter data were cofrected for coin- 
cidence loss and background, the scintillation counter 
data only for background.'® A long-lived tail was sub- 
tracted from each of the decay curves to give the 


Taste IX. Yields of some chains from the thermal neutron 
fission of U%, expressed in percent of the fissions, as determined 
by different investigators 


1. Isotope 3h 4 

2.97 3.28 2.8 
4.45 4.92 4.0 
6.62 7.32° 5.0 
7.81 64 A 
6.40 7.07' 6.0 
6.42 7.10 6.0 
6.07 71° 6.1 


Xe"! 
Xe! 
Xe ‘s 
Xe 
(5135 
Kel 


Cs 


® Corrected relative values reported by Wiles et al. (reference 3) normal 
ized to our value of 6.62 percent for Xe 

+ Same as column 2, but normalized to 3.28 percent at Xe™, 

¢ Values from smooth yield-mass curve of reference 1 normalized to 6.1 


percent at Bal#e 
4 Fission yields of iodine isotopes measured by A. C. Pappas (reference 4) 


normalized to 6.1 percent at Ba'®, 
These values are slightly lower than those given in reference 3. See text 


for explanation 
! Yaffe, Day, and Greer, Can. J. Chem. 31, 48 (1953), reported 6.5 
percent for Te™, When the independent yield of I is added to this, the 
total 1'™ yield is 8.0 percent (normalized to 6.1 percent at Ba"), 
‘8 Two of the Geiger counters lost their plateaus when the I'* 
had nearly decayed away. They were replaced with nearly iden- 
tical counters, apparently without effect on the results. 


20.9 


y7-1 
g Pb 
¥ cm? 
9330, 
8 
20.2 


exponential decay of the I'*, The results are sum- 
marized in Table VIII. The six values were averaged, 
weighting each one by the number of half-lives over 
which the I'* decay was observed. The result is 20.8 
+0.2 hr which agrees fairly well with the value of 20.5 
hr found by Bartholomew et al.,‘ but it is in marked 
disagreement with the 22.4 hour value of Pappas.‘ For 
the fission yield calculations we adopted 20.8 hr. 


IX. DISCUSSION 

Previous values for the fission yield of Xe" are dif- 
ficult to compare with the value of 6.62 percent found 
in the present investigation because the former were 
not measured directly by an absolute method as was 
the latter. Perhaps the best procedure is to normalize 
the relative yields measured in the recent mass spec- 
trographic work reported by Wiles ef al.,> to the ab- 
solute yield of Xe! determined here. Table IX, column 
2, shows these normalized values for mass numbers 
131-137. Column 3 is based on the same relative yields 
as column 2, but the values are normalized to 3.28 
percent at mass 131. Apparently this value was adopted 
by Wiles et al., from the fission yield of I'*! measured by 
Bartholomew eft al.’ relative to Ba!, whose fission 
yield” was later determined absolutely. The values 
given in column 3 for masses 133, 135, and 137 are 
slightly lower than those given in the paper of Wiles 
et al., to take into account the effect of the 2.3-day 
Xe'™ on the calculation of the 5.27-day Xe! yield 
from the mass spectrographic work of Macnamara, 
Collins, and Thode.*! It is assumed that all of the Cs!* 
is formed from decay of the 5.27-day Xe". Column 4 
of Table LX gives the fission yield values as read from 
the smooth yield vs mass curve for U*® fission given in 
the Plutonium Project Record (PPR).! These are 
normalized to 6.1 percent for Ba'”. The last column 
gives the fission yields determined by Pappas‘ for the 
iodine isotopes of the given masses, relative to 6.1 
percent for Ba. These values probably apply also to 
the Xe isotopes of the same mass because the inde- 
pendent yields of the latter are probably very small. 


'’ Bartholomew, Brown, Hawkings, Merritt, and Yaffe, Can. J. 
Chem. 31, 120 (1953). 

” Unpublished work by Bartholomew, Brown, Hawkings, 
Merritt, Thode, and Yaffe referred to in references 3 and 17. 

21 See reference 2. This work was done before the 2.3-day Xe 
isomer was discovered. 
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All values given in Table IX include the effects of 
delayed neutron emission. 

An explanation of the discrepancies shown by Table 
IX will not be attempted at present because it would 
be based mostly on speculation. We believe that our 
fission yield for Xe! is reliable to --3 percent of the 
value given, and we prefer the fission yields of column 
2 to the others. The smooth curve of the PPR is not 
reliable at masses 133-134 because it depends on experi- 
ments in which there was very likely incomplete 
exchange between radioactive fission iodine and carrier 
iodine. 

Experimental investigations recently completed” and 

* A. Turkevich and G. Reed of the Institute for Nuclear Studies 
at the University of Chicago have recently completed a series of 


absolute yield determinations in U®* fission by the radiochemical 
method, but they did not cover the range of masses 131 to 137. 
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now in progress® in other laboratories, together with 
the work reported here, should soon result in an accurate 
and fairly complete yield vs mass curve for U™® fission 
products. 
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Chlorine Isotope Separation by Thermal Diffusion*+ 


A. Z. Kranzft anp W. W. Watson 
Vale University, New Haven, Connecticut 
(Received June 8, 1953) 


From “two-bulb experiments” the thermal diffusion constant a of HCI has been determined to be +0.010 
at 7,=685°K and —0.009 at T,=229°K. Such a rapid change of a and Rr with temperature and an inversion 
temperature at or above room temperatures seem to be characteristic of strongly polar molecules. The 
troublesome “memory effects” of HCI in a mass spectrometer can be eliminated by using a pin-hole leak 
right in the box of the ion source plus a baking out, flushing and repeated-analysis routine. Some details are 
given of a 6.8-meter hot-wire thermal diffusion column apparatus, having an equilibrium separation factor 
of 7, and which has provided fairly large samples of HCI enriched to 94 percent HCI" and 62 percent HCI” 


for cyclotron beam targets and other experiments. 


INTRODUCTION 


YDROGEN chloride is representative of a con- 
siderable number of gases whose isotopic com- 
ponents are not easily separated by the method of 
thermal diffusion. But since isotope separation in 
quantity is a difficult task by any method and for any 
of the elements, the relatively simple procedure in- 
vented by Clusius and Dickel! for cascading the thermal 
diffusion separation by the thermal syphoning action 
in vertical columns still seems attractive. HCl was in 
fact the gas used by Clusius and Dickel in their pioneer 
experiments in which by employing many meters of 
column the chlorine isotopes were very well separated. 
Varying degrees of separation of the Cl isotopes by 
* Part of a dissertation submitted in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy in Yale 
University by A. Z. Kranz. 
t This work was supported by the U. S. Atomic Energy Com 
mission. 
t Now at the Atomic Power Division, Westinghouse Electric 


Corporation, Pittsburgh, Pennsylvania. 
!K. Clusius and G. Dickel, Z. Phys. Chem. B44, 451 (1939). 


this method have also been reported by Kennedy and 
Seaborg’ and by Shrader.’ 

One of our aims in these experiments has been to 
improve the experimental factors so as to achieve the 
greatest possible isotope separation from apparatus of 
modest size. Ways of optimizing the geometry and 
operating procedure of thermal diffusion columns have 
been discussed in a recent paper by one of us.‘ Dickel® 
has also elaborated on the magnitude of the possible 
improvement in the apparatus factors, granting the 
inherent low thermodynamic efficiency of the thermal 
diffusion process. This is a contribution to our con- 
tinuing effort to improve our knowledge of the thermal 
diffusion method of separating isotopes. 

It was also our desire to collect sufficient quantities 
of well-separated Cl isotopes for target material in 
certain nuclear reaction studies. In a second paper we 
are reporting details of Cl***7(a,p)A*” reactions whose 

2 J. W. Kennedy and G. T. Seaborg, Phys. Rev. 57, 843 (1940). 

3. F. Shrader, Phys. Rev. 69, 439 (1946). 


*W. W. Watson, Z. Physik 133, 272 (1952) 
5G. Dickel, Naturwiss. 37, 164 (1950). 
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Fic. 1. Rr values as a function of 7,. 


interpretation has been aided by the use of these 
separated isotopes. 


THE THERMAL DIFFUSION CONSTANT OF HCl 


The predicted separation factor of a thermal diffu- 
sion column depends strongly on the value of the 
thermal diffusion constant a used in the calculations. 
From viscosity data one can compute that near room 
temperatures a for HCl is approximately zero,® but 
this quantity does increase with rising temperature. 
Swartz’ previously in this laboratory has measured a 
for HCl] at several temperatures, using the two-bulb 
technique,* but he only established that there is a 
reversal in the sign of a of HCI! at about 485°K. In re- 
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Fic. 2. Gas sample supply to mass spectrometer ion source. 
Gas flow is at a few mm Hg pressure. Pressure in ion source is 
about 10°? mm Hg. 


®*R. C. Jones, Phys. Rev. 58, 11 (1940). 
7G. B. Swartz, Phys. Rev. 76, 166 (1949). 
8A. O. Nier, Phys. Rev. 56, 1009 (1939). 
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peating these experiments we have taken great care to 
minimize the bothersome ‘‘memory effect” with HCl 
in the mass spectrometer. 

The hot and cold volumes of our glass two-bulb ap- 
paratus were 534 and 106 cm’, respectively. A number 
of measurements were made at two different pairs of 
temperatures; the one with the hot-bulb temperature 
7,=800°K and the cold-bulb temperature T,=600°K, 
the other with 7,=273°K and 7,=194°K. The mean 
temperature 7, is computed as [7,7./(T:—T.)] 
In(7,/T.). For the T7,=685° point the initial HCl gas 
pressure in the system was 76 cm of Hg, the number of 
successive Chapman processes carried out was four, 
and the time for the first process was 15 hours to 
guarantee equilibrium. For the 7,=229° point the 
initial pressure was 10 cm of Hg, the number of succes- 
sive thermal diffusion separations was three, and the 
equilibrium time for the first one was taken as 17 
hours. 

The results are summarized in Table I. The quantity 
C,° is the fractional concentration of the heavier iso- 
tope in the sample taken from the cold bulb at the 
end of operations in each case. This was then corrected 
for the gas in the connecting tube. The normal con- 


TABLE I. Thermal diffusion constant @ for HCI. 


Te T, Ce a 


+0,010+0.008 
— 0,009 +0.007 


600°K 685° 0.247340.0005 


800°K 
273°K 


194°K 229° 0.2444+0.0004 


centration C,° of Cl? was measured to be 0.2458 
+0,0011. The errors given for C,° and C2° are mean 
deviations of a considerable number of mass spectrom- 
eter analyses in each case. 

The error in @ is large because a depends directly on 
C.°—C,°. The separations achieved were small and the 
quantity C.°—C,° is not much larger than its probable 
error. Still, the error in each concentration measure- 
ment is satisfactorily small, particularly in view of the 
memory effect. 

Figure 1 is a plot of these Rr values versus T,, where 
Rr is the ratio of @ to a@e..,= (105/118)[ (38—36)/ 
(38+ 36) | for elastic-sphere molecules of these masses. 
The straight line drawn through our two points is 
justified by the results of similar measurements with 
other gases,* all of which show this linearity. The point 
at T,=507° is a lower limit calculated by Jones and 
Furry” from the column operations of Clusius and 
Dickel with HCI; the excellent agreement is encourag- 
ing. We are in agreement with the earlier finding of 
Swartz that a for HCl does change sign at a temper- 
ature well above room temperature, but our value of 

°K. E. Grew and T. L. Ibbs, Thermal Diffusion in Gases 
(Cambridge University Press, Cambridge, 1952), Appendix 6. 
es... C. Jones and W. H. Furry, Revs. Modern Phys. 18, 218 
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the inversion temperature, 385°K, is about a hundred 
degrees lower than the one he reports.’ 

Since the forces between strongly polar molecules 
like HCI are certain to be temperature-dependent in a 
complicated manner, we purposely refrain from a 
comparison of this Rr versus T ‘variation with the 
predictions of the usual inverse-power models. It is 
noteworthy, however, that for both of the polar mole- 
cules NH; and HCI the Rr versus T line has a con- 
siderably greater slope than those found for nonpolar 
molecules. The reader is referred to a qualitative ex- 
planation of this difference by Watson and Woernley" 
for the NH; case. 


MEMORY EFFECTS IN THE MASS SPECTROMETER 


The analysis of HCl in a mass spectrometer is 
hindered by serious memory effects. That is, we found 
that successive analyses of gas samples with changed 
isotopic abundances yielded nonreproducible and non- 
predictable results. Our older instrument is a 60° Nier- 
type spectrometer, essentially like the one described 
by Graham, Harkness, and Thode.” A capillary leak 
served to reduce the gas pressure from a few millimeters 
of Hg in the sampling system to about 10°? mm of Hg 
in the ion source. The memory effect is attributed to a 
mixing of the molecules from the previous sample 
coming off the walls with those of the new sample just 
entering the ion source. At the pressure in the sampling 
system this effect is negligible; at the low pressure in 
the ion Source it is serious. 

Our principal innovation in overcoming this diffi- 
culty was to minimize the surface area in the low pres- 
sure region. How this was accomplished is shown in 
Fig. 2. The capillary was replaced by a pin-hole leak 
inserted right into the ion source, thereby eliminating 
all low pressure areas outside of the spectrometer tube. 

To prepare the pin-hole leak, a piece of soft-glass 
tubing was heated above the softening point and 
touched to a platinum foil. This sealed the platinum to 
the glass. Then an ordinary sewing needle was sharp- 
ened by rubbing a fine stone against its point while it 
was turning rapidly in a lathe. The point was thus 
reduced to 0.0005 inch in diameter. The glass tube 
was then secured in the tail-stock chuck, and the needle 
was secured in the tool holder of a small lathe. Ob- 
serving through a traveling microscope, the needle 
point was pushed into the platinum foil by turning the 
micrometer feed on the lathe compound. This pin-hole 
leak was then sealed into the spectrometer tube, using 
a Pyrex-to-soft-glass graded seal. 

The following procedure was adopted for making 
analyses. After a measurement the spectrometer was 
pumped out for several hours. During this pump-out 
time the entire spectrometer tube was heated to about 
350°C by an electric furnace. Then a small quantity 

 W. W. Watson and D. Woernley, Phys. Rev. 63, 181 (1943). 

2 Graham, Harkness, and Thode, J. Sci. Instr. 24, 119 (1947). 
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Fic. 3. Rate of rise of concentration of HC} in reservoir 
attached to upper end of apparatus. 


of the next gas sample was allowed to pass through the 
pin-hole into the spectrometer. The spectrometer was 
thus flushed several times. Next the heater was shut 
off, and the Dewar around the liquid-air trap of the 
main pump line was filled to the top. This precaution 
prevented any HCl from  backdiffusing into the 
spectrometer. After an hour’s wait for the spectrometer 
to cool, the sample was fed in and measured, after 
which the heater was turned on and the flushing and 
baking repeated. In four hours the next cooling off 
and subsequent measurement were made. 

Following this routine, we have found that the 
successive analyses of a given sample differ less and 
less, and finally they are reproducible. It takes from 
one to three days to complete the analysis of one sample 
for its Cl isotope abundance ratio, the elapsed time 
depending on the degree of difference from the previous 
sample. 

There is no simple explanation of this memory effect. 
It is obviously a matter of surface chemistry, the large 
dipole moment of the HCI molecule causing it to adhere 
tenaciously to the walls. The memory effect is negligible 
for most gases, but for polar molecules careful pro- 
cedure similar to the one we outline may be necessary 
for accurate, reproducible isotope abundance measure- 
ments, 
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Fic. 4. Rate of increase in separation factor g. Comparison 
with Fig. 3 illustrates that when the concentration is high, 
relatively large increases in separation factor are needed to 
produce small increases in concentration. 
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THERMAL DIFFUSION COLUMN OPERATION 


Calculation showed the separation factor g of our 
hot-wire column to be larger the smaller the diameter 
of the water-cooled tube and the central wire. Since 
the column must be absolutely straight and vertical, 
however, it is not very practical to use glass tubing of 
diameter less than 8 mm. We have employed two 3.4- 
meter glass columns of this inner diameter, with the 
central hot wires of Pt-Ir(10 percent) 0.38 mm in 
diameter. The two columns were convectively coupled 
in series by 6-mm tubing. The positive reservoir (where 
the desired isotope is enriched) was 100 cm’ in volume; 
the negative reservoir had a volume of 25 liters, which 
is effectively infinite. The hot wires were operated at 
1200°K and the cold walls at 290°K. Pt cross wires 
spaced at 35-cm intervals served to center the hot 
wires, and they were kept taut by a small weight (25- 
g stainless steel pieces), which cannot be large be- 
cause of the tendency of Pt wire to stretch. Wire ex- 
tension was accommodated by an accordian-pleated 
silver foil at the lower end. Total power consumption 
for the two columns was 454 watts. 

Trial runs at different gas pressures with a single 
column established a fairly sharp maximum q for 
p=57 cm of Hg. Figure 3 shows the approach to 
equilibrium in the positive reservoir attached to the 
upper end of the 6.8 meters of column operating at 
this pressure. The arrows indicate when the contents 
of the positive reservoir were removed. The fact that 
the mass spectrometer analyses showed the same rise 
to equilibrium after each withdrawal of product is 
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taken as evidence that the memory effect has been 
practically eliminated. A similar curve was obtained 
for the increase in HCI*’ content when the end volumes 
were interchanged. Figure 4 shows the separation 
factor as a function of time. Note that the rate of rise 
of the concentration of the heavy isotope is slower. 
The explanation of this is that more gas must be 
transported when the concentration is proceeding in 
this direction. 

From these curves we estimate that the equilibrium 
separation factor would be about 7. The highest con- 
centrations actually collected were 94 percent HCI 
and 62 percent HCl*’, the samples of each variety 
totalling about 500 cm* (NTP). The equilibrium 
separation factor g=7 would mean Ing=0.29 per 
meter of column, while the top factor of 5 which 
satisfied us gives Ing=0.24 per meter. For comparison, 
the best operation reported by Clusius and Dickel 
indicates their Ing per meter was 0.23, and Kennedy 
and Seaborg’s data show that they had a Ing of 0.24 
per meter. These results are all about the same, and 
show that without making a great effort to maximize 
the efficiency of the columns one can collect by this 
relatively simple method good-sized samples of fairly 
well separated isotopes even with "gases for which the 
thermal diffusion constant is close to zero at and near 
room temperature. Our equilibrium value for Ing per 
meter represents a 20 percent improvement over the 
results of the other investigators, but for better effi- 
ciency one should not wait for equilibrium to collect 


product. 
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Energy Levels in A** from the Cl(«,p) Reaction*{ 


A. Z. Kranzft anp W. W. Watson 
Yale University, New Haven, Connecticut 
(Received June 8, 1953) 


AgCl targets containing 94 percent Cl**—6 percent Cl*’ and 62 percent Cl*’7—38 percent Cl** were bom- 
barded with a particles. The protons resulting were observed at 90° and 0° to the incident beam, and estab- 
lish excited states in the A* nucleus at 2.134-0.04 and 3.73+0.04 Mev. No groups from A® were observed. 


INTRODUCTION 


WO excited states in the A*® nucleus have been 
previously reported in the literature.' Pollard 
and Brasefield? studied the (@,p) reaction on natural 


* Part of a dissertation submitted in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy in Yale 
University by A. Z. Kranz. 

t This work was supported by the U. S. Atomic Energy Com- 
mission. 

t Now at the Atomic Power Division, Westinghouse Electric 
Corporation, Pittsburgh, Pennsylvania. 

'b. E. Alburger and E. M. Hafner, Revs. Modern Phys. 22, 
373 (1950). This review article lists references to earlier work. 

2 E. C. Pollard and C. J. Brasefield, Phys. Rev. 50, 890 (1936). 


chlorine targets using ThC’ @ particles. They reported 
levels at 2.6 and 4.3 Mev. Itoh,’ and Hole and Siegbahn‘* 
have studied the y rays accompanying 6 decay of Cl**. 
Itoh reports levels in A** at 2.19 and 3.83 Mev, and 
Hole and Siegbahn find 2.15 and 3.75 Mev for these 
levels. Langer’ has studied the 8 rays from Cl**, and 
reports levels at 2.04 and 3.70 Mev. By bombarding 
partially separated Cl isotopes with 7.45 Mev (mean 


3 J. Itoh, Proc. Phys. Math. Soc. Japan 23, 605 (1941). 

*N. Hole and K. Siegbahn, Arkiv. Mat. Astron. Fysik A33 
No. 9 (1946). 

®L. Langer, Phys. Rev. 77, 50 (1950). 
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Fic. 1. Yield of protons from Cl(a,p) reaction with chlorine 
enriched in Cl, 


range) a particles from the Yale 28-inch cyclotron, we 
hoped to resolve the differences in the older informa- 
tion, and also to get information about the levels in 
A®, 

EXPERIMENTAL METHOD 


Protons were observed with a proportional counter 
at 90° and 0° to the incident a beam. Proton energiés 
were determined by absorption in aluminum; the 
counting arrangement was such that only those protons 
ending their range in the proportional counter were 
recorded. AgCl targets were prepared using partially 
separated Cl isotopes produced in our thermal diffusion 
columns.® The HCl gas taken from the columns was 
dissolved in water to produce an 0.05 NV solution. A 
silver disk (0.010 inch thick for 90° observation, 0.001 
inches thick for 0° observation) was placed in the 
solution, and 0.25 mg/cm? of Cl plated out as AgCl. 
The targets stood up very well under the bombard- 
ment. Two gas samples were used. The “heavy chlo- 
rine” targets were made from gas containing 62 per- 
cent HCl? and 38 percent HCI* and the “light chlo- 
rine” targets were made from gas containing 94 
percent HCI* and 6 percent HCI*’. 


DISCUSSION 


Figure 1 shows the groups observed at 90° observa- 
tion using the light chlorine target, and Fig. 2 shows 
the same for the heavy chlorine target. A similar pair 
of curves were obtained at 0° observation. The fact 
that changing the concentration of Cl*” from 6 percent 


© A. Z. Kranz and W. W. Watson, preceding paper, Phys. Rev. 
91, 1469 (1953). 
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Fic. 2. Yield of protons from Cl(a,p) reaction with chlorine 
enriched in CI, 


in the one target to 62 percent in the other did not 
show a change in the proton spectrum leads us to 
assign all the groups to A**. In fact, the yield from the 
heavy chlorine target was less, for a given bombarding 
current, than the yield from the light chlorine target. 

The ground-state Q value was obtained by comparing 
the mean proton energy from an integral curve with 
the mean value of the energy of the a beam as meas- 
ured in an air absorption cell. The excited-state Q values 
were obtained from differences in the extrapolated 
ranges. Obtained in this way, the ground-state Q value 
of A* is 0.81+0.08 Mev, and the Q values for the first 
and second excited states are —1.32+0.08 and — 2.92 
+0.08 Mev, respectively. These represent levels in the 
A*® nucleus at 0, 2.13-+0.04, and 3.73-+40.04 Mev. 

The agreement with the Q value calculated from the 
mass data of Li ef al.,7 0.81+-0.09, is excellent. The 
Q value for the ground state of A® as calculated from 
the mass data is — 1.634-0.09 Mev. This group would 
lie just inside the first excited-state group from A®. It 
is evident that at our bombarding energy, the cross 
section for the Cl®*(a,p)A® reaction is much higher 
than that for the Cl*"(a,p)A® reaction. The lower 
ground-state Q value, the smaller cross section, and 
the fact that Cl*? is the less abundant isotope in nature 
and more difficult to enrich, are all responsible for our 
inability to observe groups from A®. The low-intensity 
group at 4 Mev may be due to A®, but it is more 
likely attributable to an impurity in the target. Prob- 
ably targets enriched to at least 90 percent in Cl* 
would be required to observe the proton groups from 
A® with our a beam. 

The authors wish to thank Professor E. C. Pollard 
for helpful suggestions and discussions. 


7 Li, Whaling, Fowler, and Lauritsen, Phys. Rev. 83, 512 (1951). 
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Effects of a Primeval Endowment of U**’t 


Davin B. ROSENBLATT 
Frankford Arsenal, Philadelphia, Pennsylvania 
(Received February 13, 1953) 


The effects of a primeval endowment of U™® unon theories pertaining to the evolution of the elements, the 
thermal history of the earth, and geochronology are considered. It is shown that the present thorium to 
uranium ratio, early volcanism on the earth and on the moon, as well as corrections to the dating of rocks and 
meteorites may be related to an initial abundance of the isotope, if certain assumptions are made. 


ECENT measurements! indicating that the half- 

life of U*® is approximately 2.4107 yr should 
be taken into account in formulating theories pertain- 
ing to the evolution of the elements, the thermal 
history of the earth, and geochronology. 

A survey of radioactive isotopes shows that known 
half-lives fall into two classes; (a) those of the same 
order or longer than the age of the earth, (b) half-lives 
of insignificant duration on a geological scale. Class (a) 
contains Th’, U*, Rb*?, La!8, Sm'47, Lu!76, and Re!8?, 
Also included in this class are U5 and K® which 
possess half-lives of the order of 10° or 10° yr and, con- 
sequently, have been seriously depleted during the 
earth’s 3 or 4 billion years of existence but still persist 
to a detectable degree. Class (b) contains radioisotopes 
which occur naturally only by virtue of their constant 
generation as members in a radioactive series initiated 
by the decay of one of the substances of class (a), 
others such as C' or Pu™ which are constantly gen- 
erated by stray neutrons, as well as the artifically 
produced radioisotopes. U™® is unique in belonging to 
neither class; its half-life relative to the age of the 
earth is too short to result in a detectable abundance 
of this isotope in natural uranium, yet it is sufficiently 
long to insure its existence during the first part of the 
earth’s history. Given an initial endowment of U**, we 
must consider it to have persisted as a significant 
entity during the first half-billion years of geological 
time, for its half-life is not entirely negligible in relation 
to current estimates of the time interval between the 
genesis of the elements and the formation of the earth.’ 

The interval between element formation and forma- 
tion of the earth’s atmosphere has been estimated by 
Katcoff, Schaeffer, and Hastings* to be 0.27 10° yr 
and by Suess and Brown? to be of the order of 0.4 10° 
yr. Most of the following effects are predicated upon 
the possibility that these estimates for the interval are 


t Work done at Brookhaven National Laboratory, Upton, New 
York, under contract with the U. S. Atomic Energy Commission. 

' Jaffey, Diamond, Hirsh, and Mech, Phys. Rev. 84, 785 (1951). 

2Fleming, Ghiorso, and Cunningham, Phys. Rev. 88, 642 
(1952) 

3G. Gamow and C. L 
and Nuclear Enerey-Sources 
1949), pp. 307 and 309 

4 Katcoff, Schaeffer, and Hastings, Phys. Rev. 82, 688 (1951). 

§ H. FE. Suess and H. Brown, Phys. Rev. 83, 1254 (1951) 
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too high, or that the earth, as an entity, is appreciably 
older than its atmosphere. 

Owing to the lack of any generally accepted theory 
concerning the formation of the elements, one cannot 
postulate an initial endowment of U** in planetary 
matter with any degree of certainty. However, an 
initial abundance of U*° comparable to that of the 
main uranium isotope has often been invoked in esti- 
mating the age of the earth; there is nothing in the 
systemics of nuclei to suggest that U™®, with an even 
number of neutrons and protons, and lying closer in 
mass to the most stable isotope, U**, should have been 
formed less abundantly than U*®, U** is highly fission- 
able when in a sufficiently excited state; consequently 
it could only have been formed if the element building 
process produced the isotopes in their final distribution 
after the temperature of the nuclei had subsided to low 
values. Theories which assume that the various nu- 
clides originated as aggregates of neutrons and, subse- 
quently, were transformed through successive beta 
decay into the naturally occurring isotopes® appear to 
be consistent with an appreciable initial abundance of 
U*6, Although the production of U** in piles is a low 
yield process, the absorption of a neutron in U** 
generally imparting sufficient energy to the compound 
nucleus to result in fission, the opposite would hold for 
the primeval production through successive beta decay ; 
for in the latter case, the final U%® nucleus would not 
be sufficiently excited to undergo fission. In fact any 
theory of element building in which the accumulation 
of the positive charge within the nucleus necessary for 
the fission process occurs after the universe has passed 
through the stages of very high density and temper- 
ature should result in an original U*** endowment in the 
same way that it leads to a finite abundance for U™* 
and other isotopes for which the values of Z*/ A are not 
so large as to result in prohibitive rates of spontaneous 
fission. 

Virtually the entire original endowment of U¥® must 
have decayed through alpha emission to Th® during 
the first half-billion years of geological time. Conse- 
quently, we should not look for any U™*® in present 
analyses of natural uranium, but, instead, should ex- 
pect to find an enrichment of Th* relative to other 
nuclides in this portion of the abundance curve of the 


6G. Gamow, Phys. Rev. 70, 572 (1946). 
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elements. In Goldschmidt’s survey’ we find that 
thorium is, indeed, more common throughout the 
universe than the nearby elements uranium and 
bismuth. Assuming that, originally, equal numbers of 
atoms of uranium and thorium were formed, and that 
uranium consisted chiefly of U**, U™*, and U8, in 
roughly equal quantities, the U*® would largely decay 
to Pb ” and the U™* would, in its entirety, decay to 
Th™ resulting in a present thorium to uranium ratio 
of 4, which, even after correction for the partial decay 
of U5, is still in rough agreement with the value of 3.8 
commonly quoted for “‘average’”’ rocks. 

Any appreciable original abundance of U™® should 
have severely affected the early thermal history of the 
earth. For example, Urey’s theory of the formation of 
the earth by accretion, melting due to radioactive 
heating, and final cooling® would have to be modified 
and allowance made for two distinct periods of heat 
production. Due to the relatively enormous disinte- 
gration rate of U**®, the heat generation in the earth 
immediately after accretion should have been very 
great; in fact during the first half-billion years the 
earth would probably have to be regarded as molten 
even at the center. As the amount of U*® dwindled, 
temperatures should have dropped to the point where 
pressure sufficed to insure a semisolid phase at the 
earth’s core. The disintegrations of K® and the 4n+-2, 
4n and 4n+-3 series should have continued to maintain 
the molten magma still found at moderate depths. 

An original abundance of U*® would affect the 
thermal history of the moon differently owing to the 
larger surface to volume ratio and lower thermal 
inertia of the satellite. Heating due to K® and to U***, 
U*, and Th*? and their descendants is insufficient to 
lead to high internal temperatures, as is demonstrated 
by the total lack of volcanism on the moon at the 
present time. However, initially the high disintegration 
rate of U*® may have resulted in formation of the 
moon’s craters. Volcanism on a scale necessary to 
produce such craters is symptomatic of enormous 
temperature gradients at a time when the outer crust 
was already formed. (In the case of the earth no large 
craters should be expected, for the greater volume to 
surface ratio and thermal inertia would conserve the 
heating due to ordinary uranium and thorium thereby 
maintaining the crust in a molten state after most of 
the U%* had decayed.) 

These remarks are based on purely qualitative con- 
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siderations owing to the difficulty of arriving at reason- 
able estimates for the thermal conductivities, as well 
as the roles of convection currents and orogeny, in 
determining the rate of heat transfer to the surfaces 
of the earth and the moon during their verv early 
history. 

A possible primeval endowment of U** must be 
taken into account in evaluating methods of geochro- 
nology based upon relative abundances of uranium and 
lead isotopes, as well as those depending upon helium 
content. For example, Holmes’ method leads to certain 
values for the abundances of the lead isotopes at the 
time of formation of the earth’s crust.? Alpher and 
Herman have shown how to derive these abundances 
using three basic equations."® The equations assume a 
simple decay of thorium and uranium within the source 
magma prior to deposition of a lead sample. A primeval 
endowment of U™® would change the form of the third 
equation by requiring that the simple decay of thorium 
be replaced by a sharp initial rise, followed by decay. 
Estimates of the ages of various geological formations 
and of the age of the earth’s crust would not be ap- 
preciably affected, since in general a least squares 
analysis is used which largely eliminates the dependence 
upon the early abundances of uranium and thorium. 
On the other hand, the use of present lead isotope 
ratios in calculating the abundances of Th™? and Pb”®* 
at the time of origin of the elements would have to be 
revised. The effect on the former is large and has been 
discussed earlier in this paper; the effect on the latter 
would be quite small, but any change would be of 
interest from the point of view of nuclear shell struc- 
ture." 

Helium age methods as applied to terrestrial samples 
should not be affected, for such determinations have 
not been found to be reliable for ages earlier than pre- 
Cambrian, in any case. However, a primordial abun- 
dance of U™® would require a modification of helium 
methods as applied to meteorites, at least in the case 
of samples whose age is assumed, or found, to exceed 
10° yr. After subtraction of that part of the He content 
formed within the meteorite by cosmic rays, as de- 
scribed by Singer,” it would be necessary to adjust the 
remainder so as to allow for emission of one alpha 
particle in the case of the one out of every four Th™? 
nuclei which had originated as U™*®, Since only a 
minority of all the Th* nuclei decay during the life of 
a meteorite, the correction should be significant. 


9A. Holmes, Nature 157, 68 (1946). 

 R. Alpher and R. Herman, Phys. Rev. $4, 1112 (1951). 
" R. Alpher and R. Herman, Phys. Rev. 84, 1113 (1951). 
2S. F. Singer, Nature 170, 728 (1952). 
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Gamma Rays from Interaction of 14-Mev Neutrons with Various Materials 


V. E. Scuerrer, R. B. Tueus, and W. R. Faust 
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(Received April 23, 1953) 


Experiments have been performed to observe the pulse-height distribution produced in a single crystal 
spectrometer by gamma radiation arising from bombardment of various materials with 14-Mev neutrons. 
Various gamma-ray lines have been identified and estimates made of the total cross section for gamma-ray 


production, 


N a previous paper,' we described some observations 

of gamma radiation produced by interaction of 
14-Mev neutrons with iron. Further results of such 
experiments are given herein for several elements 
ranging in atomic weight from carbon to lead. 

The experimental apparatus and techniques used 
were similar to those described in I. Briefly, 14.2-Mev 
neutrons from the ‘I*(d,2)He* reaction bombarded a 
converter arranged so that whenever a neutron entered 
the converter the corresponding alpha particle entered 
the accelerator monitor. The pulse-height distribution 
from converter gamma rays was observed by a scintilla- 
tion spectrometer consisting of a single crystal of 
Nal(Tl) and a twenty-channel pulse-height analyzer. 
Coincidences between crystal and alpha monitor 
pulses were used to gate the pulse-height analyzer so 
that only reactions produced in the converter by 
neutrons were observed. 

Experiments have been performed as described in 1 
to observe pulse-height distributions for carbon, oxygen, 
aluminum, nickel, copper, cadmium, and lead. Pulse- 
height distributions were taken with the appropriate 
converter “in” and “out” of the coincidence neutron 
beam to obtain source and background data. Generally 
the source to background ratio was ten to one or greater 
with the exception noted later. The net counting data, 
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Fic. 1. Pulse-height distribution obtained from carbon and 
Po-Be gamma rays. Ordinates are counts per Mev per neutron 
for the carbon curve and counts per sec per Mev for the Po-Be 
curve. 


'V. E. Scherrer ef al., Phys. Rev. 89, 1268 (1953); hereafter 
referred to as I. 


obtained by subtraction of source and background ob- 
servations are plotted in the accompanying figures 
in counts per Mev per ingident neutron, as a function 
of secondary electron energy. 

Energy calibration of the spectrometer was made as 
described in I. Gamma-ray energies were estimated 
directly from this data where available. In the region 
where pair production is comparable to the Compton 
process, the gamma _ray energy is 1.02 Mev above the 
corresponding electron energy, due to the loss of the 
two 0.51-Mev annihilation quanta. 

There appears to be evidence of line or band spectra 
as indicated by maxima in the pulse-height distribution 
for all but one of the elements examined. The distribu- 
tions were analyzedas arising from a continuous gamma- 
ray spectrum, superimposed upon a line spectrum. We 
give the results of such analysis by quoting the total 
gamma-ray production cross section and the cross 
section for each obvious line. 


CARBON 


The pulse-height distribution for a carbon converter 
is given in Fig. 1 in counts per Mev per incident 
neutron. For comparison, the pulse height distribution 
in counts per second per Mev obtained from a Po-Be 
source is also plotted. The similarity of these curves is 
due to the condition that the residual excited nucleus 
is C” in both reactions. The 4.45-Mev gamma ray,’ 
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Fic. 2. Pulse-height distribution obtained from oxygen 
gamma rays. 


“2 J. Terrell, Phys. Rev. 80, 1076 (1950). 
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Fic. 3. Pulse-height distribution obtained from aluminum 
gamma rays. 


which appears at a secondary electron energy of 3.43 
Mev due to the loss of the two 0.51-Mev annihilation 
quanta, is quite evident in both cases. Differences 
between the curves are probably due to the higher 
excitation produced by 14-Mev neutrons on carbon as 
compared with the excitation of the residual nucleus 
in the reaction Be*(a,n)C™. 

An analysis of this pulse-height distribution, follow- 
ing the procedures outlined in I, indicates gamma rays 
at 2.8, 4.45, 6.0, and 7.0 Mev. The cross section for 
each line is 0.036, 0.069, 0.002, 0.002 barn, respectively, 
and the total cross section for gamma-ray production is 
estimated to be 0.19 barn. 


OXYGEN 


In these experiments, liquid oxygen in a vacuum 
flask was placed in the “coincidence neutron beam.” 
Pulse-height distributions were taken both with the 
flask full and empty to obtain “source” and “back- 
ground” data. The resulting source to background 
ratio was of the order of three to one. The pulse-height 
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Fic. 4. Pulse-height distribution obtained from nickel 


gamma rays. 
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Fic. 5. Pulse-height distribution obtained from copper 
gamma rays. 


distribution so obtained is given in Fig. 2. Here there 
appear to be lines, at 3.0, 3.8, and 5.2 Mev having 
production cross sections of 0.086, 0.130, and 0.056 
barn, respectively. The total cross section for gamma 
production is estimated to be 0.52 barn. 


ALUMINUM 


The pulse-height distribution obtained from alu- 
minum is given in Fig. 3, from which it appears that 
there are maxima at electron energies of 1.5, 3.5, and 
4.4 Mev. An analysis of this pulse-height distribution 
indicates that the production cross section is 1.7 barns 
while the cross sections are 0.176, 0.024, and 0.054 
barn for the 1.7-, 4.5-, and 5.4-Mev gamma rays, re- 
spectively. A cross sec tion of 0.0003 barn is estimated 


for the region above 11 Mev. 


a* 








Fic. 6. Pulse-height distribution obtained from cadmium 
gamma rays. 
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Mic. 7. Pulse-height distribution obtained from lead gamma rays 


NICKEL 


The pulse-height distribution for nickel is given in 
Fig. 4 for which the total cross section is 6 barns. Lines 
at gamma-ray energies of 2.9, 5.2 Mev, 6.6 Mev, and 
8 Mev have cross sections of 0.096, 0.021, 0.032, and 
0.01 barn, respectively. 


COPPER 


A copper converter produced the pulse-height dis- 
tribution given in Fig. 5. The total cross section for 
copper is computed as 6.3 barns and the apparent lines 
at 3.1 and 4.5 Mev have production cross sections of 
0.052 and 0.029 barn, respectively. A cross section of 
0.007 barn is estimated for the region above 8 Mev. 


CADMIUM 


The cadmium pulse-height distribution is given in 
Fig. 6. The total cross section for gamma-ray produc- 
tion is 12.8 barns. There appears to be no definite line 
structure present, however there appears to be a 
change of slope at an electron energy of about 4.5 Mev 
which corresponds to a gamma-ray energy of 5.5 Mev. 


LEAD 


The lead pulse-height distribution in Fig. 7 indicates 
two gamma rays in the distribution. It is found that 
the total cross section for gamma-ray production is 
about 4.2 barns while the lines at 4.4 Mev and 5.5 Mev 
have cross sections of 0.048 and 0.017 barn, respectively. 


DISCUSSION 


Probable errors in the counting data are represerited 
by the vertical lines on the various pulse-height dis- 
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Fic. 8. Gamma-ray production cross section (barns) shown as a 
function of atomic mass. 


tributions. There are, however, other sources of error 
present in the cross-section computations that are more 
serious than the counting statistics. These errors arise 
from uncertainties in the absorption and scattering of 
neutrons and gamma rays in the converter and crystal 
as well as a lack of knowledge of the precise response 
of the spectrometer at all energies. It is estimated that 
the probable error in the total production cross section 
is about +25 percent while that associated with the 
lines is about +35 percent. 

Gamma-ray production cross sections oo are sum- 
marized in Fig. 8 where (0/1)! is plotted against 
A}, in which A is the total number of particles in the 
nucleus. Iron data from I is also included in this curve. 
For comparison, the inelastic cross section given by 
Phillips* is plotted in the same figure. It is somewhat 
unexpected that the gamma-ray cross section can be 
so simply represented. It is presumed that in the case 
of lead (n,2n) reactions reduce the energy available 
for gamma-ray production so that the cross section 
falls below the value expected from extrapolating the 
curve. Both carbon and oxygen, on the other hand, 
have gamma-ray production cross sections below the 
inelastic cross section. Here it is possible that charged 
particle emission will occur aad reduce the energy 
available for gamma-ray production. 

The authors wish to thank Dr. E. H. Krause for 
his active interest and support, and express their ap- 
preciation to Messrs. A. P. Flanick and B. A. Allison 
for aid in performing the experiments. 


31D. D. Phillips ef al., Phys. Rev. 88, 600 (1952). 
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A derivation of a closed formula for the energy levels of odd-odd nuclei is described, and the plausibility 


of the Nordheim rule is discussed. 


INTRODUCTION 


DD-EVEN nuclei probably constitute the simplest 

group of nuclei with which the ideas of the shell 
model can be checked. The reason for this is that the 
energies involved in exciting the even-even core are 
believed to be bigger than the separation between 
adjacent single-particle levels, so that it might be a 
good approximation to assume that the core remains 
in its lowest state of total angular momentum zero for 
the ground states of odd-even nuclei, as well as for 
their first few excited states. 

There is some hope that the situation in odd-odd 
nuclei is not much more complex than in the odd-even 
ones. The interaction between a proton and a neutron 
in nonequivalent orbits is expected to be considerably 
smaller than the one between two equivalent particles, 
and may, therefore, be of the order of the separation 
between single-particle levels or even smaller. Accepting 
the current interpretation of the odd-even level struc- 
ture, one is tempted to assume that a state of an odd-odd 
nucleus is characterized by the angular momenta and 
parities of the separate proton and neutron groups in 
addition, of course, to the total angular momentum and 
parity. One also naturally assigns to the proton and 
neutron groups those spins and parities as are observed 
in close-lying odd-even nuclei. 

Under these assumptions it was found by Nordheim! 
that the following empirical rules apply to the spin J 
of the ground states of odd-odd nuclei: 


J= liv— jal if Lyt Jp tlt jn is even, 
| jp—Fo| <I jotin if lpt+jptlat jn is odd, 


where (—1)' and / are, respectively, the parity and spin 
of the proton and neutron groups (indices p and n). 

The present work is an attempt to explain Nord- 
heim’s rule by adopting the single-particle model for 
each of the “subgroups” of neutrons and protons, and 
assuming further that the interaction between the odd 
proton and the odd neutron, which is considered as a 
perturbation on the central field in which they move, 
is given by the expression: 


V=[a+be,-o, ]6(r,—r>). 


* This work was assisted by the joint program of the U. S. 
Office of Naval Research and the U. S. Atomic Energy Com 
mission. 


1L. W. Nordheim, Phys. Rev. 78, 294 (1950). 


That a perturbation which depends on the relative 
coordinates only will probably not yield Nordheim’s 
rule is evident from Racah’s results on the energy levels 
of two nucleons in the 77 coupling.? It is clear that 
Nordheim’s rule would result for a potential of the type 
@,°0,V(\ta—f,|) without too severe limitations on 
V (x). It is, however, still interesting to see how much 
spin dependent force we should introduce, and whether 
the different character of the two rules, namely the 
definite answer of one of them and the rather vague 
answer of the other, can be understood. 


NOTATION 


We shall find it very convenient to use a notation 
introduced by Wigner’ which exhibits most clearly the 
symmetry properties of the different coefficients in- 
volved in the addition of angular momenta. For con- 
venience we also reproduce here, without proof, some 
of the relations between these coefficients.‘ 

The vector-addition coefficient is denoted by 


ji Je Js 
er"y (1) 
Mi Be M3 


It is related to the usual Clebsch-Gordan coefficient® by 
the relation: 


RAM (OO +e 
( )- : (jijoja—mas| jumijome). (2) 
Mi Me Ms (2j3+1)! 


To prevent confusion we shall call this coefficient a 
Wigner coefficient. A Wigner coefficient vanishes unless 
jitje+j,=0.§ (This equation should be understood 
as meaning that the three numbers j;, j2, and j; satisfy 
the triangular inequalities, and that in addition 


Mit Met pws=09.) 


The symmetry properties of the Wigner coefficients 


are given by: 
Ji jz ja Jk Jt jm 
= : (3) 
Hi M2 Ms Mk Hi Lm 

2G. Racah, Phys. Rev. 62, 438 (1942). 

3 FE. P. Wigner, “On the Matrices which Reduce the Kronecker 
Products of Representations of Simply-Reducible Groups” 
(unpublished). I am indebted to Professor Wigner for making a 
copy of his manuscript available to me. 

‘See also: Biedenharn, Blatt, and Rose, Revs. Modern Phys 
24, 249 (1952). 

§E. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, Cambridge, 1951). 
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where ¢« is +1 or ( 


(k,1,m) is an even or odd permutation of (1, 2, 3). 


Also: 


( ji je js ) (” je 7 
= (—1)itietis . (4) 
Mi ~e Ms Mi Me M3 


The orthogonality relations take the forms: 
\( jr : 
U , 
Mi Be Bes 
= 8 (p11, 1’ )b (m2, 2’), 

| h detyth judd 

(2}s }$ 1) P 
Mi Me Ms Mi Me M3 


am 6 (3, us’ )b(js, js’), 


Je }s 
2 (2): +(7 ‘ 


Mi Me M3 


(5a) 


(5b) 
where the summation convention is applied to double 
Greek indices. 
The Racah coefficients will be denoted by 
J j2 Js 
Ih hb 


They are related to Racah’s W? by the relation 


ji ja Ji ; “ 
| = -[)atlitistle. Wp, Jo Loli; als). (7) 


lly 1, 
A Racah coefficient vanishes unless: 


itjpety)s 0, I, 1+ j,=0, j¢+h—1,=0, 


“A+ jeth=0. 


The symmetry properties of the Racah coefficients are 
” Jo "| |” ji "| 4 k li ao 
l; 1, l; lk lL, 1 dk ji be 


where (k/m) is any permutation of (1, 2, 3). 
orthogonality relation for the Racah coefficients is 


ae eae 


= 5(I3, 13’). 
In addition they satisfy the following relations: 


|= " Jo Js 
le ly js’ 


(8) 
The 


Ni je 
> (2754 1)(2/;+1 
23 l; 1, 


(9) 


1) 2st ja'+13( 2], + 1) 


res le 


, (10a) 
i roe tt ee ae | 


1)"'+42+48 according to whether 


pE-SHALIT 


y(- 1) itististlitlatlsthitketkstk (p+ 1) 


k 

Ji k |, ls 
he atexaneiess 
ldo ks jal lds ki ably be jal 
{J ko al Ll, ke ts] 
Sou le, jo Bal ly te bal 

Ji Je Ja . 
| : t= L)neHl (2 jr 1) (QistDT 
0 le 1; _ r 
5 (lo, js)6(ls, J2). 


!,  (10b) 


(11) 


The following relations are satisfied by combinations 
of Racah and Wigner coefficients: 


; le ? l l. E 
(’ j2 7. 1 2 ja J=Z(—1yatntnen 
Mi Me M3 Ar Az Hs ly 
yi J2 e 1 Je l; ji ls l; 
) ), (12) 
Ai M2 As7 \pi Az —Asz 
ay 2 Ja (" jr ne 
l ls l; Mi Me M3 
jh l, ls l je l; l ls Js : 
Uae ates te 
Mi de —z — ry Me 3 Ai —)e M3 
* Ji2 “i Jr — J32 “ 
Ant Ana Ais Aor Age Avs7 \Azi Azo Aza 
Ju Ju Ja J J22 J32 jas Jos 33 
«(re ) 
Air Aor Asr7 \Are2 Ave Ase7 \Arz Ags Ass 


Jur Jie Jas \"" 21 J22 4 
jie j J32 


x Qe] 


=> (—1)4(2j+1) | 


J2s Jas j 


= » ann Jit Fis | jis) 

Jai 32 J33 | [’ | 

2 oes Bw Joe Jaap. (14) 
J gus | 


qa Js2 Js 


(14) defines Wigner’s nine-j7 symbol, which is also 
called an X coefficient (Racah and Fano) or a Schwinger 
coefficient.® It is easy to see from the symmetry proper- 
ties of the Wigner coefficients that the interchange of 
any two rows or two columns in a Schwinger coefficient 
multiples it by the factor 


(— 1) firth nietaistiertaaatsast J31+J32+ 733 


OUTLINE OF THE COMPUTATION 


We shall assume that in the zeroth-order approxi- 
mation the particles are moving in a central field with 
no interaction between them. The central field, ac- 


6 J. Schwinger, Nuclear Development Associates Report NYO- 


3071 (unpublished). 
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cording to this approach, takes care of the major part 
of the mutual interaction between the nucleons, the 
remaining part of the interaction being treated as a 
small perturbation. Limiting our considerations to two 
particles in the jj-coupling scheme (/;7;) and (/:j2), the 
degenerate states of the configuration j;/2 will be split 
by the perturbation, and the first-order correction to the 
energy of a state with a total angular momentum J will 
be given by 


Bids Dm fo GritAnve iit Mdr, (15) 


We shall take as our wave function for the state 
(jije, JIM Pe 


WV (jijoIM) = (—1)* 2+ (2I+1)! 

n je J 

af 

Mi Me —M 
For particles in equivalent states (j,;=/2) this gives 
antisymmetric states for even J and symmetric ones 
for odd J, etc. No r dependence is assumed, so that this 
wave function is good only for two distinct particles 
such as a proton and a neutron, provided they are not 
considered as two different states of the same entity, 
i.e., provided the Pauli principle should not be applied 
to them. This assumption is probably good for the 


heavier odd-odd nuclei. 
Introducing the notation 


aC). (16) 


m=1, o1=—}(o,—i0,), 


_— ms FF M¢ 
oM=0,, o41=}3(0,+10,), 


and expanding V(|1,—r2|) in Legendre polynomials of 
the angle w between r, and re: 


V(iri— r.|)=>, %({ 71], lr!) Px (cosw), (17) 


we find that the first-order correction to the energy 
of the state (jij2,JM) due to a_ perturbation 
@)"-a.°°V (| r,—8r|) can be written in the form 


E(jijo)= Xe fa ipod Fa (nlinels), (18) 


where 


fre= (2RA AV) (fi joJ M fay -@2'" Py (cosw)! fy j2IM), 
(19) 
and 


F,= 1, Qk+1) [RA nl) RAL Ian, r.)drydro, (20) 


R(nl)/r being the radial part of the single-particle wave 
function (nl jm). 

The integrals /,4 can be evaluated exactly since they 
do not involve any unknown parameters of the central 
field. This is most easily done by the tensor-operator 
algebra developed by Racah,? and in fact the explicit 
expression for fo, was given by Racah as early as 1942. 
We shall here follow a slightly different way which is 
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more convenient for the summations involved in the 
special case of delta forces.’ 
Following Racah we decompose P;(cosw) by 
addition theorem for spherical harmonics, 
P,(cosw) = >> .(—1)'C, (C_,. (2), 


— 


Ce (1) = [4/ (2k+- 1) PV (Ge), 


the 


and get for (19) the expression: 


faa =X (2+ 1) (jrjadM Joy (IC (1) 
“7 


-o-y™(2)C_, (2)| frjaJM)-(—1)**. (21) 


Since both o” and C are reduced tensor operators, 
their product can be reduced into a sum of tensor 
operators of orders r(|k—n| <r<k+n) which are given 


by 
nk r 
7,''= (—1)M™9(2r+ 1) Jerre (22) 
“p 


Y* 
If we use (5), we obtain 
1)"**(2k+ 1) 

x (i j2IM|E(—1)'T1- T2 | jj M), 
where A-B stands for the scalar product of the tensor 
operators A and B. 

The matrix elements for the scalar product of tensor 
operators were given by Racah,’? and in the present 
notation one obtains 


San= (—1) iit 45" (— 1) "t+ (2k-+ 1) 


f nk ( 


(23) 


(J: je | 
je yr 


XK (All Tr | fr) Gall T2 || ja). (24) 


By definition, 


a: eP r j r j' 
(—1)?-#(slj\|T || 817 ( ) 
—pp 


- (sl ju| 7, |s'l'j'n’)= i 1)#tete(2r + 1)! 


nk yr 
x( )otjnlo rc. |s74 (25) 
y¥s~p 


If we transform the last matrix element from the (s/ ju) 
scheme to the (su,/u;) scheme, and remember that both 
o” and C™ are tensor operators with respect to s and 
I, respectively, we find that 


(sl j\|T|s'U ’) = r+) (27 +1) (2+) }! 


” 
X (slo ||) (UCU) s 


We may note here that due to the symmetry properties 
of the Schwinger coefficient the diagonal matrix ele- 
ments of 7“ vanish unless k+n+r is even. 

7 Compare also similar calculations by: M. H. L. Pryce, Proc 
Phys. Soc. (London) A65, 773 (1952); D. Kurath, Phys. Rev. 87, 
218 (1952); B. Feld and L. Marks (private communication) ; 
I. Talmi, Phys. Rev. 90, 1001 (1953). 
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From (26) we obtain for (19) the expression 
Sna= (— 1) "444 (29,41) (2j24+1) (2k+1) 
 (sy!!o" |! 51) (se! || 52) (A ||]C |I0,) 
x (l, IC ||12)>_ ( —])eterr 


nkr nkr 

i ia Jy| | "4 
a | Ss, ly ji S2 ly J2P- 
yar | | 

S2 lz je 


The sum over r can be performed yielding a relatively 
simple expression. Since, however, we are interested in 
the values of the energies for delta interaction, we shall 
find it easier to evaluate the sum over & first. We also 
notice that can assume only two values (since s=}4): 
0 and 1; for n=0 the summation over & and r reduces 
to a very simple expression. It is therefore very con- 
venient to sum over n too and obtain the value of 
E(jij2, J) for n=1 by subtracting the contribution of 
n=, 

To proceed with the calculation we note that for 


V({ri—re|) 


u(|ri], ly 


(27) 


si ly ji 


=5(r; —1»)5(cosw— 1)rira, 
)= (2k+1)ryre, 


so that =o for every k. (U\C||1) was computed by 


Racah 2 
: bth 
(iC ||) = (- yiaren)( ). 
000 


It is also easy to see that (s!!o (||s)=[2(2n+1) }. 
If we combine all these results we obtain (expressing 
E in units of Fo) 


1D En(jijeJ) 
ne~,1 
“  K ( ~ 1) tint J tntehtr (2 54-1) (272+1) 
)(2n+1) (2k+1) (2r+1) 


(28) 


nko 
XK (2h+1) (Qh+1 
Ll k\ fle le R\ (ji je J 
ee 
00 07 \0 0 OF Ij, jr 


sree haley 


> (—1)@taet y+ nt+r 


nrkike 


959d) fi 2 ly ne 
1d ani » ly J 


K (2ji+1 Ait DAT Artt) (2n+1) 


x (2r+1)- co “|p +1) 


nky r 
nkir fl; li, kh 
x( )( Wat ideo 
7¥0 pJ\0O00F| 
‘Sy ly a 


fu ker) 


nko lo lo Re 
x (2k+-1)( \(. ) $2 Lo Jop- 
7 0 p 0007) | 


\so Ly je 


(29) 
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The sums over k, and k, can be carried out separately 
by using the following relation which is easy to verify: 


(” kr 
nkr if | 
Eor+( \C yes 1 i} 
. y« pp? X\pi ds! | 


ov 


is’ Pj 


ns Ox sh l Puget Hse Fi 
4 Mericadexe 
yoo! N\x«rANJ Node exe 
The sum over » can then be carried out by applying 
directly the orthogonality relations of the Wigner coef- 
ficients, and the sum over r results immediately by the 
use of the relations involving the Racah coefficients. 
The final expression is 


bd Ex( 


c= (— 1)!42ts41(2 7,41) (2j24+1) (24,41) (2h+1) 


a: ae np J 
x ) ) 
QQ, “ads ae—ai a2 —@ @\j~—a2 
Ao Xe l; ') 
O —a, aa 0 —ae2 
S2 le Je S2 ly J2 
x( )( ). (31) 
a, 0 —a, a, 0 —ae 


and 


Jij2I) 


and a» can have only the values +3 


(yn 

19 —3) 202141)’ 
we get 

SD En(fj)=$ (24+) (272+) 


] je Ix? j je J\? 
x|(" ) —(- pinta , ) . (32) 
‘ina se 


- om 


Since both a, 
since 


This expression can be further simplified by means of 
the relation 


tN js JX" 1 | 
( ) {(27:+1)+ (—1) "tat 
44-17 4I(J+1) 


2 


She 
X (2je+D) Lo): (33) 


Noting that 


— 1)Ftetl+if 2( 


(2k+1) } 
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we get, for n=0, 


ji jz J 
Eo(jije) = 3 (2+) (2724+1 (- 1 ) 
—5 0 


2 


e 2 


[(2j:4+1)4+ (—1)2+22+4 (27241) P 
[1+ (35a) 


4] (J+1) 
and therefore 


ji jz J? 
Ex jue) =3QiA NID” 1 ) 


2 2 
(et 
4J (J+1) 


— (1+2(— psn) | (35b) 


The last two formulas obtain an especially simple form 
when j;= jz and /;=1,: 


jj JV 
Eo(PJ)=}3(2j+1 °( ) 
3 —3 0 


| 1 for even J, 
[1+ (2j+1)?/J(J+1) ] 


eee - S|. 
E\(PI)=327+1"( 


2 —2 0 


(36a) 
for odd J; 


for even J, 


for odd J. 


—3 
x| (36b) 
[1+ (2j+1)?/J(J+1)] 


For equivalent nucleons only even-J states are 
allowed (because of the Pauli principle) and one sees 
that a potential of the type [3+-0;-e» ]6(r;— 1.) yields 
no interaction in these states corresponding to the fact 
that 3+0,-0. vanishes for states symmetric in the 
coordinates (and therefore antisymmetric in the spins) ; 
whereas, 6(r,— 2) vanishes for states antisymmetric in 
the coordinates. For similar reasons, one can see that 
for these states the Wigner force and the Majorana 
force [4(1—o,-02) for particles of the same charge ] 
give the same results for the energy levels in the delta 
limit. 


NORDHEIM’S RULE 


On the basis of the analysis of 8 transitions in even-A 
nuclei, Nordheim has deduced the empirical rule for the 
spins of the ground states of odd-odd nuclei.! When the 
states of the two odd nucleons are /; 7; and sj, this rule 
can be stated with the help of the Nordheim number 
N=1+ jit/.t je in the following way: 


For even V, J=|ji—j:|; for odd N, J>| j:— je! 
and is usually of the order of 71+ je. 
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TABLE I. | (j14 f2—4/ ji J2 90) |?. The Clebsch-Gordan coefficient 
is minus or plus the square root of the entry in the table according 
to whether this entry is, or is not, preceded by an asterisk. 
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We shall now proceed to investigate our results in 
order to see whether they offer any way of explaining 
these regularities. It should be emphasized that we do 
not know as yet any reason to believe that the delta 
forces give best description of the interactions between 
nucleons in a nucleus, although they might represent 
not too bad an approximation. 

For pure Wigner forces one gets a dependence of the 
energy levels on the j’s of the interacting particles only 
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Fic. 1, Energy levels of odd-odd nuclei for a potential [(1—a)+ 001-02 ]5(ri—r2). Left column—odd Nordheim numbers; right 
column—even Nordheim numbers. In each figure the right half corresponds to «= +1 and the left half to e=—1. @ varies from 0 to 1. 
The energy scale is arbitrary. 
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(in the jj coupling) and not on their /’s. This result 
is strictly valid for the case of delta interactions, as can 
be seen from the results of the previous section, but also 
in otHér ranges and forms of the potential the depend- 
ence on the /’s enters only through the usually weak 
dependence of the /, on the /’s.? We, therefore conclude 
that Nordheim’s rule probably cannot be explained on 
the basis of the Wigner forces alone. A potential which 
evidently might give results in accordance with Nord- 
heim’s rule is [a+-6e;-a, |6(r;— 12). The energy levels 
for this potential can be deduced from the results of 
the previous section. For this purpose we calculated the 
Clebsch-Gordan coefficients which are involved in the 
determination of the energy levels. These are given in 
Table I. In Fig. 1 we have plotted these energy levels 
for a potential of the form [(1—a)+ eae, -e- ]6(r;— r2) 
with O<a@<1 and e= +1. 

The similarity between the graphs so obtained for 
different j’s is striking, and it is immediately evident 
that the configurations in question can be divided into 
two classes according to whether the Nordheim number 
is odd or even. For e= +1 and starting from a=0 (pure 
Wigner forces) we find that for even NV, J=|j1— je! 
always remains the lowest state even as @ increases, 
and that it is an isolated lowest state, i.e., all the other 
states are clustered at relatively high excitations. For 
odd NV, J=|j,;—j.| is still the lowest state for a=0, 
but it rises very steeply with a; and even for small 
values of a, J= i+ j2, becomes the lowest state. The 
state J = j;+ Je, however, is no longer isolated as was 
the state J= | j;— j,| for even N, and is relatively close 
to Jit jfe—2 and j;+ j2—4, etc. Thus a weak con- 
figuration interaction or a transition to a potential of a 
finite range could bring one of these close-lying states 
below J= ji+j2. We thus see that this simple model 
can explain Nordheim’s rule and its decomposition into 
“strong” and “weak”’ rules. It goes a little bit beyond 
the original formulation of the rule, in as much as it 
predicts that in the “weak” case the ground state will 
have an even or odd spin according to whether j;+ 2 
is even or odd. 

The spins of very few odd-odd nuclei have been 
measured directly and the spin assignment for most 
of them is usually made on the basis of 8-decay analysis. 
This analysis, however, is less reliable in the case of 
odd-odd nuclei than in the case of odd-even nuclei. 
Thus, if an odd-odd nucleus with odd neutron in j, 
and an odd proton in j, and total angular momentum 
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J; undergoes a 8 decay to the state J; of the configura- 
tion 7,? in the daughter nucleus, the matrix element for 
an allowed transition will be reduced by a factor® 


(2jn+1)(2I;+1)|W GSS; Jol)’, 
compared to that of the corresponding single-particle 
transition. This factor may be quite small and may 
make an allowed transition look like a first-forbidden 
one. Also the order of the transition / is determined by 
the inequalities: 


[IL-1] <J<I41, m= (-1)'x;, 


max(|jn—Jp|, |Ji—Js|) SJ < min (Gat jp, Jit- Jy); 


so that if one observes for instance the “unique for- 
bidden” shape one knows only that max(|jn.—/Jpl, 
| J,—J,;|)=2, and one cannot make a definite state- 
ment about |J;—J,| without some assumption about 
jn and jy, unless J,=0. 

Even if one adopts the order of levels for the odd 
particles from the shell model, an ambiguity arises from 
an effect similar to that of the pairing energy. It is very 
probable that the situation in nuclear spectroscopy is 
such that the energy difference between two adjacent 
single-particle states (computed for a central field which 
takes into account most of the mutual interactions of 
the particles) is small compared to the “extra’’ inter- 
action between the particles (which is considered as a 
perturbation upon the central-field approximation) 
Thus, if the order of levels for the single particles is 
jndn'jn'*+*jpdp jp'*++, it does not necessarily mean 
that the ground state of the configuration (j,j») is 
lower than that of (jnjp’) or (jn’jp) or even (jn’j,’), 
and the assignment of the right configurations for the 
states of the odd-odd nuclei is not always unique, even 
if the total spin and parity are known. In principle, the 
measurements of transition probabilities involving these 
states could determine their configuration, but so far 
it has been impossible to get a good enough agreement 
between calculated and experimental values for tran- 
sition probabilities even in the “simpler’’ cases of odd- 
even nuclei. It seems that the only practical way of 
obtaining more information concerning the configura- 
tion of a certain state in odd-odd nuclei is the measure- 
ment of its magnetic moment and eventually its quad- 
rupole moment. This would also enable a check of the 
refinement proposed here for the Nordheim rule. 


8 Henry Brysk, Phys. Rev. 90, 365 (1953); A. de-Shalit and 
M. Goldhaber (unpublished). 
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Previous workers have shown from an analysis of the energetics of alpha and beta decay that the pairing 
energy of protons ts greater than that of neutrons. It is here postulated that this effect is responsible for the 


absence of odd-proton isomers for 5}0<Z<82. 


HE strong spin-orbit coupling model'? of the 

nucleus has been remarkably successful in co- 
ordinating a number of features of the behavior of 
odd-A nuclei, with particular regard to the assignment 
of the spin and parity of both ground and excited 
states. It has been pointed out by Scharff-Goldhaber® 
that one of the failures of this ‘‘shell-structure” theory 
in its present form has been the relative scarcity of 
odd-proton isomers for elements with 50<Z<82, as 
compared to the relative abundance of odd-neutron 
isomers for 5}0<.V <82. The present form of shell struc- 
ture theory recognizes little difference between protons 
and neutrons in the availability or population of levels, 
except perhaps as proposed by Mayer’ that Coulomb 
repulsion, tending to concentrate the charge on the 
outside of the nucleus, would probably put the last odd 
proton in a state of higher angular momentum than 
the last odd neutron. 

In order to bring the sequence of energy levels ob- 
tained from those of a square well by strong spin-orbit 
coupling into accord with the observed spins of ground 
states of odd-A nuclei, Mayer' found it necessary to 
assume that ‘‘For a given nucleus the pairing energy 
of the nucleons in the same orbit is greater for orbits 
with larger j.”’ (Note: the italics are mine. R. K.) 
This assumption implied, for example, that for an 
odd A nucleus whose odd-nucleon number lay between 
50 and 82, the /y1/2 state would not be occupied as the 
ground state of the last odd nucleon. 

Depending on the magnitude implied by the word 
greater, the /y1/2 level might not even be found in the 
excited states of nuclei of odd-nucleon number between 
63 and 82, where the pairing energy might be sufficiently 
large to cause occupancy of all twelve /y1/2 levels in the 
shell. Herein appears to be the difference between odd 
proton and odd neutron nuclei. The abundance of odd 
neutron isomers lying between 63 <.V <82 described by 
Goldhaber and Hill‘ owe their isomerism to an excited 

1M. G. Mayer, Phys. Rev. 78, 16, 22 (1950). 

? Haxel, Jensen, and Suess, Phys. Rev. 75, 1766 (1949). 

8G. Scharff-Goldhaber, Phys. Rev. 90, 587 (1953). 

4M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
(1952). 


hy\/2 state which lies within 0.661 Mev of the ground 
state in the case of Ba'’, and considerably closer for 
most other isomers. If the pairing energy for protons 
were greater than the pairing energy for neutrons by 
} to $ Mev in this region, the /y,/2 state would be 
populated by Z=63. Odd proton isomerism could then 
be expected only in a region of odd nucleon number 
where the /y1/2 level for odd neutron isomers was 
energetically quite distant from the ground state, as in 
the case of 5;Xe> (0.52 Mev) and sgBa'’ (0.66 Mev). 
Existing data on odd proton nuclei tend to agree with 
these observations. The only long-lived odd proton 
isomer presently known has 79 odd protons (79Au'®’). 
Recently completed work® on ¢;Eu'™ reveals no excited 
y/o state. 

By analysis of a and 8 decay energies, Glueckauf® 
has shown that the pairing energy of protons exceeds 
that of neutrons in heavy nuclei. The mass defects of 
isobars of odd mass number when plotted against the 
neutron excess (V-Z) do not lie on a single smooth 
parabola but on two parabolas, one for odd Z and one 
for even Z, separated by about 0.2 Mev. This energy 
is of the right magnitude to explain the rarity of iso- 
merism in odd proton nuclei.” 

Kohman’ has called attention to the relationship 
between this pairing effect and beta lability, and has 
offered some possible theoretical explanation of the 
effect. It is from his paper that the title of the present 
paper is drawn. 

The pairing effect described herein, and the low ex- 
citation energy in this region of an even-even core 
discussed by Scharff-Goldhaber® both argue against 
existence of odd proton isomerism. The extent to which 
responsibility may be assigned to either effect is 
presently unknown. 

5M. R. Lee and R. Katz (to be published). 

6 FE. Glueckauf, Proc. Phys. Soc (London) 61, 25 (1948). 

7 In this connection see also A. E. S. Green and D. F. Edwards, 
Phys. Rev. 91, 46 (1953) for proton and neutron pairing energy 


differences. 


8 T. P. Kohman, Phys. Rev. 85, 530 (1952). 
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When observed isotope shifts in the electronic spectra of the 
heavy elements have been corrected for electronic structure, the 
resulting shifts give new insight into nuclear structure. In com- 
parison with the shifts predicted for constant density spherical 
nuclei, the reduced observed shifts are anomalous (1) in magnitude, 
being on the average too small by a factor 0.5, (2) in trend with 
neutron number, showing an oscillation in magnitude, and (3) in 
the staggering of shifts between even and odd isotopes. The 
present work shows that the anomaly in magnitude largely disap- 
pears when account is taken of the compressibility and polariza 
bility of nuclear matter, as a result of which the nuclear radius is 
found to vary less rapidly with change in neutron number than 
is predicted by the average A! jaw. The analysis of experimental 
data also suggests that nuclear particle density variations are 


I. INTRODUCTION 


HE atomic electron provides a useful and sensitive 

probe for the investigation of certain nuclear 
properties. In addition to the measurement of nuclear 
magnetic dipole and electric quadrupole moments, 
atomic spectra yield other information concerning the 
differences in the electronic interaction among the 
isotopes of a given element. The resulting displace- 
ments in the line spectra are appropriately called 
isotope shifts. 

There are two general effects which give rise to 
atomic isotope shifts: the finite nuclear mass, and the 
deviation of the electron-nuclear potential from that 
of the 1/r Coulomb law for a point charge. The latter 
effect, with which this paper is primarily concerned, is 
referred to broadly as the field effect and arises from 
the spatial extension of the nuclear charge distribution. 

In Sec. I] we consider the field effects for spherical, 
incompressible nuclei, and present the anomalies which 
exist. In Secs. III and IV we show how most of the 
anomalies can be removed in terms of nuclear deforma- 
bility and compressibility. 

The theory of the mass effect has been described by 
Hughes and Eckart! and others.” In a coordinate system 
where the center of mass of an atom is at rest, the 
momentum of the nucleus must be equal in magnitude 
and opposite in direction to the resultant momentum of 
the electrons. The expression for the energy of an atom 


* Now at the University of California Radiation Laboratory, 
Livermore, California. 

t On leave of absence to Los Alamos Scientific Laboratory, 
Los Alamos, New Mexico. 

t Now at Indiana University, Bloomington, Indiana. 

'D. S. Hughes and C. Eckart, Phys. Rev. 36, 694 (1930). 

? J. H. Bartlett, Jr., and J. J. Gibbons, Jr., Phys. Rev. 44, 538 
(1933); J. P. Vinti, Phys. Rev. 56, 1120 (1939). 


slightly greater than indicated by earlier theoretical estimates. 
Likewise, the oscillatory trend in isotope shifts ceases to appear 
anomalous when associated with the regular progression in nuclear 
shapes as derived from configuration theory, from the analysis of 
quadrupole moments and the first excited states of even-even 
nuclei, and from other sources. The general size of the amplitude 
and the nodal positions of the shift variation are consistent with 
expectations. Finally, the even-odd staggering in isotope shifts is 
reasonably to be connected with the staggering to be expected in 
the progression of nuclear deformations through odd and even 
isotopes. Thus the over-all pattern of isotope shifts appears to fit 
together with present ideas and to provide new specific informa- 
tion on nuclear structure. 


with a nucleus of finite mass differs from that of an atom 
with a nucleus of infinite mass by the addition of the 
term for the kinetic energy of the nucleus, 


1 : 1 1 
(=P) -~—_ 5 P2+—ST P,P, () 
2M 1 2M L 2M ix) 


For computational purposes it has been convenient to 
subdivide the mass effect into the ‘“‘normal”’ effect, due 
to the first term on the right of Eq. (1), and the 
“specific” effect, due to the second term on the right of 
Eq. (1). The contribution of normal mass effect to the 
energy levels can be determined by replacing the elec- 
tronic mass m by the reduced mass yw in the Hamil- 
tonian. The resulting energy levels are displaced by a 
factor u/m with respect to the levels of an atom with an 
infinite nucleus. This is the only mass effect present in 
hydrogen and one electron ions. The specific mass effect 
requires the evaluation of the expectation value of the 
last term in Eq. (1) and depends upon the particular 
electron configuration. 

The nuclear mass effects decrease with increasing 
atomic weight and are seldom observed in the spectra 
of heavy elements. The nuclear field effects, on the 
other hand, are small among the light elements and 
dominate among the heavy elements. 


II. FIELD EFFECTS FOR SPHERICAL, 
INCOMPRESSIBLE NUCLEI 


A. The Nuclear Volume Effect 


Racah,* and Rosenthal and Breit‘ investigated the 
effect of the extended proton distribution in the nucleus. 
3G. Racah, Nuovo cimento 8, 178 (1931). 


‘J. E. Rosenthal and G. Breit, Phys. Rev. 41, 459 (1932); 
G. Breit, Phys. Rev. 42, 348 (1932). 
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Fic. 1. Schematic representation of energy level displacements 
The transition is assumed to involve the change of valence electron 
from a p state toan s state. The p-state levels for different isotopes 
are normalized to the same energy. Then the s states for a point 
nucleus lie also approximately at the same energy. The actual s 
states lie at progressively higher energies for heavier isotopes 
Typically, an odd-N isotope level lies closer to its lower even-V 
neighbor than to its upper even-N neighbor (even-odd staggering). 
The energy scale is distorted. In the inset is shown the appearance 
on a photographic plate of the isotope shift splitting. 


The probability density of an s electron in the neigh- 
borhood of a point charge as obtained from the Dirac 
equation is given by 
2(p+1) “2Zr pe? 
P(r)=———__¥(0)i—| , 

[P'(2p+1) } an 
where p=(1—Z’a*)!, y(O) is the 
Schrédinger wave function at r=0, and ay is the Bohr 
radius. The p; electron wave function becomes infinite 
at r=0 like the sy; wave function, but with smaller 
amplitude; the wave functions for all other electrons 
are zero at the origin. The principal effects of nuclear 
structure therefore appear in the energy levels of the s 
electrons. 

If one considers a spherical nucleus of radius a, the 
electron potential energy is some function eV (r) for 
r<a, and —Ze*/r for r>a. The first-order perturbation 
of the electronic energy is given by 


(2) 


nonrelativistic 


- Ze 
ak=4ne f rool V (r)+-— Jr'dr. (3) 
r 


0 


The sum of these perturbation energies over all s elec- 
trons in the atom would give the first-order displace- 
ment of the energy level of the atom, but this total 
displacement is not directly observable. AF for an s 
valence electron gives the displacement in the energy 
of a photon emitted during the transition of the electron 
from a p state to an s state, for example. What is 
generally observed is the difference (shift) in AK 
between the lines of two different isotopes. An exception 
occurs in the case of x-ray spectra where AE is very 
large and the lines may be calculated accurately. We 
shall use the term displacement to mean the per- 
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turbation energy AE, and isotope shift to mean the 
difference in AE between two isotopes of the same 
element (6A£). Figure 1 gives a schematic indication 
of the energy shifts involved. 

Two extreme models which might bracket the nuclear 
proton distribution may be considered (see Fig. 2): 

(a) The charge is distributed over the surface of the 
nucleus. This model is called by Breit the ‘top slice.” 


V(r) = —Ze*/a, 
AE= Ba®/2p(2p+1), 


r<a, 


where 


2Z\%? (p+1) 
p= srZe( ) ~ y’(0), 
an [1 (2p+1) P 


and 6AF is the energy shift between two isotopes dif- 
fering in nuclear radius by da. 

(b) The charge is distributed uniformly throughout 
the nuclear sphere. 


Zee 3 1/fr? 
V(r) = |- 4 ( )| r<a, 
a 2 3Xa 


3Ba’e 
2p(2p+1)(2p+3) 
3 Ba’ ba 
(2p+1)(2p+3) a 


Because the deviation from the unperturbed 1/r 
potential is large inside the nucleus, the first-order per- 
turbation theory is not sufficiently accurate in deter- 
mining the energy shifts. Rosenthal and Breit‘ have 
subjected the perturbation treatment to analysis and 
have found that a factor as small as 0.5 may be required 


— os Se ' 


AE= 


bAE= (9) 


wa 
it 
i! 
| 
sus 
! 
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Fic. 2. Schematic diagram of electron potential energy. Model 
A, charge in shell on outside of nucleus (“top slice”); Model B, 
charge uniformly distributed through nucleus. The displacement, 
AF, is due to the difference between the actual potential (heavy 
line) and the 1/r potential (light line). The isotope shift, 642, is 
due to the difference in the potentials between isotopes of radius 
a and a+éa, 
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to correct the results predicted by the first-order cal- 
culations in some cases. Broch® has investigated the 
shifts by a treatment which avoids perturbation theory, 
and in the simple case where V(r)=0, r<a, he shows 
that a factor k= 2p*/(p+1) is needed to correct the 
first order results. Crawford and Schawlow® inves- 
tigated the perturbation theory in the case of thallium 
(Z=81) for both nuclear models. Using Rosenthal and 
Breit wave functions for the top slice model and a power 
series solution for the case of uniform charge density, 
they found that the first-order calculations must be 
corrected by factors of 0.74 and 0.75. Broch’s correction 
factor for the zero potential model is 0.72. The prox- 
imity of the correction factors for such different nuclear 
models is striking and indicates that Broch’s factor k 
is probably sufficiently good to use generally. 


B. Comparison with Experiment 


Crawford and Schawlow® have compared in detail the 
experimental results in the isoelectronic sequence Hg II, 
TI LI, and Pb LV with the theory of the volume effect. 
They included the correction to the first-order per- 
turbation theory and the contribution of the p electrons. 
They also took into account the contributions of the 
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inner s electrons. An s valence electron partially shields 
the inner electrons (and in particular, the inner s 
electrons) while a p valence electron effectively does not. 
The effect of shielding on an s electron is to reduce its 
probability density at the nucleus and so to reduce AE. 
Thus AE changes for the inner electrons during a transi- 
tion and they do contribute to the isotope shift, but 
with opposite sign than for the valence electron. 
Crawford and Schawlow found that the inner electrons 
reduced the shifts by about 20 percent. 

The value of ¥7(0) was obtained from the semi-em- 
pirical formula of Fermi and Segré,’ 


Z,20¢ da 
¥(0)= (1- ), 
ray ?ny? dn 


where Z; is the effective nuclear charge in the inner 
region of the orbit and may be set equal to Z, Zp is the 
effective nuclear charge in the outer regions, mo is the 
effective quantum number, and a is the quantum defect, 
ny=n—o. The formula was originally derived for 
alkali metals but has been found to be valid more 
generally. In a few cases among the heavy elements 
there are isotopes whose magnetic moments have been 


(10) 
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3. Comparison of theoretical curve with experimental isotope shifts. The points are taken from Brix and Kopfermann (reference 
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9) with the exception of the values for Ba and the shift between Ce™*® and Ce which were supplied by Dr. O. H. Arrge in a kind 
private communication; the cerium datum has not yet been published by Dr. Arrge. The points are plotted in units of the shifts pre- 
dicted by the normal volume effect, assuming a= 1.40 10°-%4! cm. The limits of error indicated (which were generously supplied by 
Dr. Arrge) refer only to the error in the spectroscopic measurements and do not include the theoretical uncertainties in the wave function 
normalization. Points are labeled by the Z value of the element concerned, and are plotted at the average N value of the isotopes 
measured. The shifts all refer to isotopes differing by two or four in neutron number. Open circles denote even-even nuclei, closed circles, 


odd-even nuclei. The theoretical curve is the curve of Fig. 5 increased by 0.5, rather than by 1.0, in order to give the best fit to the 
data. The correction to the volume effect for nuclear compressibility (Sec. IV) may account for the small average relative value (~0.5) 
of the experimental isotope shifts. The predicted peak near neutron number 90 is especially well verified. A somewhat broader peak is 


predicted just below 140 neutrons. 


FE. K. Broch, Arch. Math. Naturvidenskab 48, 25 (1945). 
M. 
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measured by induction methods, and the hyperfine 
structure splittings have been observed spectroscopi- 
cally. The hfs splittings are proportional to the nuclear 
magnetic moment and to ¥7(0) for an s electron, while 
the value of the magnetic moment obtained from the 
induction method is independent of the electronic wave 
functions. The values of ¥’(0) obtained in this manner 
are in good agreement with the values given by the 
Fermi-Segré formula. 

On the basis of uniform charge distribution Crawford 
and Schawlow found that the observed shifts in the 
even isotopes of the three elements were very nearly 
half the values that would be expected from the em- 
pirical formula’ for the nuclear radius, a= 1.5 10°84! 
cm. The top slice model leads to a greater discrepancy. 

Brix and Kopfermann’ and Humbach” have analyzed 
the experimental data from a large number of elements 
in a manner similar to that of Crawford and Schawlow. 
The ratio of the experimental value of the shifts to 
that predicted by a uniform charge distribution and 
a=1.4X10-"A! cm is shown in Fig. 3. (The theoretical 
curve in Fig. 3 is discussed in the next section.) The 
ratios are plotted as a function of the neutron number 
and are given in all cases for 6V=6A=2. Brix and 
Kopfermann state that the theoretical values used are 
probably good to at least 20 percent. 

It can be seen from Fig. 3 that the experimental 
shifts are on the average about half the values pre- 
dicted by the volume effect, and that there are also con- 
siderable variations in the ratios with very large isotope 
shifts observed in the vicinity of the rare earths. 

Schawlow and Townes" have investigated data from 
x-ray spectra where the energy displacement from the 
point nucleus AE can be observed instead of the dif- 
ferential shift betweea isotopes 6A. The data are 
consistent with a nuclear charge distribution which is 
either uniform or slightly more concentrated toward the 
surface, and a nuclear radius given by the empirical 
formula. This suggests that the small value of the 
observed isotope shifts is a differential effect. 

For those elements which have both even and odd 
isotopes it is observed that the centers of gravity of the 
energy levels of the odd isotopes are not spaced midway 
between the levels of the even isotopes, but are rather 
usually lower than midway (see Fig. 1). 

The isotope shift anomalies, then, are these: (1) The 
observed shifts are on the average smaller by a factor 
of one-half than is predicted by the volume effect, 
using a nuclear radius given by a=1.4X10-"A! cm; 
(2) the shifts vary with the neutron number in a more 
or less regular manner which appears to be associated 
with the magic numbers; (3) the energy levels of the 

* See, for example, H. A. Bethe, Elementary Nuclear Theory 
(John Wiley and Sons, Inc., New York, 1947), p. 8. 

*P. Brix and H. Kopfermann, Z. Physik 126, 344 (1949); 
Festschr. Akad. Wiss. Gottingen, Math.-Physik. Kl. 17 (1951 
Phys. Rev. 85, 1050 (1952). 


‘© Walter Humbach, Z. Physik 133, 589 (1952). 
"A. L. Schawlow and C. H. Townes, Science 115, 284 (1952) 
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odd isotopes are not located midway between the 
levels of the even isotopes, but are staggered. 


C. Nuclear Polarization 


Breit, Arfken, and Clendenin” have investigated the 
possible polarization of the nucleus by the atomic 
electrons The polarization acts in the direction to 
increase the binding of the electrons and is thus contrary 
in sense to the volume effect. Only the monopole effect 
should be large enough to contribute appreciably to the 
isotope shifts. 

The polarization of the nucleus may be interpreted in 
terms of admixtures to the nuclear ground state of low- 
lying excited levels, in such a way as to give greater 
concentration of protons toward the center of the 
nucleus where the electron probability density is 
greatest. The size of the effect depends upon the 
number and spacing of the low-lying excited levels of 
the nucleus, and might thus be expected to be greater 
for odd nuclei than for even ones. The authors were 
looking for an effect half as great as the volume effect 
in order to account for even-odd staggering. Reasonable 
approximations appeared to give no more than 20 
percent of the needed one-half and rather extreme 
departures from the central field approximations for an 
individual nucleon seemed necessary to account for the 
observed effect. 

While the polarization may account in some part for 
the even-odd staggering, it probably is not important 
in explaining the small average value of the even shifts. 
The consistency of the data from x-ray spectra with the 
predictions of the volume effect indicates that the 
energy displacement AF is due mainly to that effect 
and that the anomalies in the even shifts may come 
mainly from differential effects. 


D. Non-Coulomb Forces 


Havens, Rainwater, and Rabi’ have reported the 
observation of an electron-neutron interaction of 
V = 300+ 1000 electron volts, assuming a square well 
of the classical electron radius r,= 2.8 10°-" cm. An 
estimate of the effect of this interaction can be obtained 
by assuming the additional neutrons of a heavior iso- 
tope are found primarily near the surface of the nucleus. 
The ratio of the contribution from this source with that 
predicted by the volume effect is then given by" 

{} 


= 0),0122(2p+ 1) (2p+3)—. 
bAE Z 


(11) 


For zinc (A~64, Z= 30), which is low in weight for 
field effect, the ratio is about 0.024; it decreases with 
increasing atomic weight. Even this is probably an 


2 Breit, Arfken, and Clendenin, Phys. Rev. 78, 390 (1950); 
Phys. Rev. 77, 569 (1950). 

13 Havens, Rainwater, and Rabi, Phys. Rev. 82, 345 (1951). 

4. Wilets and L. C. Bradley III, Phys. Rev. 82, 285 (1951). 
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Fic. 4. Average charge density for deformed nucleus. Dashed 
curve: hypothetical uniform density for spherical nucleus of 
radius do. Curve (a): charge density averaged over all angles for 
prolate distorted nucleus with maximum radius ao(1+a), a>0., 
Curve (b): charge density averaged over all angles for oblate 
distorted nucleus with maximum radius a9(1—a/2), a <0. 


overestimate, since as Foldy'® has pointed out, the 
reported value of the electron-neutron interaction can be 
understood almost alone on the basis of the magnetic 
moment of the neutron. Thus the effects might be 
expected to cancel for an even number of neutrons and 
to be given equal weight (equal probability of spin 
orientation) in determining the center of gravity of the 
hyperfine structure of an odd isotope. 


III. THE NUCLEAR DISTORTION EFFECT 
A. Theory 


The effect of nuclear distortion on the average 
nuclear charge distribution seen by an s electron is 
shown in Fig, 4. The charge distribution is extended 
radially and the energy displacement, AZ, is increased 
for either prolate or oblate deformation. The effect on 
AEF is small, but the differential effect measured by the 
isotope shift may be quite large, since the nuclear 
deformation may change by a large fraction of itself 
from one isotope to another, while the nuclear volume 
does not.'® 

Restricting consideration to cylindrically symmetric 
ellipsoidal deformations, we write for the nuclear 
radius, 


(12) 


where a may be >0 (prolate) or <0 (oblate). Because 
we deal only with s electrons, there is no loss of 
generality in choosing the ellipsoid axis along the Z axis. 
In order to isolate the distortion effect from other 
effects, it is assumed in the present section that the 
nucleus has a constant volume, (4/3)a', and a uniform 
charge density, 


pol )= Ze 4rra*/3 | 7 
po(r) = 0, 


TL. Foldy, Phys. Rev. 87, 693 (1952). 

'6 Brix and Kopfermann have noted the importance of nuclear 
deformations in a discussion of the isotope shifts of Sm (reference 
9). Shell structure effects from another point of view have been 
considered by G. Breit, Phys. Rev. 86, 254 (1952). 


R (0) = aol 1+-a@P2(cos#) |, 


r<R(6); 


13 
r>R(6). Us) 
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The constant volume assumption relates the parameters 
dy and a appearing in Eqs. (12) and (13): 


ay= al 1+ 302+ (2/35)a*}-4. 
Introducing the notation m= minimum nuclear radius, 
M-=:maximum nuclear radius, one obtains for the 
charge density averaged over all angles in the region 
m<r<M: 
prolate: p(r)=po{1—[(r—m)/(M—m) }}}; 
p(r)= pol (M—r)/(M—m) }!. 


It is these expressions which are plotted in Fig. 4. 
The perturbing energy of interest is the difference 
between the electron potential energy in the field of a 
deformed nucleus and in the field of a spherical nucleus 
of the same charge and volume. Calling this perturba- 
tion AV, we have, for the case of prolate deformation, 


(14) 


(15a) 
(15b) 


oblate: 


r<m, 


AV = = 


Ze*(3 3 
| -[ (ao/a)?—1 ]+ (a/a¥e'| ; (16a) 
Y 10 


ad 


m<r<d, 
Ze) 4 (r—m)*”? 


m || 
[s+ | ; (16b) 
a’ 135 (M —m)'/? r | 


=|" 1 


AV2= 


a<r<M, 


AV;=AV2- ~ 
a 


and for oblate deformation, 


r<m, 
Ze) 3_ 3 
AV,=- | { (ao/a)?—1 J+ 
aAUZ 10 
m<r<d, 
Ze’ 
AV2=AV3+ 


a<r<M, 


Ze 4 (M—r)'? M 
a 35 (M—m)'? r 


(17c) 


The electronic energy displacement to first order is 
the diagonal matrix element of AV for an s electron, the 
same for either prolate or oblate deformation. If we 
define the electron density in the vicinity of the nucleus 


by 


W= Bre?/4nZe (18) 


(see Sect. II-A), the extra energy displacement due to 
nuclear deformation is given by 
) 


5 ar - 
AFE.= Ba’ [i+ (2p+3)a+::: 
10 2p+1 


(19) 
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The ratio of this displacement to that of the normal 
volume effect is, to order a’, 


AEa p(2p+3) 
—_= a’. (20) 


AE, 5 


If 0.25 is taken to be an upper limit to a, this ratio is 
less than 0.06. To the accuracy of the a® term in Eq. 
(19), the ratio of the isotope shift due to deformation 
to the shift due to the normal volume effect is 


SS. @Ab), 3 5(a’) 
vests 2r+s)4( ) | 
S, 5(AE), 10 ov J 


(21) 


Since the coefficient of a within the bracket of equation 
(19) is of the order of 0.5, the fractional error of Eq. 
(21) due to the neglect of higher orders in @ is approxi- 
mately ja (with the sign of a). As stated in Sec. II-A, 
corrections to the first-order perturbation energy are 
insensitive to the shape of the potential within the 
nucleus. Therefore the ratio S,/5S,, calculated using the 
zero-order electron wave function, should remain very 
nearly the same if higher-order corrections to the per- 
turbation theory are applied. 

One can quickly estimate from Eq. (21) on the basis 
of known quadrupole moments that the nuclear dis- 
tortion effect is substantial. Setting Z=62, A= 150, 
6(a*)=0.005. and 6V=2, one finds S,/S,=0.54. It 
should be stressed that the a appearing throughout the 
above derivation is the intrinsic nuclear deformation,'? 
not the deformation measurable from quadrupole 
moments. Hence the effect is expected in even-even as 
well as odd-even nuclei. 

In order to predict actual values of isotope shifts 
expected from the distortion effect, it is required to 
know the magnitudes of nuclear distortions. There are 
several sources of information to which we may turn. 


(1) Theory 


The equilibrium shape of the nucleus may be calcu- 
lated theoretically if the configuration of nucleons 
outside closed shells is known. In the static approxi- 
mation (surface motion treated classically), the defor- 
mation parameter a is given by'*:!? 


T — js(je+1)—3m2 


(22) 


£e/} 


where 7 is an interaction energy parameter which is 
the order of the kinetic energy of the extra nucleons, 
and C’ is the coefficient in the surface potential energy, 
V.= (1/2)C'e’, which is around 160 Mev for the heavy 
elements. The coefficient on the right side of Eq. (22) 


17 4. Bohr and B. R. Mottelson, Phys. Rev. 89, 316 (1953). 

18 J. Rainwater, Phys. Rev. 79, 432 (1950). 

1 A. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
26, No. 14 (1952). 


SHIFT ANOMALIES 


1493 


has approximately the value 0.12 for the heavy ele- 
ments, varying only slowly with mass number. The m, 
are the projections of the vectors j, along the axis of 
the deformed nucleus. There is some evidence” that 
deformations calculated in this way are too large, due 
to an overestimate of the magnitude of the particle-to- 
surface interaction, to a breakdown of the idea that the 
j, are quantized along the nuclear axis, or to the 
approximations employed—considering the P: defor- 
mation only and working only to first order in a. The 
more serious practical difficulty preventing an accurate 
theoretical determination of the nuclear deformation is 
our ignorance of the detailed nucleon configurations. 
This is especially true of those nuclei where one expects 
large deformations and hence large contributions to the 
isotope shift. It is necessary therefore in our present 
state of knowledge of nuclear structure, to turn to 
empirical evidences of the nonspherical shape of the 
nucleus. 
(2) Quadrupole Moments 


These are generally not measured to high accuracy, 
so that the differences 6(a*) are rather rough. For 
A>75, quadrupole moments are known for pairs of 
isotopes of the following elements: ggIn'*:", 5,Sb!!!%3, 
53) !27.139, g25m 47.149 63 fu! 5! .153 qyLu!76.177 and 7p5Re!85 187, 

Values of a may be computed from measured quad- 
rupole moments by the formula” 


53.5 (7+ 1) (27+ 3) 


a=— : ~Oobe, (23) 
ZA’ I1(2T—1) 

where Qops is in barns. This formula assumes that the 
nuclear spin is directed along the nuclear axis, and that 
the total spin vector is strongly coupled to the axis.”! 
For this reason it gives a lower limit to the intrinsic 
nuclear distortion. Other orientations of the spin, or 
weak coupling of spin to axis, would yield smaller 
measured quadrupole moments than are assumed in 
Eq. (23), and hence lead to an underestimate of a. In 
addition to the few elements mentioned above with 
known quadrupole moments for pairs of isotopes, there 
are measured quadrupole moments for single isotopes 
which contribute information useful for isotope shifts 
in an indirect way by suggesting that the nuclear 
deformation varies in a regular way among the ele- 
ments, reaching minima at the magic numbers and 
maxima between the magic numbers. 


(3) Energy of the First Excited State of Even-Fven Nuclei 
The strong coupling approximation of the collective 
model of the nucleus" yields a simple approximate rela- 
tion’? between the nuclear deformation and_ the 

energy of the first excited state of even-even nuclei: 
a=104A~°* Ey, (24) 


”K.W. Ford, Phys. Rev. 90, 29 (1953). 
21 A. Bohr, Phys. Rev. 81, 134 (1951). 
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e FROM EVEN NUCLEI FIRST 
EXCITED ENERGY LEVEL 


* FROM QUADRUPOLE MOMENTS 


Fic. 5. Theoretical curve of 
isotope shifts due to nuclear 
deformation in units of the shift 
predicted by the normal volume 
effect. Points are predicted iso- 
tope shifts and are labeled with 
the Z value of the elements 
concerned, and are plotted at 
the average neutron number of 
the two isotopes on which each 
point is based. The particularly 
low value of the Sm_ point 
(Z=62) based on quadrupole 
moments may possibly be ex- 
plained in terms of mixing of 
the prolate and oblate forms of 
deformation. Other special fea- 
tures of the curve are discussed 
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where /, is in Mev. This simple formula is shown in 
reference 20 to overestimate the nuclear distortion by 
a substantial amount, even if all of the parameters of 
the theory are correct. The error of the formula 
depends on the detailed nucleon configurations, and can 
therefore not be estimated with any accuracy. 

Our procedure therefore is to normalize Eq. (24) with 
a single arbitrary parameter to yield agreement with 
deformations calculated from quadrupole moments in 
the vicinity of the rare earth elements. The factor of 
reduction required is 1.7 for a or 3 for a. This means 
of arriving at values of the nuclear deformation is 
theoretically more tenuous than the more direct evi- 
dence of quadrupole moments, but has several ad- 
vantages: (a) the data on the first excited states of 
even-even nuclei in the region 50<N<126 are more 
extensive and more accurate than the quadrupole 
moment data; (6) most of the measured isotope shifts 
are for even-even nuclei; and (c) the isotope shifts and 
the excited states of even-even nuclei both measure the 
intrinsic nuclear deformation, independent of spin 
orientation and independent of possible mixing of states 
of prolate and oblate deformation. 


(4) Electric Quadrupole Transition Rates in 
Even-Even Nuclei 
Bohr and Mottelson'? have given an approximate 
formula relating the transition rate from first excited 
state to ground state in even-even nuclei to the intrinsic 
nuclear deformation. For the few cases of measured 


in the text. 


transition rate, mostly in the rare earth group, good 
agreement of calculated deformations is obtained with 
the trend of values obtained from quadrupole moments, 
but with deformations obtained from £2 transitions 
being somewhat smaller than those obtained from 
quadrupole moments. This is consistent with the 
approximation employed in their formula, which 
assumes that the surface vibrational part of the wave 
function is identical in initial and final states. This 
approximation should lead to an overestimate of the 
value of the matrix element. 

Two other effects can be mentioned which may yield 
information on nuclear distortions. 


(5) The Regularities in Level Spacing of Single-Particle- 
Type Energy Levels in the Odd-Even Nuclei 


The single particle energy level positions depend on 
the nuclear distortion,* and the regularities observed 
in energy level spacings may reflect regularities in the 
nuclear deformations. 


(6) Alpha Decay 


The nuclear deformation may enhance alpha decay 
rate”.*4 because of the decreased Coulomb barrier over 
part of the nuclear surface. In some cases it may also 


2M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
(1952). 

1). L. Hill and J. A. Wheeler, Phys. Rev. 89, 1102 (1953). 

“J. J. Devaney, Ph.D. dissertation, Massachusetts Institute 
of Technology, 1950 (unpublished), 
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contribute to a non-overlap of the initial and final wave 
functions and thereby inhibit alpha decay. 

Neither of the effects (5) and (6) has been analyzed 
in sufficient detail to yield useful quantitative informa- 
tion on nuclear deformations. Only the effects (2) and 
(3), and to some extent (4), are based on suffcient 
experimental data and adequate theoretical grounds to 
permit a prediction of isotope shifts expected from the 
nuclear distortion effect. 

Figure 5, based on quadrupole moments and on the 
energies of the first excited states of even-even nuclei, 
gives the predicted differential isotope shifts caused by 
nuclear deformation in units of the shift due to the 
ordinary volume effect. Points are shown where data 
exist for two or more isotopes of the same element. The 
trend of the curve is influenced also by the data on 
single isotopes, e.g., the value of V = 96 where the curve 
crosses the horizontal axis. Several special features of 
the theoretical curve may be noted. Discontinuities 
appear at the magic numbers, where the predicted 
shift changes sign. Between magic numbers, the shift 
also changes sign, but continuously. The positive peak 
expected between V=82 and 126 is higher and nar- 
rower than the negative valley in the same shell. 
(Juadrupole moment points were given special weight 
in drawing the curve. The Pb isotopes were given very 
little weight because the strong coupling approximation, 
on which the points due to the even-even nuclei are 
based, is not expected to be valid in the near vicinity 
of a double closed shell. Because of the dependence of 
nuclear deformation on both .V and Z, the shifts are 
not expected to lie accurately along a single curve as a 
function of V only. The data on which the theoretical 
curve is based are inadequate for a more detailed pre- 
diction, however. The curve should be regarded as a 
mean prediction along the line of stable elements. 


B. Comparison with Experiment 


Figure 3 gives the experimental isotope shifts in units 
of the shift expected from the ordinary volume effect. 
If only the volume effect plus the distortion effect were 
effective for isotope shifts, the curve of Fig. 5, increased 
by one unit, should lie along the experimental points. 
In fact, such a curve lies too high. In order to fit the 
data reasonably well, it is required to add to the curve 
of Fig. 2 a value of only 0.5. The theoretical curve, 
arbitrarily modified in this way, is given in Fig. 3, and 
is seen to fit the data rather well, both in shape and in 
magnitude. 

It should be stressed that two arbitrary param- 
eters have gone into the theoretical curve of Fig. 3. 
The first of these was the normalization of the distor- 
tions computed from the energies of the first excited 
states of even-even nuclei to the distortions computed 
from quadrupole moments in the rare earth elements. 
This normalization was required by inadequate knowl- 
edge of the detailed nucleon configurations and was in 
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the expected direction—to decrease the distortion found 
from the even-even nuclei. The second parameter was 
the shift of the theoretical curve downward everywhere 
by 0.5. This is equivalent to assuming that all effects 
other than the volume effect and the distortion effect 
give a net contribution to the isotope shift half as great 
as the volume effect and in the opposite direction. It 
will be shown in Part IV that it may be reasonable to 
attribute such an effect largely to the finite compressi- 
bility of nuclear matter and the consequent variations 
of nuclear density among the isotopes of a single ele- 
ment. Note that in the theoretical curve of Fig. 3 all of 
the variations of the isotope shifts away from a mean 
value are attributed to the distortion effect only. 


C. Even-Odd Staggering 


The nuclear distortion effect may afford also an 
explanation of the even-odd staggering observed experi- 
mentally. There is slight, but by no means conclusive 
evidence, from the first excited states of even-even 
nuclei that the even-even nuclei are somewhat more 
deformed than the odd-even nuclei. Such an effect, in 
any case, is expected theoretically. Figure 6 shows the 


square of the nuclear deformation (to arbitrary scale) 
vs number of nucleons in a simple shell of 7=9/2 
particles, calculated according to Eq. (22). If one con- 
siders a given element with Z even, then the horizontal 
scale in Fig. 6 represents the number of neutrons in 
different isotopes of the element. The a’ of odd-even 
isotopes is seen to be less than the average value of a’ 
for the neighboring even-even isotopes, which leads to 
an even-odd staggering in the direction usually ob- 
served. A similar result holds for more complicated 
shells, involving particles in more than one subshell. 

Examples of observed even-odd staggering in Ba” 
and in Pb* and the possible connection of the staggering 
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Fic. 6. Nuclear distortions in simple shell of 7=9/2 particles. 


Plotted vertically is the quantity 


y JG+D— aa 
y 49G+D 


which in the static approximation is proportional to the square 
of the nuclear deformation, a*. Plotted horizontally is the number 
of nucleons (of a given type) in the shell. The value of a? for n= odd 
is less than the average value of «a for the neighboring n= even 
points. This may afford an explanation of the observed even-odd 
staggering. 


2°Q. H. Arrge, Ph.D. dissertation, University of Copenhagen, 
1951 (Kobenhavn Nordisk Bogtrykkeri, 1951) 

26 Manning, Anderson, and Watson, Phys. Rev. 78, 417 (1950); 
K. Murakawa and S. Suwa, J. Phys. Soc. Japan 5, 382 (1950); 
F. Geiger, Phys. Rev. 79, 212 (1950); Brix, von Buttlar, Houter 
mans, and Kopfermann, Z. Physik 133, 192 (1952). 
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with nuclear deformation are illustrated in Fig. 7. Each 
of these elements possesses an isotope with closed 
neutron shell. Pb has in addition a closed proton shell, 
and Ba may have a closed proton subshell (g7,2). The 
deformations, |a@|, shown in the figure are calculated 
from the observed isotope shifts assuming (a) that the 
shift due to the volume effect alone is half of that for an 
incompressible nucleus with R= 1.4 10~"A! cm, and 
(b) that the deformations for the isotopes with closed 
neutron shells are negligibly small. The plotted defor- 
mations are therefore only qualitatively correct. (In 
addition, the observed shifts in Ba are subject to con- 
siderable uncertainty” because of their small value.) 
To be noted are: (1) The occurrence together of large 
anomalies in the isotope shift and large even-odd stag- 
gering is in agreement with theory. (2) The nuclear 
deformation effect may reasonably account for much of 
the observed even-odd staggering, even in the extreme 
case of barium. There is room, however, for an addi- 
tional small effect caused by nuclear polarization.” It 
may incidentally be remarked that the large observed 
anomaly in Ba speaks against a closed proton subshell 
for all of the Ba isotopes. 


IV. FIELD EFFECTS IN THE COMPRESSIBLE 
NUCLEAR MODEL 


In the previous sections we have, for simplicity, 
discussed the isotope shifts which would follow from 
nuclei of sharply defined boundaries enclosing uniform 
charge density. In the present section we shall retain 








Fic. 7. Nuclear deformations calculated from observed isotope 
shifts. The energy levels are plotted in units of the energy dif 
ference predicted for incompressible nuclei with standard radius 
1.4-10°84! em and differing by one neutron. To the left of each 
diagram are the presumed levels in the absence of deformation 
(half of the standard theoretical value), and to the right are the 
observed levels, normalized to leave unchanged the level of the 
nucleus with closed neutron shell. Values of the nuclear deforma 
tion plotted below the diagrams are calculated assuming that all 
of the changes from the left half to the right half of the diagrams 
are due to the nuclear distortion effect. 


HILL, 


AND FORD 

the fiction of sharply defined nuclear surface, but 
subject to this constraint we shall refine our description 
of the charge distribution. Discarding the assumption 
of constant mass and charge densities within nuclei, 
and restricting our discussion initially to spherical 
nuclei, we shall (1) examine more -losely the effect of 
adding one or more neutrons upon the potential in 
which the atomic electrons are bound; and so (2) 
ascertain the isotope shifts to be expected when con- 
sideration is given to current estimates of nuclear com- 
pressibility and polarizability. 


A. Neutron and Proton Densities 


The Coulomb repulsion augments the proton density 
near the nuclear surface relative to the central density ; 
a similar but less pronounced displacement occurs for 
the neutrons. Wigner,”’ Feenberg,”* and Swiatecki® have 
computed these particle densities by somewhat different 
procedures derived from the principle that, for a chosen 
nuclear radius, the equilibrium neutron and proton 
densities, m, and n,, are given by the variational 
statement, 


(25) 


6 f eins n,)d(volume) =0, 


in which the energy density €(,, 1») is to be integrated 
over the nuclear volume. The analytically simple ex- 
pression for the energy density used by Swiatecki 
results in particle densities (see Fig. 8) which ascend 
with monotonically increasing slope toward the nuclear 
surface, where the densities are truncated to zero value. 
A similar truncation is used by Feenberg, but in his 
work the boundary condition is imposed that the par- 
ticle densities shall intercept the surface at zero slope. 
The latter method approaches somewhat more closely 
what is perhaps the actual situation for a heavy 
nucleus; namely, each particle density rises initially to 
a maximum, and then falls continuously to reach a 
negligible value slightly beyond the apparent radius. 
No satisfactory treatment of particle densities closely 
resembling this ‘‘actuality” exists at present in a form 
to yield reliable estimates of the small differential 
effects pertinent to the prediction of isotope shifts. We 
therefore shal! obtain an order of magnitude estimate 
of how isotope shifts depend on nuclear compressibility, 
following Feenberg in the treatment of particle den- 
sities. The result of this treatment is that the addition 
of two neutrons increases the nuclear radius by a sub- 
stantially smaller amount than the increase predicted 
by the average 4! law. 

The particle densities, which are assumed to vary 
but slightly from the mean values, Ny and fip, may be 
written 

nn(r)=Nnllt+on(x)]; np(r)=rpl1+vp(x) ]. 

27 FE. Wigner, Bicentennial Symposium, University of Pennsy] 
vania, 1940 (unpublished). 

28 EF. Feenberg, Phys. Rev. 59, 593 (1941). 

* W. J. Swiatecki, Proc. Phys. Soc. (London) A63, 1208 (1950). 


(26) 
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Here the deviations vy (x) and vp(x) are functions of the 
relative radius x=r/R and may be expanded in terms 
of the flat-edge polynomials® of Feenberg: 
dy (x) = ay; (x)+byr2 (x), 
vp (x) = apr; (x) + bpr. (x), 
where the coefficients of expansion are to be determined 


from (25). In this section we conform to Feenberg’s 
notation, denoting the nuclear radius as R. 


(27) 


B. Isotope Shift 
The evaluation of the isotope shift predicted for a 
nonuniform charge density is simplified by employing 
an alternate form of Eq. (3) that is an integration of 
the nuclear charge density, p(r)=enp(r), which deter- 
mintes V(r), over the effective potential due to the 
s electron. Then, for a quite general nuclear charge 
distribution, the first-order perturbation from the field 

of the finite nucleus is given by 
© 


3h=[44B/2920+1)2) f np(r)r°t2dr, (28) 


In deriving this expression we have assumed _ the 
asymptotic formula (2) to be valid out to a value of r 
for which the proton density, mp(7), has fallen to a 
negligible value. The error introduced by this assump- 
tion in both AE and 6AE£ is less than 0.3 percent for 
heavy nuclei. 
Upon specializing this formula to the present case, 
with mp(r) detined by Eqs. (13), (26), and (27), we have 
3BR*” 
AE [1+CyartCybp |, 
2p(2p+ 1) (2p+ 3) 


Ca= (2p +3) f 01 (0)v% dx, 
0 
l 

Cy= (Zp a) f Vo(x)axPttdy, 
0 


Equation (29) reduces to Eq. (8), as it must, when 
vp(x) goes to zero. The isotope shift is now given by 


3BR* 5bR 
5(AF) = [L+ Csar+Cbr) 
(2p+1)(2p+ 3) R 


(29) 


C. C, 
+—bap+—ébp}, (30) 
2p 2p 


where, as before, the operator 6 signifies the difference 
in the operand values for two isotopes. The term in (30) 
containing 6R asa factor is, as we shall see, the dominant 


*® As shown in reference 28, the two lowest-order polynomials 
(above the constant) which are orthonormal in the interval 0 to 1 
for the weight factor x? and which meet the condition dzv(x)/dx=0 
for x=O0 and 1, are 2(x)=6.1675(1—3.7522+2.5x3) and (x) 
= 11.028(1— 13.7879x?+ 24.1819x3— 11.2424x4). 
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Fic. 8. Proton densities in the nuclear interior, in units of 
no=3A/8xR', plotted for three different models. (a) A rough 
estimate of the density variation is easily obtained by the method 
of Swiatecki (reference 29). (b) A somewhat more refined calcu- 
lation by Feenberg (reference 28) adjusts the density to zero slope 
at the nuclear surface. (c) A self-consistent treatment of the 
density variation through the nuclear surface would presumably 
lead to such a curve as here plotted. In contrast with this estimate, 
however, is the result deduced by Gombas from a statistical 
theory of the nucleus (reference 36). 


term, representing the contribution to the isotope shift 
both from the change in average charge density and 
from the change in surface position. The other two 
terms give the effect of the relative redistribution of 
the protons. We now turn to the evaluation of the 
quantities within the brace of Eq. (30). 


C. Relative Isotopi: Radii 
Just as, by Eq. (25), the particle distributions are 
determined which minimize the energy for a_ fixed 
radius, so the radius itself is chosen to minimize the 
total energy. When the potential and kinetic effects of 
the nuclear surface are ignored, the equilibrium radius 
is readily found* to have the value 


R= Ry) (1+E,/EFo”). (31) 


The total Coulomb energy is, in units of mc?=0.511 
Mev, adequately given for our purposes by the ex- 
pression 

E.=1.222A-4, (32) 
and the compressibility coefficient may be written 

E,"=KA. 

The factor A is poorly known, but order of magnitude 
estimates suggest®! a value near 100 mc? or 150 me’. 
Present information® on nuclear radii is not adequate 
to fix precisely the average dependence on A, but if we 
accept the conventional estimate that R varies as A}, 
then it would follow that Ro varies as A™?, where m is 
a number near unity to be found below. Ro is to be 
interpreted physically as the radius which the nucleus 
would take in the absence of Coulomb forces. It then 
follows (ignoring the A dependence of m) that 


10R 1 4k, 
—=—| m— | 
RAN 3A Eo’ +E. 
10R 1 4h, 
- =—j m— (: 
Pte. R OZ 3A Ko" +E. 
41 EF. Feenberg, Phys. Rev. 59, 149 (1941). 
2 See, for example, J. M. Blatt and V. F. Weisskopf, Theoretical 


Nuclear Physics (John Wiley and Sons, Inc., New York, 1952), 
n. 55. 


(33) 


(34) 


~~) 
2z/) 
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of which the former provides the value of 6R/R required 
in Eq. (30). 

The dependence of nuclear radius on particle number 
here displayed for the compressible nucleus contrasts 
with the dependence in the incompressible nucleus: 


10R 10R 1dR 1 
: = , (35) 


RIN R@Z RdA 3A 


Yet the last equality of this chain must, on the average, 
be satisfied in order to accord with empirical estimates 
on the average trend of nuclear radii with mass number. 
This requirement provides a determination of the index 
m appearing in Eqs. (34). We put 


1 dR 1 ORdN 1 AR dZ 


RdA 


(36) 


t , 
RONdA ROZdA 


with dZ/dA and d\ /dA=1—(dZ/dA) found from the 


charge-to-mass stability curve® of the nuclides: 


Z4=A(1.9814+0.01496A 1)—, (37) 


4k, 3ZdZ 
m (1- . ), 
Fo" +E, 2A dA 


from which m is computed. The resultant™ values of 


It then follows that 
3A dR 
R dA 


Tasie I. The relative differential coefficients for the nuclear 
radius RK as given by the compressible model for two different 
values of the compressibility coefficient. Also listed are the 
Coulomlh energy -, in units of mc?, without correction for the 
small influence of nonuniform charge density; the index m of the 
relation Ro=roA”; and the slope dZ/dA from Eq. (37). In an 
incompressible nuclear model both relative differential ratios are 


unity 


100A mc? 

3A OR 3A AR 
” dZ/dA 

R a2 


0.430 248 
0.394 386 
0.367 AIS 
0.346 597 
0,329 688 


R ON 


0.814 
0.750 
0.713 
0.684 
0.663 


0.953 
0.936 
0.928 
0.927 
0.928 


5 000 
10 000 
15 000 
20 000 
25 000 


179.8 
489.1 
854.2 
1296.9 
1773.8 

b) J SOA m2 


0.640 
0.522 
0.455 
0.404 
0.308 


1.479 
1.737 
1.939 
2.126 
2.290 


0.908 
0.878 
0.864 
0.863 
O.865 


0.430 
0.394 
0.367 
0.346 
0.329 


179.8 
489.1 
854.2 
1296.9 
1773.8 


8 See, e.g., FE. Fermi, Nuclear Physics (Notes by Orear, Rosen 
feld, and Schluter) (University of Chicago Press, Chicago, 1950). 

“We note that a simple attempt to introduce surface effects 
into our theory is of dubious value. If one makes the arbitrary 
assumption that the effects of the nuclear surface on the kinetic 
and potential energies of the system may be separated out of the 
nuclear Hamiltonian, the term proportional to A! in the semi 
empirical mass formula (reference 33) may be chosen to represent 
the energy shift involved. Carrying through as before (reference 
31) the calculation of how the actual radius is related to the 


iG © a ae 
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the radial derivatives given by Eqs. (34) are listed in 
Table I, for two different values of the compressibility 
coefficient Fo”. 


D. Evaluation of Particle Densities 


The evaluation of the expansion coefficients of Eqs. 
(27) from Eq. (25) then is carried out by a procedure 
closely resembling Feenberg’s.** Intermediate to this 
task is the calculation of partial derivatives of the 
standard nucleus energy, /o(R, .V, Z), employing the 
relations (34) and the energy formula 


Eo/me=2A+[96| N—Z|+38(N—Z)*/A], (38) 


in which the coefficient of the quadratic term has been 
chosen to accord with the same term in the semi-em- 
pirical mass formula. The resulting expansion coef- 
ficients for the neutron and proton densities are listed 
in Table II, along with the densities near the surface 
of neutrons and protons, relative to their densities in 
the nuclear center. 


E. Relevance of Nuclear Compressibility 
to Isotope Shifts 
Having the particle densities we can now compare 
the isotope shifts predicted by the compressible and the 
incompressible nuclear model. For the latter, the isotope 
shift for two nuclides differing by one in mass number 
is given by (30) to be 


(~—) BR® 
5N J incomp (2p+1)(20+3)A 


and the relative size of the isotope shifts in the two 


(39) 


models is given by 


5(AF) 5(AF) 
Gah ae? 
b6.V comp 6.V incomp 


LK Cade, GC, 5b» | 
+ . 


+ . (40) 
R3N 2p8N 2 sN) 


= 3A {01 +Cyap+¢ vbp | 


The evaluation of y outlined in Table III makes it 
evident that the terms involving @,,6, and _ their 
derivatives are small and largely canceling in effect, 
so that the ratio y is available in good approximation 


standard radius Ro, one finds 

R= R,[1+ (E.—2E,)/(Eo’+6E,) J, (A) 
with F, and Eo” as above, and E,=26A! in units of mc. For 
nuclei to be stable against fission it is required [N. Bohr and J. A. 
Wheeler, Phys. Rev. 56, 426 (1939) ] that E.<2F,, and accord 
ingly by (A) the actual radius is less than the “standard radius,” 
Ro, the contraction by surface tension dominating the expansive 
Coulomb repulsion. The latter alone was considered in obtaining 
Eq. (31). On the other hand, the differential ratios derived from 
(A) have signs and magnitudes similar to the ratios given by (34), 
as derived from (31). In the present paper we have evaluated the 
simpler expressions (34) to obtain the differential coefficients 
required in (25) and (30). 
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TABLE IT. Expansion coefficients for particle densities, and ratios of (density at surface) to (density at center) for protons and neutrons 
in the compressible nuclear model. Also listed are values (in units mc?=0.511 Mev) of AE, the difference in energy between the com 
pressible and incompressible models, a bilinear function of ap, bp, ay, and by, which is minimized to determine these coefficients. 


ap 


—0.01785 
— 0.02833 
— 0.03502 
— 0.04046 
— 0.04457 


— 0.02075 
— 0.03370 
— 0.04188 
—().04835 
— 0.05310 


bp 


0.00274 
0.00519 
0.00714 
0.00887 
0.01030 


0.00282 


0.00548 
0.00764 
0.00959 
0.01121 


(a) Eo” =100A me? 


an 


— (0.00977 
—0.01612 
— 0.02000 
—0.02322 
—0.02551 

(b) E ” 
—0.01312 
— 0.02263 
— (0.02874 


— 0.03376 
— 0.03743 


bn 


0.00079 
0.00186 
0.00277 
0.00363 
0.00434 


SOA me? 


0.00088 
0.00221 
0.00342 
0.00461 
0.00563 


AE np(R) /np(0) 


—0.601 
—2.618 
— 5.684 
— 10.014 
— 15.140 


— 0.695 
— 3.096 
— 6.758 
— 11.897 
— 17.935 


nn (R)/nn (0) 


1.0716 
1.1160 
1.1414 
1.1617 


1.1752 


in the simple form 


3A 5R 
~~ —. 
R b6N 


(41) 


The values of y listed in Table III for two possible 
values of the compressibility reveal how directly the 
magnitude of the predicted isotope shift depends upon 
the assumed value of the compressibility coefficient. 
The trend of y with A in Table III would be altered to 
yield more nearly constant values of y in a theory in 
which surface effects were properly included, for the 
effective surface tension is relatively more important in 
light nuclei. As cited earlier®® and as emphasized by 
Humbach,” the magnitudes of observed isotope shifts 
are about one-half the values predicted for an incom- 
pressible nucleus. In view of the present results, it seems 
likely that a major part, and perhaps all, of this dis- 
crepancy depends upon the neglect of nuclear com- 
pressibility. 

A reduction in the nuclear radius would of course also 
reduce the isotope shifts predicted by Eqs. (6), (9), or 
(30). Recent studies of radiations from the u-mesonic 
atom suggest® that the nuclear radius has been over- 
estimated; however, similar studies by Schawlow and 
Townes" on radiations from inner electron transitions 
have conturmed the radius estimates employed in the 
present paper and seem more reliable as a guide for our 
analysis of the isotope shifts in electronic spectra. This 
information on x-ray levels also casts doubt on the 
reality of the Gaussian particle density distribution for 
heavy elements derived** by Gombas in a detailed 
statistical treatment of the nucleus. 

Note added in proof:—Recent observations (to be 
published) by Hofstadter, Fechter, McIntyre and 
analyses (to be published) by Schiff of nuclear scatter- 
ing of fast electrons suggest, however, a proton dis- 
tribution peaked in the nuclear center, in qualitative 
agreement with the results of Gombas. 


41. N. Cooper and E. M. Henley, Bull. Am. Phys. Soc. 28, 
No. 3, 56 (1953). 


36 P, Gombas, Acta ays. Acad. Sci. Hung. 2, 223 (1952) 


The value of Fo’ required to reduce y to 0.5 is 
smaller by a factor of 1.5 or 2 than the values of Eo” 
estimated® with the help of the virial theorem, which, 
however, are only order-of-magnitude estimates, uncer- 
tain by a factor of this size. If we have employed a value 
for the nuclear radius which is 10 or 15 percent too 
large, then Feenberg’s values for Eo’ are more nearly 
consistent with the values required by the present 
analysis of isotope shifts. We should emphasize, more- 
over, that the artificial method of handling the nuclear 
surface which we have here adopted renders our treat- 
ment of the variations in nuclear radii and particle 
densities so crude that we can expect nothing better 
than order-of-magnitude estimates of nuclear compres- 
sibility to follow at present from our examination of 
isotope shifts. The present work does, nevertheless, 
suggest that the compressibility coefficient Ho” is 
smaller than heretofore assumed, and indicates that 
when a self-consistent treatment of nuclear particle 
densities is available, the study of isotope shifts will 


TABLE IIT. Calculation of the ratio, y, of isotope shifts predicted 
according to Eq. (40) by the compressible and by the incom 
pressible nuclear models. The perturbation coefficients, Ca and Cp, 
are defined in Eq. (29); and the isotopic variations of the expan 
sion coetlicients are defined by such statements as 


bap 6N=ap(Z, A + 1)—ap(Z, 1). 


100A me? 
dap bhp 3A dR 
10* 10 
aN 5N R 8N 


0.816 
0.751 
0.713 
0.683 
0.660 


—0.058 
-0.095 
~0.098 
~0.097 

0.092 


0.814 
0.750 
0.713 
0.684 
0.663 


0.213 
0.200 
0.181 
0.154 
0.120 


1.543 
1.243 
0.978 
0.809 
0.676 


— 0.7087 
—().6917 
— 0.6659 
—0.6256 

0.5684 


b) Fo” =50A me 


0.640 
0.519 
0.449 
0.395 
0.357 


1.710 —0.057 
1.389 — (0.097 
1.095 —().103 
0.899 —0.104 
0.748 0.099 


0.640 
0.522 
0.455 
0.404 
0.368 


0.213 
0.200 
0.181 
0.154 
0.120 


SO 0.7087 
100 ~0.6917 
150 —(). 6659 
200 —().6256 
250 — 0.5684 
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provide one of the most direct and precise methods of 
measuring nuclear compressibility. 


F. Aspherical Nuclei 


In aspherical nuclei of deformation a (see Part III) 
the proton density variation from the average density 
is enhanced by the approximate factor (14a) along the 
principal axis of distortion. This aspherical variation 
gives a negligible displacement in the mean value of 
predicted isotope shifts. The amplitude of the periodic 
variation in the ratio of predicted shifts to shifts pre- 
dicted by the simple volume effect, discussed in Part 
III, will be augmented by roughly (1+4(/a]),). As the 
average value of the magnitude of intrinsic deformation, 
(la! )w, is of the order of 0.1, the correction to the ampli- 
tude of periodic variation is likewise unimportant. 


Vv. CONCLUSION 


In Part Il we have noted that when the observed 
isotope shifts have been adjusted for electronic screening 
and compared with the isotope shifts predicted for 
constant density nuclei, after these have been corrected 
for the deficiency of first-order perturbation theory, 
three anomalies appear: (1) The average magnitudes 
of the observed shifts are about one-half the size of the 
predicted shifts; (2) the observed shifts show a some- 
what periodic variation about the predicted shifts, and 
(3) the shifts between even and odd isotopes are by 
staggered rather than by equal steps. 

In Part III the regular progression of nuclear defor- 
mations was reviewed, as deduced mainly from indi- 
vidual particle configuration theory, from observed 
quadrupole moments, and from the analysis of the 
first excited states of even-even nuclei. The dependence 


HILL, 
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of isotope shift on nuclear shape was also derived, and 
the result was then at hand that the estimated pro- 
gression of nuclear shapes apparently accounts for the 
regular fluctuations in size of isotope shifts, both as to 
the amplitude of the fluctuation and in the location of 
the nodal points. On this basis a prediction, as yet 
untested, is also made of isotope shift behavior beyond 
a2Pb (Fig. 3). 

An examination of how nuclear shapes should change 
between odd and even isotopes likewise provides a 
reasonable explanation of the observed even-odd stag- 
gering of isotope shifts. 

In Part IV the influence of nuclear compressibility 
and polarizability on the size of isotope shifts was inves- 
tigated and found to alter predictions in a direction to 
account for the apparent discrepancy in average size of 
the isotope shifts. The analysis and comparison with 
experiment suggests that earlier estimates of nuclear 
compressibility have been too small, although the 
present treatment is inadequate to provide a reliable 
measure of the compressibility. A reduction in nuclear 
radius would also reduce the predicted isotope shift 
magnitudes but would conflict with x-ray measurements 
of the inner electron energy levels. 

It therefore appears that the general pattern of 
isotope shifts is consistent with present ideas of nuclear 
structure, and provides an important source of specific 
information on the sizes, shapes, and charge distribu- 
tions of nuclei. 

We are grateful to Professor John A. Wheeler for his 
interest and comments regarding this work. 

To Mr. Max Goldstein and Mr. Richard von Holdt, 
and their co-workers in Group T-1 of the Los Alamos 
Scientific Laboratory, we are indebted for assistance 
in the numerical work. 
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Energy Dependence of the Cross Section for the Reaction C™(a,an)C"} 


M. LINDNER AND R. N. OsBORNE 
California Research and Development Company, Livermore, California 
(Received May 4, 1953) 


The cross section vs energy curve for the reaction C"(a,an)C" has been investigated from threshold to 


380 Mev. 


INTRODUCTION 


HORNTON and Senseman' determined the en- 

ergy dependence of the reaction C”(a,an)C" from 
threshold to 390 Mev on the 184-inch Berkeley cyclo- 
tron using the internal deflected alpha-particle beam. 
From the shape of the function these investigators con- 
cluded that the formation of C" could be described by 
a single process. With a view to using carbon foils as an 
alpha-beam monitor, the experiments of these investi- 
gators were repeated, and the absolute cross section 
was established. 


EXPERIMENTAL ARRANGEMENT 


Polystyrene foils were spaced between aluminum 
absorbers, and bombarded on the 184-inch cyclotron. 


TABLE I. Cross section for C(a,an)C". 


a(mb) 


51.0 
45.0 
54.0" 
24.5 
19.5 
12.5 
4.0 
0.5 





* This value was obtained by direct comparison with an aluminum 
monitor rather than from absolute electrical measurement 


The C" thus formed was counted under conditions of 
known geometry on an end-window counter. For cross- 
section measurements, the absolute disintegration 
rate was determined on a proportional counter of 100 
percent geometry. Two stack runs were made in the 
external deflected beam of the 184-inch cyclotron and 
the cross section at 380 Mev established by absolute 
electrical measurement of the beam intensity. A third 
stack run was made in the internal deflected helium ion 


t This work was performed under a U. S. Atomic Energy Com 
mission contract. 

1R. L. Thornton and R. W. Senseman, MDDC-1320 (un- 
published). Manhattan District Declassified Report. 


beam of the 184-inch cyclotron. The cross section ob- 
tained in the latter case was compared with the previous 
runs by monitoring the beam with an aluminum foil 
placed in the stack, the cross section for the Al*’- 
(a,a2pn)Na*™ reaction being known.? A fourth run was 
made on the 60-inch Berkeley cyclotron to establish 
the cross section near the threshold and to minimize the 
uncertainty in energy inherent in the runs on the 184- 
inch cyclotron. 

The cross sections obtained from electrical measure- 
ments of the 184-inch and 60-inch cyclotron beam 
intensities are given in Table I. 

The values at 40 Mev and below were obtained in 
one bombardment on the 60-inch cyclotron. The energy 
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Fic. 1. Energy dependence of the cross section for the reaction 
C®(a,an)C", 


dependence of the cross section as shown in Fig. 1 was 
obtained by combining the absolute cross sections 
(Table I) with the relative cross sections measured by 
the stacked foil technique. It will be noted that a peak 
occurs at about 60 Mev and a minimum at about 100 
Mev. This observation appears to be in contrast with 
that of Thornton and Senseman' and indicates the 
formation of C" by more than one energy-dependent 
reaction. 


2M. Lindner and R. N. Osborne, U. S. Atomic Energy Com- 
mission Report MTA-13 (unpublished); Phys. Rev. 91, 342 
(1953). 
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Excited States of K‘*°t 


W. W. Buecuner, A. SperpuTo, C. P. BROWNE, AND C. K. BOoCKELMAN 
Laboratory for Nuclear Science, Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received June 1, 1953) 


Using a magnetic spectrograph in conjunction with an electrostatic generator, the region of excitation in 
K*” has been studied up to 1 Mev, using the K%(d,p)K® reaction. Excited states in K® have been found at 
0.032, 0.800, and 0.893 Mev, the Q value for the ground-state reaction being 5.576 0.010 Mev 


I. INTRODUCTION 


NFORMATION regarding the excited states of 
potassium 40 has been obtained by Sailor,' who 

studied the K*(d,p)K® reaction, and by Kinsey, 
Bartholomew, and Walker? who investigated the 
capture gamma rays from potassium when bombarded 
with slow neutrons. The highest-energy gamma ray 
which was observed in the latter experiments and which 
could be attributed to capture in K*® was 7.757+0.008 
Mev.”* This would indicate a Q value of 5.531 for the 
ground state of the K*(d,p)K® reaction, in reasonable 
agreement with the value of 5.48+-0.08 Mev, found by 
Sailor. However, it was pointed out? that, if this 
gamma ray did originate in a transition direct to the 
ground state of K*, its intensity was considerably 
higher than would be expected on the basis of shell 
structure theory. According to this model, the odd 
proton in K® is ds/2, while in the ground state of K®, 
an odd-odd nucleus, the odd proton and odd neutron 
are in ds. and f72 states, respectively. K*® in the 
ground state has a spin of 3/2 and even parity, and 
capture of a slow neutron should lead to a compound 
state in K® with spin 1 or 2 and even parity. Since the 
ground state of K” has a spin of 4 and odd parity, the 
gamma ray direct to this state involves a change in 
parity and would be either electric octopole (£3) or 
magnetic quadrupole (M2), depending on whether the 
capturing state had a spin of 1 or 2 units. In either 
case, such a gamma ray would be relatively low in 
intensity. Since the 7.757-Mev radiation was among 
the most intense of those observed, the suggestion has 
been made*® that K*® may have a low-lying excited 
state of spin 2 and odd parity and that the gamma ray 
is associated with a transition to it rather than the 
ground state. In this case, the radiation would be of 
the electric dipole type regardless of whether the spin 
of the capturing state was 1 or 2. El gamma rays in 
this energy range are known to be strongly emitted.‘ 

As a result of this suggestion, we have studied the 
region of excitation in K*® up to 1 Mev, using the 

t This work has been supported by the joint program of the 
U.S. Office of Naval Research and the U.S. Atomic Energy Com 
mission 

1'V. L. Sailor, Phys. Rev. 77, 794 (1950). 

2 Kinsey, Bartholomew, and Walker, Phys. Rev. 85, 
(1952) 

38. B. Kinsey (private communication). 

4B. B. Kinsey and G. A. Bartholomew, Physica 18, 1112 (1952). 
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K*(d,p)K® reaction. In this region, both the gamma- 
ray measurements and the work of Sailor have shown an 
excited state at 0.80 Mev. 


II. EXPERIMENTAL PROCEDURE 


For these measurements, we have used the deuteron 
beam from a large, vertical, pressure-insulated electro- 
static generator constructed for the Laboratory of 
Nuclear Science by Professor Trump and his associates. 
We have chosen to call this machine the MIT-ONR 
generator in order to distinguish it from the various 
other Van de Graaff generators at the Institute, and 
we wish to acknowledge our indebtedness to the Office 
of Naval Research which provided the funds necessary 
for its construction. We have used this generator for 
various nuclear investigations for somewhat over a 
year, and it has operated very successfully in the 
voltage range from 4 to 8.5 Mev. 

After emerging from the generator, the ion beam is 
deflected by a magnet which can be rotated about a 
vertical axis so as to direct the beam towards a given 
portion of the target room. For the present measure- 
ments, the deuteron beam was deflected through 90 
degrees so as to leave the magnet in a horizontal 
direction, the radius of curvature in the magnetic field 
being 60 centimeters. By means of adjustable shims at 
the entrance and exit faces of the magnet, the beam was 
focused on a set of defining slits placed 185 centimeters 
from the exit face of the magnet. The slit jaws were in- 
sulated and the currents collected on them were used 
to control a conventional voltage-stabilizing device 
using corona directed at the generator terminal. 
During these experiments, a slit opening of } mm was 
used. 

After passing through the exit slits of the 90-degree 
analyzer, the beam struck a target placed in the gap 
of a 180-degree annular magnetic spectrograph.’ This 
spectrograph has been used in conjunction with another 
electrostatic generator for a number of previous 
studies of this type. In its new location, the spectro- 
graph has been aligned so that the plane of the magnet 
gap is accurately at 90 degrees to the direction of the 
incident beam. Both visual measurements of the 
shadows cast by fine wires placed in the beam at the 
entrance and exit faces of the spectrograph and meas- 

§ Buechner, Strait, Stergiopoulos, and Sperduto, Phys. Rev. 74, 
1569 (1948). 
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urements made on the energies of particles scattered 
from targets containing nuclei of mass ranging from 
gold to lithium indicate that, for both proton and 
deuteron beams with energies between 4 and 8.5 Mev, 
the 90-degree Q equation for the reaction products 
can be used without appreciable er:or. 

Power for both the 90-degree deflecting magnet and 
the 180-degree spectrograph is supplied by stabilized, 
three-phase, rectifier circuits designed by H. Enge. As 
measured by nuclear magnetic-resonance fluxmeters, 
the magnetic field in each analyzer is held constant to 
approximately 1 part in 100 000. For the field strengths 
encountered in the present experiments, the signal due 
to lithium was used. 

In these experiments, both the energy of the incident 
beam and the energies of the reaction products were 
measured with the spectrograph, the former being 
determined from observations of the deuterons elas- 
tically scattered from various nuclei in the target. 
Since the values of the proton and lithium magnetic 
moment have been measured with high precision, it is 
possible to obtain the particle energies from a direct 
measurement of the radius of the curvature in the uni- 
form magnetic field. However, a sufficiently accurate 
and more convenient procedure, using polonium alpha 
particles, has been employed in these measurements. 
The details of this calibration procedure and of the 
conversion of the observed data into nuclear reaction 
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Fic. 1. Proton groups from potassium-iodide target bombarded 
with 5.00-Mev deuterons. 
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energies have been given in previous publications.®7 
In the present experiments, the measured deflection 
of polonium alpha particles from a source placed near 
the target position has been measured for various 
values of the magnetic field, the field strengths being 
determined by the resonance fluxmeter. These meas- 
urements were used to determine the distance between 
the target position and an index mark placed on each 
plate after it is in position for exposure. The positions 
of the groups of particles detected on the track plates 
are measured with respect to the index mark. Since 
the particles recorded by the spectrograph have ap- 
proximately the same radius of curvature, the im- 
portant quantities in the measurements are the relative 
values of the magnetic fields at which the exposures 
for the reaction products and for the polonium alpha 
particles are made, the relative positions of the ob- 
served groups on the photographic plates, and the 
distance between the calibrating alpha-particle source 
and the position of the beam on the target. 

Since the frequencies corresponding to the various 
magnetic fields used can be measured to a high pre- 
cision, the principal uncertainties in the measurements 
arise from the value used for the Hr of polonium 
alpha particles and from the uncertainity in the 
determination of the positions of the observed groups. 
As in our previous work,’ we have assumed a value of 
3.3159 10° gauss-centimeters, accurate to one part in 
5000, for polonium alpha particles. In general, the lo- 
cations of the various groups recorded can be deter- 
mined to within 0.1 mm, the diameter of the path in 
the magnetic field being approximately 710 mm. The 
calibration used in this work has been checked by 
measuring the QO values of a large number of groups 
which have previously been determined both in this 
and in other laboratories. In all cases, the agreement 
has been highly satisfactory. 

The targets used in the present work consisted of 
thin layers of various potassium-containing compounds 
evaporated onto very thin commercia! gold foil. These 
foils were stiffened with a thin backing of Formvar. 
The targets appeared stable for beam currents as high 
as 0.5 microampere. Targets of KI, KBr, and KCN, 
both with and without the carbon content enriched in 
C, were studied. 


III. RESULTS 


Studies of the proton energy range corresponding to 
excitations in K*® from the ground state up to 1 Mev 
were made for deuteron energies of 4.76, 5.00, 5.16, and 
5.65 Mev. The results of the 5.00-Mev bombardment 
of a KI target are shown in Fig. 1. The four proton 
groups shown were found from each of the targests 
used and at each of the bombarding energies. The con- 

® Buechner, Strait, Sperduto, and Malm, Phys. Rev. 76, 1543 
(1949). 

7Strait, Van Patter, Buechner, and Sperduto, Phys. Rev. 81, 
747 (1951). 





Excitation 
in K* 


0 
0.0324-0.002 


BUECHNER, 


TABLE I. K*(d,p)K®. 


Present work 


576+0 010 
544+6.010 


O values*® 
Bartholomew + 
Kinsey 


SPERDUTO, 


Sailor! 


5.48+0.08 


BROWNE, 


.53140.009 
Jf 


5 

5 5 
0.800-+0.010 4.77640.010 4.768 +0.008 

i 


0.893 40.010 4.6834.0.010 4.67 40.09 


* 2.226 Mev was used for converting from K*(n,y)K® to K%(d,p)K® 
» See reference 8% 


stancy of the relative intensities of these groups as the 
target material was varied was used as a check on 
their assignment to potassium, made on the basis of 
their shift in energy as the incident deuteron energy 
was varied. The bombarding energies were purposely 
kept low in order to bring these groups within the 
range of the spectrograph. A check on the operation 
of the spectrograph at these field settings was obtained 
from measurements on the C(d,p)C" ground-state 
group observed from the KCN target enriched in C' 
and from measurements on the ground state and first 
excited state from a thin aluminum target. At these 
bombarding energies, the C'’ and Al groups occur in 
the middle of the region shown in Fig. 1. While the 
precision of the energy measurements made as a func- 
tion of deuteron energy was not sufficient to determine 
whether the observed proton groups are due to K* or 
KK“ it from their intensities and from 
Sailor’s work! on normal potassium targets and on 
targets enriched with K*' that the groups originate 
from K*(d,p)K”. The Q values calculated for these 
groups are tabulated in Table I. Also included are the 
recent results of Bartholomew and Kinsey,*® who found 
in addition to the 7.757-Mev gamma ray another 
having an energy of 6.994+-0.007 Mev, which they 
ascribed to capture in K*. Also included in the table 
are the results of Sailor' on K*(d,p)K®. The excitation 
energies in K* included in the table are those deter- 
mined in the present work. One of the advantages of 
observation at 90 degrees to the incident beam is that, 
aside from relativistic effects and the effects of the 
small angle about 90 degrees in which the particles are 


is assumed 


®G. A. Bartholomew and B. B. Kinsey, Can. J. Phys. (to be 
published). 
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collected, the energy differences between the groups 
are independent of the input energy. The energy 
differences between groups 0 and 1 and between groups 
2 and 3 and, hence, the spacings of the corresponding 
excited states could be determined with a greater pre- 
cision than could be had by subtraction of the observed 
Q values. 

The Q values listed are each the average of three or 
more separate determinations, the spread in the 
individual values in each case being 5 kilovolts or less. 
Three determinations, agreeing within 1 kev, were 
used for the spacing of the first level from the ground 
state. The spacing between the second and third levels 
was found to be 93+2 kev from four determinations 
which agreed within 2 kev. 

It is clear from the table that, as suggested by Kinsey 
and his collaborators, the highest-energy gamma ray 
observed in the K*(n,y)K® reaction proceeds not to 
the ground state of K*® but rather to a low-lying ex- 
cited state. As has recently been discussed,° it is prob- 
able that this state has a spin of 2 and odd parity and 
is analogous to the ground state of K®. Although in 
both K* and K® the odd proton and odd neutron are 
in dy/2 and f72 states, respectively, the spin of K® is 4 
and K*® is 2, It thus appears that, unlike K®”, where the 
total angular momenta of the odd nucleons are anti- 
parallel, the most stable configuration in K® is not the 
antiparallel condition. It is of interest that the next 
lowest-energy gamma ray observed in the (n,y) re- 
action is associated with the 0.80-Mev level, and no 
gamma ray was observed which corresponded to a 
transition to the level at 0.89 Mev. 

We have also observed an intense group of lower 
energy corresponding to a level in K*® at approximately 
2 Mev. Such a level is indicated both by the gamma- 
ray work and by the work of Sailor. This group appears 
to consist of two and possibly three components, but 
no accurate measurements on it have been made; a 
similar structure has been found in recent gamma-ray 
work.’ In Fig. 1, a considerable background is seen 
between the pairs of proton groups. This background 
seems to be mainly due to the gold foil used as a backing 
material. Elastic-scattering measurements show that 
there are appreciable amounts of both copper and 
silver in the gold foil, and such a background has been 
observed from the foil alone. 
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The probability of a given succession of (nonequilibrium) states of a spontaneously fluctuating thermo 
dynamic system is calculated, on the assumption that the macroscopic variables defining a state are Gaussian 
random variables whose average behavior is given by the laws governing irreversible processes. 

This probability can be expressed in terms of the dissipation function; the resulting relation, which is an 
extension of Boltzmann’s principle, shows the statistical significance of the dissipation function. From the 
form of the relation, the principle of least dissipation of energy becomes evident by inspection. 


1. INTRODUCTION 


HE connection between the theory of irreversible 
processes and the spontaneous fluctuations of 
thermodynamic variables of equilibrium systems was 
discussed in two earlier papers by one of us.' There, the 
fluctuation theory was brought in to prove a theorem 
for irreversible processes, the reciprocal relations: the 
symmetry of the matrix of coefficients of the set of 
linear equations relating thermodynamic ‘‘forces” and 
“fluxes.”’ The connection was made by postulating that 
the decay of a system from a given nonequilibrium 
state produced by a spontaneous fluctuation obeys, on 
the average, the (empirical) law for the decay from the 
same state back to equilibrium, when it has been pro- 
duced by a constraint which is then suddenly removed. 
The present paper will establish a further connection 
between the two fields, along the lines suggested in 
Sec. 5 of RRIP I. We add the following to the assump- 
tions made there: that the (fluctuating) thermodynamic 
variables be Gaussian random variables. We are then 
in a position to calculate the probability that a system, 
in undergoing spontaneous thermal fluctuation, passes 
through a given set of thermodynamic states at given 
instants. Two kinds of coefficients will enter this prob- 
ability expression: those (s,;) which give the entropy 
of a given (nonequilibrium) state as a function of the 
chosen set of thermodynamic variables, and those (R;, ;) 
which give the rates of the irreversible processes, i.e., 
the rates of change of the thermodynamic variables of 
state when the state itself is known. 
The argument proceeds somewhat as follows: if we 
are interested in only a single instant, the probability 
of a given state I is given by Boltzmann’s principle, 


k log Prob(f!})=S(l)+ const, (1-1) 


*Much of the work reported in this paper appears in more 
detail in a dissertation by one of us (S.M.), presented to the 
Faculty of the Graduate School of Yale University (1952) in 
partial fulfillment of the requirements for the Ph.D. degree. 

1L. Onsager, ‘Reciprocal Relations in Irreversible Processes,” 
Phys. Rev. 37, 405 (1931); 38, 2265 (1931). Henceforth referred 
to as RRIP [and II. 


which relates the probability of finding the system in 
the state I’ to the entropy of I’. If we are interested in 
two instants widely separated in time, the probability 
of given states at each instant is equal to the product 
of the individual probabilities. A long time lapse 
makes the states statistically independent.? Hence the 
joint probability of the succession is related to the sum 
of the two entropies. But if the time lapse is not long, 
the states will be statistically correlated. It is precisely 
the laws for irreversible behavior which tell us the corre- 
lations, by virtue of the postulate connecting these laws 
with the average course of fluctuations. 

These correlations, together with the means (equi- 
librium values) of the fluctuating variables, are suf- 
ficient to determine the joint probability for two 
instants, by virtue only of the assumption that the 
fluctuations are Gaussian processes. If we have the 
correlations for all pairs of instants, the joint prob- 
ability for any number of instants is determined. 

If the thermodynamic variables are properly chosen 
(see Sec. 2), they also turn out to be Markoffian random 
variables. This means that the statistics of the future of 
the system do not depend on its past but only on its 
present state. The “proper choice” of thermodynamic 
variables actually implies limitations on the type of 
systems for which our treatment is valid. The proof of 
the reciprocal relations (RRIP I and IIL) was based on 
the hypothesis of microscopic reversibility, which we 
retain here. This excludes rotating systems (Coriolis 
forces) and systems with external magnetic fields. The 
assumption of Gaussian random variables is also re- 
strictive: Our system must consist of many “‘suffi- 
ciently” independent particles, and equilibrium must be 
stable at least for times of the order of laboratory 
measuring times. This is also required in order that 


a“ 


2 This statement is, of course, charged with meaning, and re 
quires elaborate precautions about ergodicity, etc. It may be said 
to hold for system which “forget” their initial states in a “reason 
ably” short time. It is, however, precisely the choice of time scale 
that matters. In a sufficiently long time, all physical systems 
“forget.” 
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we can consider our systems as “aged’’—left alone 
long enough to have “forgotten’”’ their initial states. 

The mathematics, then, will involve the treatment of 
stationary Gaussian Markoff processes in a finite 
number of variables, which is by now standard.? What 
we believe to be original, in this domain, is the intro- 
duction of variational expressions of the type of Eq. 
(4-7) into the description of statistical distributions. 
The physics—the theory of thermodynamic fluctua- 
tions, and the theory of irreversible processes—involves 
the concepts dealt with in RRIP (see especially II, pp. 
2265-2274, also the review article by Casimir‘), using 
the methodological foundation for fluctuation theory 
given by Einstein.® 

In RRIP, a dissipation function was defined, a quad- 
ratic form in the “fluxes” which gives the rate of entropy 
production for irreversible processes. The calculation 
of the probability for a preassigned succession of ther- 
modynamic states yields a statistical interpretation of 
the dissipation function.® 

As is well known, distribution in function space can 
not be described by a density, but its projection upon 
any finite number of dimensions can be so described.? 
Accordingly, it makes sense to ask for the probability 
that a function—or a finite set of functions—assume 
values within specified limits at an arbitrarily selected 
finite set of successive instants. We shall arrive at a 
description of the probability distribution for “fluctu- 
ation paths” in terms of an auxiliary functional, such 
that the maximum of this functional, for a given finite 
set of specifications, determines the appropriate prob- 
ability density in a space, whose dimensions correspond 
to the separate specifications of fluctuating functions 
at each selected instant. 


2. IRREVERSIBLE PROCESSES 


The irreversible processes we consider are of the type 
treated in RRIP IT: flows of matter, heat, and electricity 
whose rates are linearly related to the corresponding 
thermodynamic forces —concentration gradients, tem- 
perature gradients emf’'s. The extension to systems with 
chemical reactions and local relaxation effects usually 
involves simply a change of language. We are thinking 


3See, for instance, M. C. Wang and G. E. Uhlenbeck, Revs. 
Modern Phys. 17, 323 (1945) or J. E. Moyal, J. Roy. Statist. Soc. 
B11, 150 (1949), for applications in physics. The recent appearance 
of J. L. Doob, Stochastic Processes (J. Wiley and Sons, New York, 
1953) makes unnecessary further reference to the mathematical 
literature. 

4H. B. G. Casimir, Revs. Modern Phys. 17, 343 (1945). 

6A. Einstein, Ann Physik 33, 1275 (1910), especially Sec. I, 
“General Matters Relating to Boltzmann’s Principle.” 

®In RRIP II, Sec. 5, a statistical interpretation is suggested in 
terms of the joint probability for a pair of instants closely spaced 
in time. An extension of this type of differential expression, using 
Markoff methods (Fokker-Planck equation), has recently been 
made by N. Hashitsume, Progr. Theoret. Phys. 8, 461 (1952). 

7A. N. Kolmogoroff, Foundations of the Theory of Probability 
(Chelsea Publishing Company, New York, 1950), Chap ITI, Sec. 4, 
proves that the set of all finite-dimensional distribution functions 
uniquely determines the probability functions for all Borel sets 
in the infinite-dimensional space. 
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of closed systems, systems displaced from equilibrium 
and then “‘released”’ and allowed to return. But again, 
the extension to open systems (and steady states) is 
purely formal. 

The thermodynamic state of a system will be defined 
by a set of extensive variables a, a2°+-a,, quantities 
like volume, energy, mass of substance, electric charge. 
We choose extensive variables because of the con- 
ceptual difficulties encountered in speaking of fluctua- 
ations of intensive quantities. But defining thermo- 
dynamic variables at all for a system not in equilibrium 
requires some sophistication. The standard device is to 
assume that the system is built up of small sub-systems, 
each considered in “local equilibrium.” This fails far 
from equilibrium and in systems undergoing such slow 
relaxations that the concept of equilibrium itself is hard 
to define.* It should be recalled that the thermodynamic 
functions (e.g., entropy) can be empirically measured 
only for states—or sets of sub-system states—which 
are accessible by reversible manipulations. 

One may formulate rules for choosing @ variables for 
which the theory here developed will be applicable: 

(1) They must be macroscopic variables, i.e., thermo- 
dynamically measurable, and must refer to sub-systems 
containing a large number of molecules. This is always 
necessary for thermodynamics. 

(2) On a kinetic model, they must be algebraic sums 
of molecular variables. Their fluctuations will then have 
Gaussian distributions about the equilibrium values, by 
virtue of a kind of Central Limit Theorem. The rule also 
eliminates pathological variables (e.g., nonadditive 
functions of extensive variables). 

(3) They must be even functions of those molecular 
variables which are odd functions of the time, like 
molecular velocities. This means that a reversal of the 
sense of time will not change their values and is neces- 
sary for the assumption of microscopic reversibility. 

We shall assume that the thermodynamic functions are 
completely determined by specification of the a’s. Rule 
(3) implies that the kinetic energy of the flows is negli- 
gible, since this depends on velocity-type variables. The 
case in which inertia (and hence kinetic energy) is 
important—in which time derivatives of the a’s enter 
into the thermodynamic functions—will be treated in 
a subsequent paper.® 

Thus the entropy is a function of the a’s: 

S=S(ay:+-a,)=S(a). 


Its maximum (equilibrium) value is denoted by So, and 
the a’s will be redefined to vanish for the equilibrium 
state: 

S = S(0, >--0). 


The tendency of the system to seek equilibrium is 
measured by the thermodynamic forces, 
X,=0S/da,, 


(2-1) 


8 P. W. Bridgman, Revs. Modern Phys. 22, 56 (1950). 
9S. Machlup and L. Onsager, following paper [Phys. Rev. 91, 
1512 (1953). 





FLUCTUATIONS AND 
“restoring forces,’ which evidently vanish with the 
a’s,° 

The fluxes (of matter, heat, electricity) are measured 
by the time derivatives of the a’s. The essential physical 
assumption about the irreversible processes is that they 
are linear; i.e., that the fluxes depend linearly on the 
forces that “cause” them: 


DRiaj=X,, (2-2) 


i=1--:- 


LLijX j=, (2-3) 


where the matrices L and R are mutually reciprocal. 
These equations express, for instance, Ohm’s law for 
electrical conduction, Fourier’s law for heat conduc- 
tion, Fick’s law for diffusion, and the extension of these 
laws to interacting flows, e.g., anisotropic conduction 
(heat, electricity), thermoelectric effects, thermal dif- 
fusion. For systems for which microscopic reversibility 
holds (to which this work is confined), we have the 
reciprocal relations 


R,;=R, [R=R,, J, 


where the subscript ‘7 means transpose. 
The rate of production of entropy is 


(2.5) 
(2-6) 


(2-7) 


S=2,(0S/da;)aj;==;X jaj, by Eq. (2-1) 
=, ;Rijaia;, by Eq. (2-2) 
=2,;L:;X:X;, by Eq. (2-3). 


The quadratic form in the fluxes, 


&(da/dt, da/dt) = 32, ;Rjj;aic;, (2-8) 


the dissipation function, acts as a potential for the 
thermodynamic forces. Its specification is therefore 
equivalent to knowledge of the phenomenological equa- 
tions. The corresponding function of the forces, 


W(X, X)=420,Li5XiX;, 


has a similar property, but it should be noticed that it 
is a function of the state, whereas the numerically equal 
&(da/dt, da/dt) is a function of its rate of change. 

If we expand the entropy in a Taylor series about 
equilibrium, we have 


(2-9) 


S=So—}2,;8ia,a;+higher terms. (2-10) 


Neglect of the higher terms means the assumption that 
fluctuations are Gaussian: for Boltzmann’s principle 
states that the logarithm of the probability of a given 
fluctuation is proportional to its entropy, or 


1 
Prob.{ a} « exp(S/k) « exp} — ((32 05.20) | (2-11) 


The thermodynamic forces then become linear restoring 
0 Why this particular definition? It gives Eq. (2-5) the desired 

form: the rate of dissipation is a sum of products of forces and 

fluxes. Note that the X’s are functions of state, i.e., of the a’s. 


IRREVERSIBLE 


PROCESSES 


forces, 
X,= —ZjS;;0;, 


and the phenomenological laws (2-2) become 
Y (Rijaj+5ij0;) =0. 


3. FLUCTUATIONS 
Stochastic Processes 


The deterministic Eqs. (2-2) are modified to include 
fluctuations by the addition of a random force term, 


LR jaj;=Xi+6, (3-1) 
and thereby become stochastic equations. For the 
present, the only specification on the statistics of the 
e’s is that they have zero means. Another way of looking 
at the equations is to call the rhs of (3-1) random forces 
with means X;,. 

We shall be concerned with the path of the a’s in 
time under the “influence”’ of these random forces. Our 
aim is to calculate the probability of “any path.” We 
must, therefore, define a probability measure for paths. 
For simplicity we consider first a single variable a, and 
ask for the probability of a path a(¢) over some finite 
interval of ¢. To obtain a nonzero probability, we have 
to phrase our question: Given a sef of functions over the 
given interval, what is the probability that the spon- 
taneously fluctuating variable @ is given by a function 
of this set during the interval? There is a difficulty in 
specifying the functions: each function is specified by 
an infinite number of coordinates. If we confine our- 
selves to well-behaved functions and a finite interval, 
a denumerable infinity will suffice, e.g., the value of the 
function at all rational points of /, or all the Fourier 
coefficients. But the probability of an event which is 
specified by an infinite number of specifications is 
always zero, unless the set of specifications is “asymp- 
totically trivial.’””’ So we must confine ourselves to 
specifying a finite number of coordinates. 

As far as observation is concerned, this is quite suf- 
ficient. For although we may obtain a ‘continuous 
record” from a recording instrument, corresponding to 
an infinite number of observations, every instrument 
essentially takes a time average over a finite interval, 
which may be short compared to the relaxation times 
of the irreversible process, but is always long compared 
to the mean collision times of the molecules. The essen- 
tial point is that we must be free to choose which coor- 
dinates to specify, i.e., at what instant to perform an 
observation. 

We shall use the following notation: fer p instants 
hi<h:-::<tl, we cumulative distribution 


function (c.d.f.) 


write the 


al? 
) = Prob.{a(t.) <a, R= 1--- p}. 
ly 
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Such functions must be additive set functions satisfying 
the usual consistency relations for c.d.f.’s." 

We define a stationary process as one whose c.d.f. is 
invariant against an arbitrary shift of the time axis: 


a) al? a) a?) 
r,( vee ) r,( ). for any 7. (3-3) 
fy l t + T tot? 


p 


Physically, this describes an aged system, a system that 
has been left alone long enough that any initial condi- 
tions have ‘‘worn off,” or “been forgotten.” In dealing 
with fluctuations, we shall always make this assumption 
of stationarity. This amounts to a strong form of the 
statistical interpretation of equilibrium. Thus we con- 
sider entropy creation as loss of information: a dissi- 
pative system forgets its past. 

Pictorially, a function F, tells the probability that 
the path a(/) lie below the “barriers” a“ + +a? at the 
corresponding instants /,- > -/,. Alternatively, one will ask 
for the probability that the path pass through narrow 
“gates” of width Aa” 


- )' ‘> 


wi Mp l; eo {P 


aa »++Aal?), (3-4) 


where 
Po 
Q= P-L ue. 
k=l 


The function f, is a probability density function (p.d.f.) 
and will henceforth be used with the tacit assumption 
that it exists. 

Any finite number of gates may be erected, specifying 
the path to an arbitrary degree of precision in any finite 
interval. 

The conditional probability function for the (p+ 1)th 
event given the previous p, 


al PTD lq... -qlP 
Ky 
fort | +o by 


= Prob{a(tpy1) =a’?! |a(h) =a" (3-5) 


, k=1---p}, 


is defined by the relation: 


all = a 
bee? boas 
a(l) a\P alPtD |x... 
-{ (p-fold) f F, 
x to+1 ty 


x 


Foy 


x) 
XdF , 
ty 


"See, for example, Harald Cramér, Mathematical Methods of 
Statistics (Princeton University Press, Princeton, 1946). 
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We define a Markoff process as one whose conditional] 
probabilities are independent of all but the immediately 
preceding instant: 


al Pt) Gg a‘? al PT) | glP) 
F, eee =f, | . (3-7) 
bora | ft t tort | bp 


Pp 


Intuitively: the system has a short memory. 
For a Markoff process, Eqs. (3-6) and (3-7) give 


al a‘P fea : 
to ij ) fi ) 
ty t | 
l Pp 


Pp p p 
ye r a 
x fi( 
ly 


: a®™ af } a" 
os Jaf ). (3-8) 
P 2 lo |) ty ty 


For the physical systems considered, the last factor in 
this product, the one-gate p.d.f., is known from the 
entropy function by Boltzmann’s principle, Eq. (2-11). 
Thus, in view of the stationarity, all that is needed for 
the distribution function for an arbitrary number of 
gates is to evaluate the conditional p.d.f., 


a ql 


fi E (3-9) 
t+r\|t 


which is independent of 4: The p-gate problem reduces 
to the two-gate problem. 

All of the above can be extended without modification 
to the case of several variables. 

We shall want to know what form Eqs. (3-1) take 
for a Markoff process. The result is that the random 
force terms ¢; are purely random “functions”; Le., 
values of the ¢, at different times are wholly uncorre- 
lated. 


(e(L)e(t+7))=0, 1rH¥O0. 


Such quantities are, to be sure, mathematical freaks: 
nowhere defined, not even square-integrable, but the 
seeming difficulties arise only from our inappropriate 
choice of differential notation, rather than a more 
rigorous one using finite differences. Only the latter, of 
course, are accessible to physical observation, since 
successive measurements cannot be arbitrarily close in 
time. 

A Gaussian stochastic process is one whose p.d.f. is a 
multivariate Gaussian distribution. We shall make the 
assumption that fluctuations are Gaussian processes. 
The physical basis for this lies in Rule 2 (Sec. 2) for 
choosing the @ variables: if molecular variables are 
“sufficiently” independent (weakly coupled), algebraic 
sums of them will behave as Gaussian random variables. 
Mathematically, on the other hand, we know that a 
Gaussian process will always be a good approximation, 
in the following sense: There is a theorem (Khinchin- 
Cramér theorem™) which states that for every sto- 
chastic (1?) process, there exists a Gaussian process 


2,4. Khinchin, Math. Ann. 109, 604 (1933). 





FLUCTUATIONS AND 
which is unitarily equivalent to it, meaning that all 
first and second moments are equal for the two processes. 


The Regression of Fluctuations 


The postulate on which the proof of the reciprocal 
relations theorem (RRIP II) was based may be stated: 
the average regression of fluctuations from a given 
nonequilibrium state will obey the same laws as the 
corresponding irreversible processes. 

By the average regression of, say a,, from the state 
a’ is meant the conditional mean, 


a ja’ 
(a;, (+7 wt fv fowl ac, (3-10) 
t+r7\ lt 


of a; at time {+7 given that the state @ (the values of 
all the a’s) at time ¢ was a’. The postulate asserts that 
this quantity obeys the phenomenological laws (2-2.) 

Intuitively, this states that, as far as the average 
behavior is concerned, it does not matter whether a 
state was the result of a spontaneous fluctuation or of 
an imposed constraint. It may sound ‘obviously true.” 
Callen and Greene," for instance, do not even dignify it 
by the term postulate. [t is, however, very strong: for 
a Gaussian process, it can be shown to be equivalent to 
the Markoff assumption. We can see this intuitively 
by stating the postulate: the system does not remember 
how it got to the given state. 

The essence of the proof is given by Doob." It is 
easily shown that the average regressions, together with 
the one-gate distribution [known from Boltzmann’s 
principle, Eq. (2-11) ], completely determine the sta- 
tistics of a stationary Gaussian process. We have a 
stationary Gaussian process whose average regressions 
obey a system of linear differential equations of first 
order with constant coefficients (2-13). Then the cova- 
riance matrix A(7r)=(a:,()e(t+7)) has the ‘“trans- 
lation operator’’ property, 


A(7,)A(rs) = A(71 +72), (3-11) 


which is a sufficient condition for the process to be 
Markoffian. 

We now have an answer to the question ““How do 
you know you have taken enough variables (enough 
measurements on the system) for it to be Markofhian?” 
(Example: a two-mesh RC circuit is Markoffian in the 
two mesh charges, but not in any single variable.) If 
we accept the Gaussian assumption and the postulate 
about the average regressions, then the condition that 
the irreversible behavior of the system be given by equa- 
tions of the form (2-2) is sufficient for the Markoff 
property. It is important to realize that this ‘prediction 
property”’ of the phenomenological laws depends on the 
assumption (Sec. 2) that enough a’s have been taken to 
determine the entropy completely. 

9H. B. Callen and R. F 702 (1952) ; 
88, 1387 (1952). 

4 Reference 3, V Sec. 8. 


Greene, Phys. Rev. 86 
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4. GAUSSIAN MARKOFF PROCESS 
Single Variable 


We again consider a single variable a, obeying the 
equation 
Re +-Sa=e€ (4-1) 
(rhs purely random: a is Markofhan). We have for the 
conditional p.d.f.: 


2) Jq™) Ss 
nf )=en t(1—e-*77)-4 
f+rit k 


| Is [ a? —e a) P 
exp) - (4-2) 
| 2k (1-e-*) 
(where y=5/R), as is verified by inspection: it gives 
the right one-gate distribution (2-11, let r+) and 
the right average regression (ae). The normaliza- 
tion factor will henceforth be omitted to save writing. 
This formula, together with Eq. (3-8), constitutes 
the solution to the problem of finding the probability 
of any path. The purpose of this paper is to put the 
formula into a particularly interesting form. 
Let us divide the interval (/, /4+-7) into p small, equal 
sub-intervals, Le., introduce p—1 new gates at instants 
h=t, to=t+Ar, «++, lppi=l+r=l+ par. Then we have 


a Pt) | gf 
(cre) 
boys ty 
al PTY) | (P 
= fe1ytota f ( ) 
bo+t by 


9 


aq) 
x( )jaa -++da'®’, (4-3) 
lo | ty 


This is the Chapman-Kolmogoroff relation,'® valid for 
all Markoff processes. Evidently there is no limit to the 
number (p—1) of gates which are “integrated out.” It 
can be made large enough (Ar small enough) so that 
the stochastic differential equation (4-1) is well approxi- 
mated by the stochastic difference equation 

(4-4) 


a™®) —ja& D = yi), 


where \=1—~yAr and y“) =e(t,):Ar/R. Supposing the 
y’s to have Gaussian distributions with mean zero and 
variance o,7, (4-3) becomes'® 


al Pt lq@) 
Af )e f o--ol 
bo+t ty 
1 
-[ (a'r) — al?) }?+4---- 


20, 


(4-5) 


+ (a —a™)? a --da??, 


5 A. Kolmogoroff, Math. Ann. 104, 415 (1931). 
'6 This is stronger than assuming @ to be a Gaussian process and 
is not necessary for the proof of (4-7). 





1510 ONSAGER 
If the integrations are performed in succession, we 
arrive again at (4-2). We now notice that each inte- 
gration may be replaced by taking the minimum with 
respect to the corresponding variable in the exponent, 
obtaining 


a 


alta 1 
fi ): exp [ (al?!) —alP))r4... 
t 20,7 


bo+t 


+ (a?) —)a™)? Jrnrin, 


with respect to a®, ---a"?); (4-6) 


what has been done is to replace an “average value”’ 
by a ‘‘most probable value.”’ For Gaussian distributions 
these are identical. 

As ? is increased, the sum in the exponent becomes 
an integral. The value of the integral is specified by the 
condition that the integral be a minimum subject to 
given values of a at the end points. Reverting to dif- 
ferential notation, (4-6) becomes 


qlPtl) al 
( | ) 
to+1 | t 
Lif pen 
a exp| (f Ri a(t)+va(0 at) , 
4 k ti min 


to (ptl) 


subject to a(t,) =a +, A(lpi1) =a (4-7) 

The direct verification of this formula-—seeing that 
it gives the correct average regression and one-gate 
p.d.f.—is simpler and more general than the above 
“synthetic” proof. To find the regressions we again 
utilize the identity of means and modes of Gaussian 
distributions. The regression from the value a will 
therefore be given by the condition 


(4-8) 


where the variation is with respect to a®. As the 
integrand in (4-7) is always positive or zero, so is the 
integral. If it can take the value zero, this is its mini- 
mum, But this is possible only if the integrand is 
everywhere zero, i.e., the condition for a minimum is 
atya=0, (4-9) 
which is recognized as the Eq. (2-13) for the average 
regression. As the initial condition a(t;)=a@ also 
agrees, (4-7) gives the correct regression, 
The one-gate distribution is obtained from the condi- 
tional p.d.f. by taking 4;= — © and a“)=0. (The aged 
system certainly was at equilibrium some time long 
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r 0) | | (a ( 
«exp] —- —s(a®)? ]. (2-11 
i lo “tiene ) , k2 


Letting £L(c, @)=RLa—~ya}, the Euler-Lagrange equa- 
tion for an extreme value of the integral is 
ddL dL 
ee 0, 
dt d@ 0a 


(4-10) 


(4-11) 


a—vy’a=0, 


whose solution is a superposition of the functions e~7! 
and e+’, The initial condition at ‘(= — eliminates the 
exponentially falling solution, that at ‘=f, gives a(t) 
=a™e?, and the integral is 


ta 
if Rl a(t)+ya(t) Pdtmin=}s(a)?*, 


—2 
subject to a(— 2)=0, a(t) =a” (4-12) 
as was to be proved. 


Several Variables 


The possibility of linearly transforming the a’s so 
as to diagonalize the two matrices s and R simultane- 
ously, implies that the mathematics is no harder for 
several variables. It can be shown (see dissertation, 
footnote *) that in the diagonal representation the 
random impulse functions e; [Eq. (3-9) ] must be un- 
correlated, so that we are dealing with ” independent 
Markoff processes. The extension of (4-7) to several 
variables will point up the physical significance of the 
integrand £. 

For independent processes, the joint p.d.f. is simply 
the product of the single-variable p.d.f.’s. Thus, in the 
multivariable extension of (4-7), we shall have a sum 
in the exponent. If the integrand is multiplied out, and 
the integration performed on the cross term, 


Rl a(t) +ya(t) P= Ra?+ (1/R)s*a?+ (d/dt)(sa?), (4-13) 


(recall y=s/R), the sum can be written in terms of the 
entropy and dissipation functions. For in the diagonal 
representation, these are sums of squares: 


S=So—42,s,a2 [see (2-10) ], (4-14) 


&(da/dt, da/dt)= LY Ria? [see (2-8) ], (4-15) 


W(X, X)=42,(1/R) X2=432,(1/R;)s 2a? 

[see (2-9) ]. (4-16) 
Then 
rR lai t+ya; P= I (da/ dt, da/dt)+2v(X, X) 


—2(d/dt)S(a@), (4-17) 


and the conditional p.d.f. (4-7) for several variables 
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becomes 


a?) a ay a"! 
("| )=11 4( ) 
ly ty s lo { ty 


f fs 
“a ~ (f [2n(ue dt, da/dt) 
4h 


d 
+2 (X, X)— * s(a)|«) 
dt min 


subject to a(t;)=@", a(t2)=a@. (4-18) 


In this form, the equation is no longer dependent on 
the representation chosen, i.e., it is valid also for inter- 
acting variables. It must be noticed that @ is a function 
of the a@’s, while W, explicitly a function of the X’s, is 
therefore a function of the a’s (of the state). 

The joint two-gate p.d.f. has a similar appealing form 


a’? a”) ala 
fol )=1( | Jala 
ty ly lo | ty 


1 
«exp| {35(ai)+45(0") 
k 


t2 
—} (f [ 2@(da/dt, da/dt)+2v(X, X)ut) | 
th min 


(4-19) 


subject to a(4;)=a@", a(t,)=a™, 


The form also lends itself to the expression of the 
p.d.f. for any number of gates. Using (4-18) in (3-8), 
we simply add the integrals in the exponents. 


a”) 
fof sok 
hy 


tp - 
-1(f [ 26(da/dt, da/dt) +2 (X, x)ut) | 
th min? - 


++, (tp) = a??, 


(4-20) 


a’? 1 
. ) = exp|-[45(a)+ 350) 
ty k 


subject to e(f;))=ea, a(t,)=a®, 


It may be pointed out that the path which makes the 
integrand a minimum has, in general, discontinuous 
derivatives at each gate. The separate two-gate paths 
are just strung end-to-end. 

We can make (4-20) particularly simple by permitting 
integration over an infinite time interval. We assert that 


th 
t f [2 (da/dt, da/dt)+2¥(X, X) Jdtioin 


--® 
= 3$(a"’)+const 


(4-21) 
subject to a(— «)=0=equilibrium, a@(t;)=a". 


This can be checked directly by working it out (say, in 
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diagonal form). But it can also be seen as follows: the 
Euler-Lagrange equations (4-10) for an extremum of 
the integral have double the order of Eqs. (2-13), the 
phenomenological laws. They are evidently satisfied by 
the solutions of (2-13), and by the mirror images of 
these in time (—?¢ replacing #). The former are the 
“average paths,” for which hold Eqs. (2-6) and (2-7). 
But only the “mirror image” solutions can satisfy the 
initial conditions of ‘=— nontrivially. For these 


2@(da/dt, da/dt)+2¥(X,X)=—2S8, (4-22) 


from which (4-21) follows.” From symmetry in past 
and future a similar equation holds for the range of 
integration (/,, ©). If we substitute these into (4-20) 
we obtain 


aq iy ¢" 
inf vies )« exp| - . (f [ 26(da, ‘dt, da/dt) 
ty ly 4 k 2 


+2w(X, X) v") | (4-23) 


subject to a(4))=a", a(f)=a®, +--+, a(t, =a, 


A few disconnected remarks may elucidate the 
physical content of this relation. To form the integrand 
one must know the form of the dissipation function as 
well as of the entropy function; the latter is needed in 
order to give the thermodynamic forces X, as functions 
of the state. The path whose probability it is desired to 
evaluate may be specified as closely as desired, i.e., by 
any number of gates. Accordingly, the auxiliary func- 
tional (4-23) furnishes a complete description of the 
probability distribution functional. Between gates the 
path of integration is in a certain sense the “smoothest” 
path. It is a superposition of decaying and growing 
exponentials, as required by symmetry in past and 
future. 

The theorem which has been proved is seen to be 
analogous to the Boltzmann principle. The latter tells 
the probability of a state in terms of its entropy; this 
theorem tells the probability of a temporal succession of 
states in terms of the entropy and dissipation functions. 


Incomplete Specification in Some Gates 


An important feature of the expression (4-23) is that 
any variable can be “integrated out” simply by mini- 
mizing the exponent with respect to it; i.e., by removing 
the variable from the set of specifications on the 
minimum of the integral. For the p.d.f. is Gaussian in 
all the variables. We can thus invoke the equivalence of 
means and modes and replace integration over one 
variable (averaging with respect to it) by maximization 
of the exponential with respect to it, ie., taking the 
minimum of the integral. Accordingly (4-23) is valid as 


17 This is worked out in II, Sec. 3. 
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it stands whether or not the state is completely specified al 
each instant. It therefore describes the statistics of sets 
of variables which are not necessarily Markoffian, but 
which are sub-sets of Markofiian sets for which the 
coefficients of the entropy and dissipation functions are 


known. 


Principle of Least Dissipation 


The principle of least dissipation (RRIP I), a gener- 
alization of a similar principle in hydrodynamics due to 
Rayleigh,"® can be read by inspection from (4-18) 
Given a state a, we ask for the most probable values of 
the @’s (and thus for the most probable path of the a’s 
in time). Taking f, close to t; (t2—l;=At=small) we 
seek the state @®@ which will maximize the exponent. 
The integral becomes a simple product: 


i d 
26 (da/dt, da/dt)+ 2 (X, X)—2—S(a@) |At= max. 
4k dt ; 


(4-24) 


If we remember that the variation is with respect to 


' Lord Rayleigh (J. W. Strutt), Phil. Mag. 26, 776 (1913). 
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the a@’s only, we have 


S—(da/dt, da/dt) =max. (4-25) 


This variational principle is formally equivalent to the 
phenomenological laws [(2-2), including the reciprocal 
relations (2-4) ]. 


Spectral Description 


It may be useful to recall the connection between 
this work and that of Callen and his co-workers in the 
same field.'® The systems treated are of the same type, 
and the same physical assumptions are made for them. 
But while this paper uses a femporal description of the 
course of fluctuations, these other papers use a spectral 
description. The two descriptions correspond to two 
types of experiment: the temporal to taking successive 
readings at close intervals, obtaining, for instance, a 
trace on a moving tape; the spectral to recording by 
means of a frequency analyzer. Where in the temporal 
description we postulate linear relations between forces 
and fluxes, defined by the dissipation matrix R, the 
spectral description has linear relations between their 
Fourier transforms, defined by an admittance matrix. 


19 Footnote 13. See also H. Takasi, }. Phys. Soc Japan 7, 439 


(1952). 
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The results of the previous paper are extended to second-order systems, i.e., systems with inertia. Using a 
generalized definition of the thermodynamic forces, reciprocal relations for the dissipative coefficients in the 


equations describing irreversible processes are derived. A dissipation function can again be defined, and it 


can again be used to express the probability functional for fluctuations 


1. 8-TYPE VARIABLES 
N the previous paper of the same principal title’ the 
thermodynamic variables treated were limited to 
those satisfying the hypothesis of microscopic reversi- 
bility. The restriction was stated: on a kinetic model, 
the thermodynamic variables must be algebraic sums 
of (a large number of) molecular variables, and must be 
even functions of those molecular variables which are 
odd functions of time (like molecular velocities). Thus 
* Much of the work reported in this paper appears in more detail 
in a dissertation by one of us (S.M.), presented to the Faculty of 
the Graduate School of Yale University (1952) in partial fulfill 
ment of the requirements for the Ph.D. degree. _ 
1L. Onsager and S. Machlup, preceding paper (Phys. Rev. 91, 
1505 (1953). 


a reversal of the sense of time would not change the 
values of these a variables. 

It was assumed that all thermodynamic functions 
(specifically, the entropy .S) were given as functions of 
the a variables, and that the irreversible processes were 
“caused”? by thermodynamic forces X,=0S/da,. If, 
however, the kinetic energy of the various flows (e.g., 
magnetic energy of electric currents) contributes appre- 
ciably to the entropy, other variables must be taken 
into consideration: ‘‘velocity” variables, 1.e., variables 
which would change their sign if the sense of time were 
reversed. Casimir’ calls them 8 variables. He points 


2H. B. G. Casimir, Revs. Modern Phys. 17, 343 (1945). 
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out that for irreversible processes involving both a’s 
and §’s, the principle of microscopic reversibility implies 
that the reciprocal relations have negative signs for the 
coefficients giving cross phenomena between a and 8 
variables. 

The 8 variables, which arise from the inertia of the 
system, can be expressed as time derivatives of'a-type 
variables. The phenomenological laws for irreversible 
processes, which would be a set of first-order differential 
equations in the a and @ variables, can thus be written 
as a set of second-order equations in the a’s. (Example: 
a simple electric circuit containing inductance, capaci- 
tance and resistance can be described by two first-order 
equations in charge and current, or by one second-order 
equation in charge.) 


Phenomenological Laws 


Thus, the entropy is now a function of the a’s and 
the a@’s. Both are now the variables of state. We would 
like to have the phenomenological laws in the form 


(1-1) 


2;R,aj;=6:, t=1---n 


again. We can achieve this by defining the thermo- 
dynamic forces as 


OS dt das 
h=—4 


Oa; dt 0a; 


(1-2) 


The second member of this sum is analogous to a 
d’Alembert force in mechanics; it is the second-order 
term in (1-1). The a’s are still taken to be zero at equi- 
librium; the @’s vanish there by their nature. So—S is 
again a homogeneous quadratic function of all the 
variables of state, but there are no cross terms between 
a’s and a’s. For the entropy must not change with a 
reversal of the sense of time: In the microscopic de- 
scription, the Hamiltonian is an even function of 
molecular momenta. One may, therefore, think of the 
entropy as consisting of a “potential”? and a “kinetic” 
part: 

5D jM jOvce;. (1-3) 


S=So- 


ls 
gai j51jQiQ j— 


(The letter m has been chosen because of the analogy 
to mass.) The phenomenological laws (1-1) become 


LY j(m, ja; +Rijaj;+s;ja;)=0, i=1---n, (1-4) 


or, in matrix notation, 
mat Rat+sa=0. (1-4’) 


[ Henceforth, when appearing without subscript, Greek 
letters a, €, € are vectors, Roman s, m, R, A, B, C are 
matrices. | 


2. LINEAR SECOND-ORDER STOCHASTIC PROCESS 


We shall again postulate that the average regressions 
from a given nonequilibrium state obey the same laws 
as the corresponding irreversible processes, i.e., the 
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phenomenological laws (1-4). This applies here to the 
average regressions of the a’s and the a’s. If we also 
assume that the fluctuations are Gaussian stochastic 
processes, then we arrive, as in I, at the conclusion 
that they are Markoffian—-in the a’s and a’s. Alter- 
natively stated, they are second order stochastic 
processes in the a’s alone. They obey, then, the sto- 
chastic differential equations, 


ma+Ra+sa=e, (2-1) 


with the e’s purely random impulses. We need only 
consider the ” equations (1-4) split up into 2» first-order 
equations in the a’s and @’s; then the proof by Doob 
cited in I, Sec. 3, again becomes applicable. 

To prove reciprocal relations for the R matrix, we 
shall study the second moments and apply microscopic 
reversibility to them. There are four covariance 
matrices, 

A(r)= (allay, (t+7)), 


B(r)= (a(tay,(t+7)), 
B' (1) = (a(t)ay,(t+7)), 
C (1) = (aNd (t+7)). 
{ Matrix notation: /r means franspose. If a is a column 


e.g., Aij(r) = (a, (Na;(t+7)). ] 
These are related as follows: 


B(r)=—B'(r), B(r)=—A(r), Clr)=B(r). 


vector, @, iS arow vector 


(2-3) 
If we multiply 2-1 by a;,(¢—7r) on the right, and take 
averages, we obtain the matrix equation 

m(a?A/d?) t+RA ¢=SA 1 =, (2-4) 
the right-hand side vanishing because, by hypothesis, 
the e’s are uncorrelated with the a’s and a’s. Similarly, 
if we multiply by a:,(¢—7), 


m(2B/dl),+RBi,+sB,,=0. (2-5) 


If we use (2-3), these two sets of n? simultaneous second- 
order equations become two sets of 2n? simultaneous 


first-order equations: 
(2-6) 


(2-7) 
(2-8) 
(2-9) 


Aut+By=0, 
sA«,—mB,,—RB, 

But+C.=0, 
SBy,—mC »,-—RC,,=0, 


The one-gate distribution function of the a’s and 
a’s we know from (1-3) by Boltzmann’s principle. The 
second moments of a Gaussian distribution are given 
by the reciprocal of the matrix defining the quadratic 
form in the p.d.f. (probability density function): 


A(0)=ks“, 
B(0) = B’(0) =0, 


(2-10) 
(2-11) 
(no cross-terms in 1-3) 


C(O) =km"', (2-12) 
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These equations give the initial conditions for (2-6) to 
(2-9). We must be careful about evaluating the co- 
variances at r=Q, since their derivatives need not be 
continuous there. Specifying approach from positive 7, 
and substituting (2-11) and (2-12), we obtain from 
(2-9) a statistical interpretation of the coefficients R,;: 


C,,(0+) = —km™Rm™. (2-13) 


Had we approached r=0 from negative values, we 
would have obtained the opposite sign in this equation. 
The derivatives of the A,;(r), which are discontinuous 
at r=0 in the case without inertia, now vanish there 
when the m matrix is positive definite: inertia 
“smoothes” the correlation between the a’s. 


Reciprocal Relations 
The principle of microscopic reversibility (see RRIP 
Il) requires that the matrix A (r) be symmetric; hence, 
by (2-3), C(r) is symmetric. m, as the matrix of a quad- 
ratic form, is by nature symmetric. Thus, from (2-13) 
follow the reciprocal relations for the R,;: 


R=R,,. (2-14) 
With R symmetric, a dissipation function, 


(a, a) = }a1,Ra, (2-15) 


can again be defined, having all the properties of the 
dissipation function of I. For irreversible processes 
obeying (1-1), the rate of production of entropy is 


S= —L, mi j;050;—Z;Si ja, 
(2-16) 


= —L, (mi jaj+5ija;)a:=Zita; 


= 2(a, @) = 2W(£, £), 
where the function 


W(E, E)= FEAR ME (2-17) 


is also the natural extension of its counterpart in I. 


3. INTEGRAL FORM FOR THE DISTRIBUTION 

The probability of a given succession of states can 
again be expressed in terms of the dissipation function, 
by means of an auxiliary functional defined for “‘fluc- 
tuation paths.” With the convention (1-2), the formula 
is outwardly the same as for the case without inertia, 
but of course the terms now have different meanings. 
The important difference is that a state I is now 
specified by the values of all the a’s and all the a’s. 
If we begin, as in I, with the two-gate conditional p.d.f., 
we shall omit any synthetic proof, and assert that it is 
given by 


ce 1 1 t2 
fn ) “exp{—-- (f [ 2 (a, a) 
te | 4 Ll 4k&\Ju, 


f20(¢, 28d) | ; 


min 


subject to P(4)=P, P()=®. (3-1) 
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The proof will consist in showing that the formula leads 
to the correct (1) average regressions and (2) one-gate 
p.d.f. (probability density function), since these com- 
pletely determine a Gaussian process. Actually, this 
time we must check the average regressions of both 
a’s and &’s. But we can do this in one stroke by verify- 
ing that the equations giving the regressions are indeed 
the set (1-4) and have the same initial conditions. 

In the case without inertia we had the simplification 
that the R and s matrices could be simultaneously 
diagonalized, giving » independent equations for the 
phenomenological laws, and making the entropy and 
dissipation functions sums of squares. Here, the three 
matrices R, s, and m cannot, in general, be brought 
simultaneously to diagonal form, so that all the variables 
must be handled simultaneously. 

From the equality of means and modes for Gaussian 
distributions, the regressions are given by the cendition 
that (3-1) be maximum with respect to '°. Hence, 


t2 
f [ 2(a, a)+2V(£, &) 28 Jdtmin =min, 


th 


(3.2) 


The integrand can be written in such a way as to show 


subject to P(4)=F™, P(t)=T. 


its positive definiteness : 


La, a&, a) =2b(a, &)+2V(E, t)—28 
= (a—R'£) ,,R(a—R') 


= (4+R—'sa+R—lma), R(a-+R-'sa+R-ma). 3) 


Hence the minimum of the integral is zero, which 
value it takes for 


a—R-“t=0, (3-4) 


ma+ Rat sa=(, (3-5) 


which was to be shown. As the initial conditions 
[I'(t,)=P ] also agree, (3-1) is seen to give the right 
regressions, 

The unconditional 
correct if 


one-gate distribution will be 


ta 
f La, ad, a)dlmin=S(C°)+ const. 
a (3-6) 


subject to ['(— ©)=l’=equilibrium, ['(4,)=T’. 
The equations for an extreme value of the integral are 
@o0kL dak IE 
_ + =0, 1=1---n. 


d? da; dt da; da; 


If we use 3-3, these are factorable, i.e., in matrix nota- 
tion, 


(D1+R“'s+ D°R-'m) (D1—R“s—D°R“'m)a=0, (3-8) 


where D=d/di and 1 =unit matrix. 
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The solutions of this equation are superpositions of 
the solutions of the equations obtained from the factors, 


(D1i+R-'s+ D2R-'m)a=0, (3-9) 
(D1—R-s— D°R-'m)a=0. (3-10) 


(3-9) is the operational form of the phenomenological 
equations (1-4), while (3-10) can be obtained from these 
by changing the sign of /. Invoking the initial condition 
I'(— ©)=I, i.e., a=0, d=0 at (= — &, (3-9) can have 
only the trivial (zero) solution, for we see from (2-16), 


S=26(a, a), 


that the entropy cannot decrease when the variables 
obey the phenomenological equations. But the entropy 
already has its maximum value So at ‘= — ©, hence all 
but the trivial solution of (3-9) are excluded. Thus the 
permitted solutions of (3-8) are solutions of (3-10) [the 
mirror images of solutions of (3-9) ]. 

We use (3-10) and form the quadratic form, 


(a—R“sa—R~'ma) ,,R(a—R'sa—R“'ma)=0. (3-11) 


If we multiply it out and recall the definition of the 
thermodynamic force ¢(1-2), we have 


2 (a, &)+2W(E, E)+2S=0, 
whence 


L=26+2W—28= —4S. (3-12) 


Integrating S over time then gives (3-6). We have 


shown that (3-1) leads to the correct average regressions 
and the correct one-gate p.d.f.; it is therefore the correct 
conditional two-gate p.d.f. 

The joint p.d.f. for any number of gates can then be 
found by the same argument as in I. We have 


pa) po...p~@ 
fora ) 
te t, 


1 1 as 
«exp f [26(a, &)+2¥(E, put) , 


min 


(3-13) 


subject to P(4)=P, P(42)=P, «++, P(t,)=P™. 


Since the path (now given by a and &) can be specified 
to any desired degree of precision (any number of 
gates), we have again obtained a probability functional 
for fluctuations, in terms of the dissipation function for 
irreversible processes. 


IRREVERSIBLE 
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The statement made in I, that the formula is still 
valid when the state is incompletely specified in one or 
more gates, is true here as well, and for the same reason: 
the p.d.f. is Gaussian in all the variables, hence integra- 
tion over one variable is equivalent to taking the 
minimum of the integral with respect to that variable. 
Such a statement is, indeed, necessary in order that 
(3-13) have a nontrivial meaning when either the s or 
the m matrix is not positive definite; for in this case the 
system does not really have 2n degrees of freedom. The 
matrices may be, at worst, positive semidefinite, by 
the Second Law. The matrix m will certainly be semi- 
definite when an a@ variable appears in the entropy 
function and the corresponding & does not. In fact, if 
all the m,;; become zero, (3-13) must reduce to the 
formula in I (4-23) when we integrate out all the 
& variables, which indeed we must in order to have non- 
zero probabilities. The s matrix will be semidefinite 
whenever an & variable appears in the entropy function 
and the corresponding a does not. We have two distinct 
types of examples of such systems: for a Brownian par- 
ticle in an infinite (field-free) medium, its position does 
not enter the entropy function, but its velocity does. 
Any nontrivial specification of the position leads to zero 
probability. On the other hand, for an inductive series 
circuit without capacitance, specification of the electric 
charge is quite meaningless, although its rate of change, 
the current, enters the entropy function. 

It may be noticed that the roles of the functions 
(a, &) and W(é, £) in this paper have changed from 
those in I. For the systems without kinetic energy of I, 
the thermodynamic forces Y,;=0S/da; are functions of 
the state I’. Hence V(X, X) is a function of the state, 
while (a, @) depends on its change in time. For the 
systems with kinetic energy considered here, the a@’s 
belong to the description of the state I’. On the other 
hand, the thermodynamic forces £;=0S/da,+ (d/dt) 
X (0S/da;) are not functions of the state alone. Hence 
(a, &) is a function of the state alone, and W(&, &) 
depends on its rate of change in time. 
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The relativistic two-nucleon equation of Salpeter and Bethe is examined in the ladder approximation for 
large binding energy, with an invariant interaction function. The binding energy is considered an adjustable 
parameter and the coupling constant, g?/47, is taken as the eigenvalue of the problem. As a starting point 
for this study, the special case of two equal masses and binding energy equal to the total mass is considered. 
It is found that in this case the equation may be simplified to a remarkable degree. For zero quantum mass, 
a one-dimensionai integral equation in momentum space is obtained, and solved, in closed form. The solu- 
tions can also be displayed in closed form in configuration space. Solutions exist corresponding to this bind 
ing energy for all positive g*. Requiring normalizability on a space-like surface in configuration space elimi- 
nates solutions for sufficiently small g*, but a normalizable continuum remains. Arguments are presented to 
show that this continuum is not due to the choice of binding energy, but is, in fact, characteristic of the in- 
variant equation. It is shown that by introducing a high frequency cutoff into the particle propagators and 
then going to the limit of infinite cutoff, the remaining continuum is reduced to a single physically sensible 


solution. 


we will not consider here the validity of the ladder 
approximation, but only whether it admits solutions if 
no nonrelativistic approximations are made within it. 
We shall therefore not restrict ourselves to small values 


I. INTRODUCTION 


HE relativistic two-nucleon equation of Salpeter 
and Bethe,'! which has been obtained field-theo- 


retically by Gell-Mann and Low,’ represents the first 
completely covariant treatment of bound states in 
quantum field theory. However, the only applications 
which have been possible have been in the semirela- 
tivistic or norirelativistic regions; e.g., the mass correc- 
tions to the hydrogen fine-structure; the spectrum of 
positronium ;! and the partial renormalization of the 
Dancoff equations.® All of these applications have in- 
volved the approximation of the SB equation by intro- 
ducing an instantaneous interaction as the starting 
point of a perturbation or iteration procedure. It is 
therefore of considerable interest to study the properties 
of this equation, and to seek methods of solving it when 
the interaction is treated covariantly. In fact, it has 
not previously been shown that solutions to the SB 
equation exist if no nonrelativistic approximations are 
made; furthermore, it has not been shown that all of 
the relativistic solutions, if they exist, have nonzero 
nonrelativistic limits. 

We shall, in this paper, consider the question of 
existence of solutions, but not the question of existence 
of the nonrelativistic limits. We shall treat the inter- 
action in a Lorentz-invariant fashion, but we approxi- 
mate the equation by restricting ourselves to the so- 
called “ladder” approximation; that is, we retain only 
the first term in the expansion of the interaction in 
powers of g’/4r, the coupling constant. Salpeter and 
Bethe' have given qualitative arguments for the va- 
lidity of this procedure when g’/4m is small; however, 

* Part of this work was performed at Cornell University, and 
forms part of the author’s doctoral thesis. 

1. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951). 
We shall refer to this equation as the SB equation. 

2M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951). 

3 FE. FE. Salpeter, Phys. Rev. 87, 328 (1952). 

4R. Karplus and A. Klein, Phys. Rev. 87, 848 (1952). 

5M. M. Lévy, Phys. Rev. 88, 72 (1952); A. Klein, Phys. Rev. 
89, 1158 (1953). 


of g’/4, but shall imagine that the interaction is exactly 
represented by the first term in its expansion. 

The existence of solutions to the SB equation, in the 
ladder approximation, is demonstrated by exhibiting 
exact solutions for a special case. Treating the binding 
energy as a fixed parameter and the coupling constant 
as the eigenvalue of the problem, we consider the case 
when the binding energy is equal to the total rest mass 
of the two particles. The equation may then be simpli- 
fied to a remarkable degree and solved exactly. It is 
found that solutions exist for all positive values of g’; 
imposing the condition that the solutions be normaliz- 
able on a space-like surface eliminates solutions for 
values of g’ below a certain critical value, but leaves 
a normalizable continuum of solutions belonging to 
values of g’ larger than the critical value. The validity 
of such a requirement is discussed with reference to the 
lack of a direct physical interpretation of the solutions. 

To show that this continuum does not arise from the 
choice =, but rather is due to the high degree of 
singularity of the kernel, the equation is solved also for 
/}=0 and an instantaneous interaction (which reduces 
the degree of singularity). It is shown that a point 
spectrum results. 

It is then shown that the continuum may be reduced 
to a point spectrum in an invariant fashion by intro- 
ducing a high momentum cutoff for the relative mo- 
menta and allowing the cutoff to become arbitrarily 
large. Using this procedure, only one point in the spec- 
trum appears; the solution corresponding to this value 
of the coupling constant satisfies the suggested nor- 
malizability condition. 


® Tt must be noted that this choice of binding energy implies a 
system at rest, with zero rest mass; this can only be considered 
physically if it is interpreted as the limiting case of a nonzero 
rest mass system. 
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SALPETER-BETHE 

In so far as is possible, the notation of reference 1 will 
be used throughout. The time component of the four- 
vector x will be denoted by xo, and is real. Three- 
vectors will be represented in bold-face type; thus, 
x= (%o,x). Natural units (k=c=1) will be used 
throughout. 


II. PROPERTIES OF THE SALPETER-BETHE EQUATION 


In center-of-mass coordinates, the SB equation for 
bound states may be written, in the ladder approxima- 
tion, as 

2ig* 
V (x) =— favse—x (x) W(x’), (1) 


(2r)5 


where V (x) is the interaction function, assumed to de- 
pend only on the proper distance between the particles 
(x?=x9?—x’). For a relativistic Yukawa interaction 
involving quanta of mass x, this function is given by 


V (x*) f ; i! 
ea ae oe —d 
| (2x)? pK 


The quantity I’ in Eq. (1) is a direct product of two 
commuting Dirac matrices, describing the transforma- 
tion properties of the interaction field (ie, '=1, 
VutV un, V5775", V5°v5'vu°v,.°, for scalar, vector, pseudo- 
scalar, and pseudovector neutral fields, respectively). 
The kernel S(x—.x’) is compounded from two Sp func- 
tions ;? it is given by 


; E+ pot Ha(p) E— pot Hi(— p) 
S(x)= f d'pe-i | | | 
(E+ po)? —-W Zit (E— po)? —-W?? 


X BBs, (3) 


where H/,(p) = @*: p+ 6¢m,, W2= p’+m.’, a and 6 refer 
to the two particles (assumed distinguishable), and 2E 
represents the total energy of the system. The Dirac 
matrices labeled a commute with those labeled b; V is 
a 16-component function, the matrix properties of 
which will be discussed in detail below. The coordinate 
x is the relative separation of the particles, and the 
binding energy of the system is given by eg=2E 
—mMa—m». We only consider the case when eg is 
negative. 

The kernel S(x—.’) 
divergent on the relative light cone, (v—.x’)?=0. As has 
been pointed out by Hayashi and Munukata,’ in calcu- 
lating the value of W(x) when x’=0 from Eq. (1) the 
divergence in S(x—x’) will coincide with the 6,-like 
divergence of V(x”). These authors suggest that there 
may be no solutions to the equation as a result of this 


is strongly (quadratically) 


property; while this is not true, as we shall show, it 
7S. Hayashi and H. Munukata, Prog. Theoret. Phys. 7, 481 
(1952). 
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seems likely that the character of the equation may be 
largely determined by this high degree of singularity. 
It should be noted that if an instantaneous interaction 
is used, the coincidence of divergences does not occur. 

It is easily seen that the divergence in S(x) is inde- 
pendent of the value of F, since it arises from large 
momenta; hence, this divergence is unaltered when 
E=0. For this reason, therefore, we shall consider F 
to be a parameter which may equal zero, and shall take 
g’/4m to be the eigenvalue of Eq. (1). Since one expects, 
ultimately, to obtain a relation between F& and g’/41, 
it is clearly of no mathematical importance which of 
these two quantities is taken as the eigenvalue. 

We shall show in the next section that it is possible 
to simplify Eq. (1) to a remarkable degree when E=0. 
As we have mentioned, the problem ceases to have any 
clear physical meaning at this point in the energy scale, 
but it seems reasonable to suppose that the mathe- 
matical nature of the problem is not seriously altered 
by this choice, due to the fact that the singular char- 
acter of the kernel of the equation is independent of EF. 
In the latter part of the paper, we shall attempt to 
determine to what extent the results are affected by 
the choice E=0, and to what extent they may be con- 
sidered characteristic of the general problem. 


III. SOLUTIONS FOR E=0 
Equation (1) may be transformed into momentum 
space, vielding the equation 


(EBat pu u*— Ma) (EB, — puvu— mr) ®' (p) 


1 
= iNT x fas #'(k), (4) 
(p—k)?—«? 


where we have put g’/4r=’. We consider first the 
matrix properties of &’ and the mode of operation of the 
y matrices. 

The function ®’ is a 16-component function having 
the transformation properties of a product of two Dirac 
free-particle spinors. If the components of ’ are ar- 
ranged as the elements of a 4X4 matrix, the rows of 
which are numbered by the particle a index, and the 
columns by the particle 6 index, then the y matrices 
operate as follows :* 

yb’ = 70", a 
(9) 
yshb!=8'y,*, 
where y, is the usual 4X4 Dirac matrix, and y,* is the 
transpose of y,. Ordinary matrix multiplication is im- 
plied. It should be noted that in forming the scalar 
quantity &’*@’, it is necessary to take the trace of the 
matrix product. 


8 LL. de Broglie, Théorie Générale des Particules d Spin (Methode 
de Fusion) (Gauthier-Villars. Paris, 1943). 
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Using this representation of &’, Eq. (4) becomes 
(EB+ pyv.—ma)®’ (p) (EB - puvut—mb) 
d‘k 
= i\'9 f- —pb'(k)p*, (6) 
(p—k)?— x? 


where we have made use of the fact that I’ can, in 
general, be represented as pap» with p defined according 
to the transformation properties of the interaction. 
The charge conjugate matrix A = 173 has the follow- 
ing property: 
Ay,+=7,A. (7) 
Hence, if we define =’, it is seen that ® satisfies 


(EB+ puvu— mMa)P(p) (EB— puyyu— mr) 


d'k 
= 1d’ f - pb(k)p, (8) 
J (p—k)*?—x* 
and, with H=0, 


(PuV¥u— Ma)P(p) (puvut ms) 


d'k 
iN’ ‘f pb(k)p. (9) 
(p—k)?—K? 


We now put m,=m,, and assume ®& to be proportional 
to the unit matrix. We obtain® 


d'k 
(p’—m’*)(p) = —idw f P(k), 
(p—k)?—k? 


(10) 


where \=)’p"(p’=1 for scalar and pseudoscalar inter- 
action, 4 for vector and pseudovector interaction). It 
is further seen that we may seek a solution to Eq. (10) 
which is a function of the single variable p*. Such a solu- 
tion, then, is a scalar under all Lorentz transformations 


p, and must correspond to a 'S state 
10 


including p> 
of the system. 

Equation (10) may be solved exactly when x=0; 
hence we make this final step, and consider the inter- 
action to take place by means of massless quanta. As 
we will show, no essential generality is lost by this step. 
For this case, the kernel of Eq. (10) is the Green’s 
function for the d’Alembertian operator in momentum 
space; thus, Eq. (10) can be converted into a differen- 
tial equation in momentum space, directly. 

It is desirable, however, to obtain this differential 
equation somewhat differently; for the less direct 
method will serve also to replace Eq. (10) by a one- 
dimensional integral equation. We assume that the 
function (p*) may be written (the justification for 

® Equation (10) has been studied by Dr. S. F. Edwards [Phys. 
Rev. 90, 284 (1953) ] to whom the author is grateful for several 
useful discussions. 


© Since no principal quantum member appears in the problem, 
it is not certain that ©(p*) describes the only 'S state. 
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this assumption will be provided below) : 


(p= ff dndye(, y) (p?—a+y+ie), (11) 
T 


where ¢ is a positive infinitesimal constant, and the 
integration is over some region T in the xy plane. Sub- 
stituting this expression into Eq. (10), with x=0, and 
expressing all momenta and masses in units of m, we 
obtain, with s= p’, and suppressing the ie, 


s(s— 1) ff andre, y) (s—x+y)? 
T 


(x—y—5) 
=n ff adyg(, y) In-—-———, 
7 gly 


after the four-dimensional integration is carried out. 
When the logarithm in Eq. (12) is expressed as a double 
integral, we obtain 


s(o—1) ff asdye(, y)(s—x'+y)? 
r 
zs faf af fac. y)dxdy(t—x"'+y)~, 
0 2 af 
or 


(12) 


(13a) 


(13b) 


s(s—1)8) =a f def dt®(t). 
0 z 


Rearranging the order of integration, we obtain 


s(s—1)(s) =f re(nattas f P(t)dl. (14) 


0 s 


The kernel of this integral equation is just the Green’s 
function for d?/ds*; hence, the differential equation 
mentioned above is 


—[s(s— 1)(s) ]+Ab(s) =0. 


ds 


(15) 


We may now replace #(¢) under the integrals in Eq. 
(14) by a second derivative; integration by parts then 
removes the integrals and yields the boundary condi- 
tions auxiliary to Eq. (15). These conditions are 

(16a) 


(16b) 


lim{s[_s(s— 1)(s) |/+sb(s)} =0, 
lim[s(s— 1)(s) ]'=0. 


Equation (15) is recognizable as the hypergeometric 
equation; a solution satisfying conditions (16) is 
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given by! 


1 
&(s)= fe -p--[stielna (17a) 


0 
= B(a, 2—a)F (1+a, 2—a; 2; st+ie), 


lstiel<1  (17b) 


lr (1+a)P (2a—1) 
=-{— (—s—ie)-*" 
a I'(a—1) 
x F(1+a, a; 2a; [s+ie}') 
lr (2—a)T' (1—2a) 
I'(—a 
XF(2—a, 1—a; 2—2a; [s+ie}') 


9 


(—s—ie)*” 


Istie|>1, (17c) 


where B(m, n) is the beta function, '(m) the gamma 
function, F the hypergeometric function, and a@ is 
related to X by a(1—a)=X. It is sufficient to restrict 
Re(a)<} to obtain all the solutions. 

In son to show that #(s), as defined by Eqs. (17), 
actually satisfies Eq. (10) with x= 0, it is only necessary 
to show that this function may be expressed in the 
form (11). Using the formula, 


(xtie)-"=[ B(m, my f y™" (xt+ytie)™ "dy, 
0 
(m,n>0), 


(18) 


valid for all real x, which may be obtained from the 
definition of the beta function,” and putting m=a, 
n=2—a, we obtain from Eq. (17a): 


(—1) a2 
a i “iy f ay Ipa-2(] —4)-@ 
B(a, 2—a) 


X (s+y—t'+ ie), 


?(s)= 
(19) 


which is of the required form. 

Since all solutions of Eq. (10) must satisfy Eq. (15), 
any solutions not of the form (19) must also be hyper- 
geometric functions. If we use well-known integral 
representations, the most general solution to Eq. (15) 
may be written down; with the help of formula (18), 
it is possible to show that no other solutions to Eq. 
(10) exist. 

We have shown, therefore, that the SB equation has 
solutions belonging to = 0 for all positive values of the 
coupling constant; thus, for any coupling constant, the 
point E=0 is apparently contained in the 'S energy 
spectrum, with no constants of the motion to prevent 
the system from falling into this state. This, of course, 
contradicts the physical fact that the lowest ‘8 state 

uE.T.W hittaker and G. N. Watson, Modern Analysis (Cam- 
bridge University Press, Cambridge, 1950). 


2 The author is grateful to Dr. N. Austern and Dr. S. Butler 
for bringing this useful device to his attention. 
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of positronium lies far above E=0, and it contradicts 
the results of the nonrelativistic limit of the SB equa- 
tion obtained by Salpeter.® 

It therefore appears that additional regularity con- 
ditions must be imposed on the solutions in order to 
select the physically significant ones. Such conditions 
can only ve obtained from the connection of the solu- 
tions to the laws of conservation of charge and energy, 
since it is only from this connection that the full 
physical meaning of the solutions can be understood. 
Unfortunately, this connection has not yet been ob 
tained for the relativistic two-body problem. In the 
next section we consider imposing the requirement of 
space-like normalizability on the solutions, but since 
the interpretation of #(p*) is incomplete, it must be 
recognized that there is no real reason to expect this 
requirement to be sufficient. 

We shall find, in fact, that requiring ® to be normaliz- 
able as a probability amplitude does exclude values of 
\ below a certain critical value, but leaves a normaliz- 
able continuum of solutions belonging to values of A 
above this critical value. 

IV. NORMALIZATION OF THE WAVE FUNCTION 

The integrals which arise in carrying out the nor- 
malization of the wave function are more easily per- 
formed in configuration space. Furthermore, the func- 
tions themselves are perhaps more easily understood 
in this space, and for this reason, we shall first obtain 
the Fourier transform of the function defined by Eqs. 
(17). 

It is very difficult to obtain these transforms directly, 


and an easier method exists. If we use the relation,” 


f cP (p— m+ ie) 2d p= Hy? (mR), (20) 


where //)’ is the Hankel function of zero order, 
second kind, and where R= (x?—ie)! (positive real if 
x*>0, negative imaginary if x°<0) we may establish 
the behavior of the Fourier transform of Eq. (19) for 
very large imaginary R; that is, Fourier transform of 
#(s) decreases exponentially in the space-like region. 
This, of course, is a condition we should have to impose 
in any event on a bound state solution, but it is im- 
portant to note that the condition is actually satisfied 
by the solution ®(s). 

The Fourier transform, V(x), of ®(p) satisfies the 
following differential equation, which is obtained by 
transforming Eq. (9). We exhibit the equation for x#0 
to establish the role played by the quantum rest mass. 


O-> O« 
(- 1Y.—- m )¥( —1V 4 +m) 
OX y OX, 


2idmK 


= —-———]], (xR)p¥(x)p, (21) 
R 


48 J. Schwinger, Phys. Rev. 76, 790 (1949). 
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where the arrows imply that the differential operators 
operate from the left. For xR&1 the interaction term 
reduces to 4AR~*; hence it is clear that « only affects 
the solutions at distances large compared to x~!. The 
behavior of the solutions near R= 0 is therefore inde- 
pendent of x. 

Putting x=0, and taking W to be a scalar function 
of R, we obtain 


rr o0¢ 4d 

( 20 nell )wcr)=0, (22) 
dR? RdR a 

where we have again expressed all instances in units 

of m~'. This equation is solved by " 


V(R)=R"Z,,(R), (23) 


where Z,, is any Bessel function, and where n= (1—4))! 
=1—2a. The condition that ¥(R) must be exponen- 
tially encreasing in the space-like region implies that 


W(R)=R'H,® (R) (24) 


be the unique solutions. 

It should be noted that the behavior of ¥(R) for 
very large |R{| is virtually independent of n, apart 
from a phase factor. All of the solutions decay ex- 
ponentially in the space-like region, and oscillate with 
amplitude in the time-like region. 
0, ¥(R) depends quite strongly on 
n; the behavior is like R-“*+” for n#0, and like 
RnR for n=0. For n imaginary (A>}), ¥(R) oscil- 
lates with infinite amplitude and frequency at R=0. 

The wave function ¥ is defined from field theory as 
the matrix element of two annihilation operators; as 
such, it is tentatively suggested that VW have the in- 
terpretation of probability amplitude whenever the 
two measurements which are involved commute. This 
is equivalent to the suggestion that the quantity 


slowly decreasing 
However, near R 


N= fvro, r)¥ (0, r)d'r (25) 


should represent the normalization of the wave func- 


tion on the surface ¢=0, since on this surface the two 


measurements never interfere.'® 

The integral (25) is performed in Appendix A. The 
result is finite for n<}, corresponding to A> 4°; on 
the basis of this normalization condition, then, we are 


“FE. Jahnke and F. Emde, Tables of Functions (Dover Publica- 
tions, New York, 1945). One may reasonably ask why, when Eq. 
(22) is so easily solved, the momentum-space treatment is at all 
necessary. The answer lies in the lack of a definitive set of bound- 
ary conditions [such as Eqs. (16)], which are extremely difficult 
to obtain in coordinate space. 

'6Tt is tacitly assumed in the field-theoretic derivation of the 
SB equation (reference 2) that the quantity N is finite. However, 
it has not been shown that this assumption is essential to the 
derivation. It is also to be noted that although N is defined by 
Eq. (25) in a noncovariant way, the result of normalizing over 
any arbitrary space-like surface can be shown to be finite if NV 
is finite, and infinite otherwise 
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led to reject all solutions corresponding to A smaller 
than this quantity as being nonphysical. This is equiva- 
lent to the statement that if the coupling is sufficiently 
weak, it is not possible to obtain a binding this strong 
without the collapse of the system. 

In this connection, a characteristic radius of the state 
may also be calculated; we define this quantity by 


=v f-vr, r)|r|W(0, r)d’r. (26) 


The integral is also carried out in Appendix A, the re- 
sult being 


(r)=4nr cot(nr), n<3; 


(27) 
=, 1>n>}. 

Thus, the requirement of normalizability does not 
suffice to reduce the continuous spectrum completely. 
We shall first examine the source of this difficulty in 
the next section; subsequently, we shall consider a 
procedure which does have the effect of reducing the 
continuum, 


V. SOURCE OF THE CONTINUUM 


We have shown that for the special case /=0, the 
SB equation has solutions, in the ladder approximation, 
for all values of the coupling constant. Considerations 
of normalizability do not suffice to reduce this con- 
tinuum to a point spectrum, and in any case, such con- 
siderations are on an unsure basis, due to the lack of 
physical interpretation for the solutions. It is therefore 
of some importance to attempt to isolate the mathe- 
matical properties of the SB equation which are re- 
sponsible for this continuum; that is, we shall attempt 
to find out to what extent the continuum results from 
the choice =0, and to what extent it results from the 
high singularity of the kernel of the equation. 

It has been suggested that the nature of the spectrum 
may be largely determined by the fact that, in coordi- 
nate space, the singularity of the interaction on the 
relative light cone may coincide with the singularity 
in the function S(«—.x’), defined by Eq. (3). If this is 
so, the nature of the spectrum should be altered if the 
interaction is taken to be instantaneous, for in that 
case, the two singularities can never coincide. We are 
therefore led to examine the equation [see Eq. (10) ]: 


W(k®, ko), (28) 


d‘k 
( 2 — mm?) ( p?, po) = —1t\r ‘f- 
P (p—k)? 


the solution of which describes a 'S state of a system 
for which £=0 and the interaction is of the instantane- 
ous Coulomb type. If we define a new function, 


? 


f v( Pp’, po)d po, 


o) 


(29) 
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we obtain at once the following three-dimensional 
equation 


- d ( 1 
v(p?)=—ide ‘f om foe 
ope’ — p’—m’ (p—k)* 
An 


1 
=——_— | #k- v(k?). 
rere (p—k)’ 


This equation may be solved by a method suggested 
by the work of Rubinowicz;'® the solution is obtained 
in Appendix B. It is shown there that the only solution 
of Eq. (30) corresponds to 4rA\=1; that solution is 
given by 


¥(p*) =[(p?-t-m?)!— m }/[ p?(p?+ m?) }. 


This example serves to demonstrate that it is ex- 
tremely plausible to suppose that the continuum actu- 
ally does arise from the coincidence of the two singu- 
larities in question; and if this is the case, it may be 
expected that the continuum will arise for any value 
of £, as long as no noncovariant approximations are 


¥ (k’) 


(30) 


(31) 


made. 

In the next section we shall examine the effect on the 
spectrum of reducing the singularity of the function 
S(x) in a covariant way. We shall find that this pro- 
cedure enables us to reduce the continuous spectrum 
to a single physically acceptable solution. 


VI. REDUCTION OF THE CONTINUUM 


The program to be carried out in this section is the 
following. We will introduce a factor into Eq. (1) which 
cuts off the contribution of momenta large compared to 
some cutoff parameter, say 2. We will then solve the 
problem for /=x=0 again, and afterwards allow Q to 
become arbitrarily large. We will then examine the 
resulting spectrum. 

If we introduce an invariant cutoff factor, C(p’ 
into Eq. (1), this factor will appear in the integrand of 
Eq. (3), and multiplying the integral on the right 
hand side of Eq. (4), and finally, it will appear in Eq. 
(14) as follows: 


2) 


’ 


s(s—1)b"(s) 


=rc(s—9)| f maar f oat} (32) 


& 


The superscript on the function &® is used to indicate 
that &* differs from ® in that the former depends on &. 
We require of the function C(s—Q) that it have the 
property 
C(s—Q)=1, 


C(s—Q)=0, 


(33) 


In order to construct a problem which may be solved, 
we shall take C(s—@) to be a step function. It seems 
likely that the form of the cutoff should be unimportant 


16 A. Rubinowicz, Prace Mat.-Fiz. 47, 41 (1949). 
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in the limit, and the results do not appear to depend 
on the sharpness of the cutoff, provided it is sufficiently 
sharp. Consequently, we write for C(s—): 
1, s<Q; , 
C(s—2)=0(Q—s)= (34) 
0, 


s>Q. 


Consider now the function &(s) which is defined as 
the solution of 


8 Q 
s(s—1)e(9)=a f re(attas f E(t)dt, s<Q; 


(35) 
2 


= f t&(t)dt, 


It is clear that b*(s) is related to &(s) by 


2 (5) =A(Q—s)E(s), (36) 
and therefore we need only solve Eq. (35). 

The function £(s) satisfies the differential equation 
(15) for s<Q, but the boundary condition (16b) now 
applies at s=@ rather than at s= «. Thus, &(s) must 
satisfy 
(37) 


4 ) >- = 
£(Q)/E(Q) (22— 1) /Q(Q—1), 


as the new boundary condition. Furthermore, for s<Q, 


£(s)=(s) as detined by Eqs. (17); and if 2>>1, we have 


1; (1+a)P (2a—1) 
E(Q)= (—2)-*" 
a I'(a—1) 
I'(2—a)I' (1— 2a) 


+ 
I'(—a) 


Q)*-? 


1 
=-{Ci(a)Q-27 1+ C2 (a)Q?}. 


a 


(38) 


The definitions of Ci(@) and C2(a) are apparent. The 
condition (37) then makes @ a function of Q, as follows 
(for Q>1): 


9 


(a+ 1)C\(a@)Q-* 3 — (a— 2)C 2(a)Q* 
: (39) 


Cy (a@)2Q-2@I+-Co(a)Qe? 


I’ (2a) a 


== (ee 1 


a —1 


(40) 
( o(a) 


The only solution of this equation which is independent 
of 2 is a=}; hence we conclude that the only solution 
which is insensitive to the cut-off procedure is the one 
forA\=},ie., the least divergent (in configuration space, 
on the relative light cone) of all the solutions. 


VII. CONCLUSIONS 


We may summarize this work as follows. The SB 
equation has been considered in the ladder approxima 


tion for a relativistic Coulomb interaction, with the 
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following results. Exact solutions have been found 
corresponding to the binding energy equal to the total 
mass, (:=0), for all positive values of the coupling 
constant. It is suggested that the existence of a con- 
tinuous spectrum in the coupling constant is due to the 
possibility of coincidence of the singularities of the 
interaction and the particle propagators; to make this 
suggestion plausible, the SB equation is also considered 
for /=0 with an instantaneous interaction, which re- 
moves the possibility of coincidence of the singularities. 
It is shown that a single-point spectrum results. 

It is further shown that if the singularity of the par- 
ticle propagators is reduced by the introduction of an 
invariant high momentum cutoff, a single-point spec- 
trum results even with the relativistic Coulomb inter- 
action; this spectrum does not approach a continuum 
in the limit as the cut-off parameter becomes infinite. 

Finally, it is shown that the requirement that the 
solutions be normalizable on a space-like surface does 
not suffice to reduce the continuum to a point spectrum ; 
but the solution remaining after the cut-off procedure 
is carried out is normalizable on a space-like surface. 

It has not been conclusively shown, of course, that 
if Eq. (1) were solved for />0, a continuous spectrum 
in A would result; however, the evidence does seem to 
suggest that the character of the spectrum is deter- 
mined by the high degree of singularity of the kernel 
of the equation, and these singularities are independent 
of E. 

This result is of immediate importance if variational 
procedures are to be used to determine the energy spec- 
trum. For example, we have shown that any analysis 
which is designed to obtain the lowest-lying 1S energy 
level will give //=0 as the result, unless extra condi- 
tions are imposed which are not already contained in 
the SB equation. Such a condition has been suggested 
in this paper; namely, that the solution must be 
“Stable” under the cut-off procedure. It is admittedly 
very unsatisfactory to introduce such an ad hoc pro- 
cedure into the problem; but the fact that this pro- 
cedure selects the solution which is least divergent on 
the light cone suggests, perhaps, that the procedure 
might be replaced by an additional boundary condition 
on the light cone. However, any such condition must 
come directly from the theory when the complete 
physical interpretation of the solutions is available from 
the conservation laws. 

An attempt has been made, which is not reported 
here, to obtain approximate solutions for small £ 
(large binding energy) using the solutions for E=0 as 
the starting point of an iteration or perturbation pro- 
cedure. These methods yield expansions of the wave 
function in powers of /; but if one may draw an analogy 
to the Dirac one-particle equation for the hydrogen 
atom [Eq. (30) suggests that such an analogy may be 
useful], an expansion of the wave function in powers 
of E will not be valid near the light cone. Since the 
eigenvalue problem seems to depend critically on the 


GOLDSTEIN 


behavior at small proper distances, it seems plausible 
to suppose that any method yielding an expansion in 
powers of £ will not be useful in obtaining the spectrum. 

The equations describing higher angular momentum 
states for K=O may be obtained from Eq. (9) as fol- 
lows. Since Eq. (9) is invariant under Lorentz trans- 
formations, one must seek solutions also having that 
property; thus, one may require that the 4X4 matrix 
#(p) transform like a scalar, pseudoscalar, vector, etc., 
corresponding to 4S, *Po, 4S, etc. 

I should like to thank Professor E. E. Salpeter for 
many valuable discussions, and Dr. S. F. Edwards for 
suggestions which proved extremely helpful. I am 
grateful to Professor J. R. Oppenheimer and to the 
faculty of the Institute for Advanced Study for their 
suggestions and kind hospitality. 


APPENDIX 


A. Normalization Integrals 


We wish to calculate the integral defined by Eq. 
(25), which is 


v= for *H, (ir)H,© (—19) 


(Al) 


16 7” 
f K n(rdr. 
To 


This integration may be performed with the help of 
the following integral representation :'‘ 


1 t dx 
K,?(r)= f exp + + ) A .(/2)—. (Az) 
) 0 - 2 


x x 
Let w=r?/x, and insert (A2) into (A1): 


8 7% du a 
N= J e “Ka(u) f dre~”? 2 
rv) u 0 
32\! 7” 
-( ) | u-tdue“K ,,(u). 
us 0 


We now make use of the following integral representa- 
tion for A,(u): 


x 


(A3) 


L 


we : wf e~“ evsht(sinht)?"dt, (A4) 
‘(n+ 45)2" 0 


r 
K,(u)= 


which gives 


8 oa) 2 
N= f ar(sinht)* | u” 
2441 (n+ 4) 0 0 


e€ u (1+ex shoddy, 


ee (AS) 


17G. N. Watson, Bessel Functions (Macmillan and Company, 
New York, 1944). 
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The inner integral may be found in tables of Laplace 
transforms ;'* the result is 


8 oo 
V=—— jf dl 
nth 0 
The transformation cosht=2x+1 transforms this in- 
tegral into the standard beta-function integral, giving 


(sinht)?" 


ma, (A6) 
(1+ cosht)"*! 


ort 4dr 
v=4f ——-= 41 (§-+n)l (}-—n)=———._ (A7) 
1 
0 


x+ cosnT 


The integral is clearly finite only if Re(m) <}. 
The integral for the radius of the state may also be 
performed. It is defined by 


(r)=N + fart. (ir)rH,° (—ir) 


ax 


4 cosur 
= | rdrK ,?(r). (A8) 
0 


r 


Using the integral representation of Eq. (A2), we obtain 


2 cosnr 7” du “ 
(r)= f e Kalw) f rdr exp(—?r*/2u) 
0 


: u 0 


(A9) 


2 cosur pf” 
a f due~“K ,(u). 
0 


r: 


This integral is also to be found in tables of Laplace 
transforms. The result is 


(A10) 


(r)= (4n/m) cot (nr). 


B. Solution for Instantaneous Interaction 


The equation which is to be solved [Eq. (30) of the 
text } is 


(p?+ m?) hp (p?) =Ar fae y(k’). (B1) 
) 


(p—k 


We use a method suggested by Rubinowicz’ momentum- 
space treatment of the Dirac equation for the hydrogen 
atom.'® Carrying out the integration over angles in 
Eq. (1), we obtain (with m= 1) 


% ' ds 
+p yw(p)=> f ae) f 


op st—x 


i] 


=2 | dkp(k)O()), —— (B2) 
-* 


where t= (p?+k*)/2pk, and where we have written p 
for |p|. Qo is the zero-order Legendre function of the 

18 W. Magnus and F. Oberhettinger, Special Functions of Mathe 
matical Physics (Chelsea Publishing Company, New York, 1949). 
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second kind. We use the following integral representa- 
tion of that function: 


9 


p+ kb 20 
asf = —) =n(ph)'f Jy (sp)J,(sk)ds, (B3) 
p 0 


which gives 
(1+ p*)'W(p) = 2p if Jy(sp)ds 
f kidkJ;(sk)y(k). (B4) 


We then assume that ¥(p) may be written 


V(p)=p f f(x) Jy (px)xdx, (BS) 


which is equivalent to assuming that ¥(p) has a Fourier 
transform. If we insert (B5) into (B4), we obtain 


tp) f fla)Jy(px)ude= 2a f Jy(sp)ds 
0 ° 


x f kdkJ (sk) f f(x)Jy(kx)adx. (BO) 


Because of the Hankel inversion theorem, we may write 


» 


f kIy(sk dk f xf (x)Jy(xk)dx= f(s), (B7) 


0 


which vields 
tp) f xf (x)J;y(px)dx= 2a f S(x)Jy(px)dx. (B8) 
0 0 


We now make use of the following two integral for- 
mulas:'§ 


n 


f eS; (pt)dt=[ (1+ p*)'—1 Jip (1+ py}, 


0 


. dl 
J € ‘Ti (pb) = 
0 l 


which enables us to write 


eT dt sa 
(1+ p*)'= f eS; (pt) /f e-'J;(pi)dt, (B10) 
2. l 0 


0 


(B9) 


2 (1+ p?)!—1 }ip-, 


or 


- dt , 
f e ‘J; (pt) J Jy (xp)xf(x)dx 
i t 0 


) 
x 


im f e (pdt f Jy (xp) f(x)dx. 


(B11) 
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Multiply both sides of kg. (B11) by pdp and integrate 
over p, 


x 


dt se 0 
f adie f pdpss(po J af (x) Jy (px)dx 
0 t 0 0 


ina f € af pap sip) f S(x)Jy(px)dx. (B12) 
0 0 0 


If we use the Hankel inversion formula once more, we 


dl 
f(t) ina f 


0 


obtain 
a 


dt 
a JO: 


PHYSICAL REVIEW VOLI 


ME 91, NUMBER 6 


GOLDSTEIN 


or 


4rd = 1. (B13) 


This solution is evidently given by 


V(p)=p if e ‘dt J; (pt) 


=([(1+p*)'—1 ]ip"(1+ p*) 4, (B14) 
and apart from possible degenerate solutions also be- 
longing to 4rA= 1, is the only solution having a Fourier 


transform. 
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The Fredholm Theory of the S Matrix 


J. Hamitron 
Christ’s College, Cambridge, England 
(Received May 26, 1953) 


The equation for the interaction representation transformation operator is put into integral form and 


the Fredholm theory of integral equations is used to give an explicit expression for the solution 


No extension 


of the circle of convergence of the S matrix seems possible in the general case 


INTRODUCTION 


HE Fredholm theory of linear integral equations 
has recently been used by Salam and Matthews! 
to study the convergence of the S-matrix expansion for 
the scattering of an electron in an external time 
dependant electromagnetic field. The Fredholm solution 
is expressed as the ratio of two infinite series, both of 
which have an infinite radius of convergence in terms 
of the coupling constant, provided that the square of 
the kernel of the equation is integrable. Salam and 
Matthews deduce that in general the iterative expansion 
of the S matrix is convergent, when the quantum 
fluctuations of the electromagnetic field are ignored. 
The Fredholm solution of an integral equation (with 
a suitably bounded kernel) is identical with the iterative 
solution in the region in which the latter converges, and 
if the iterative solution has a finite radius of convergence 
the Fredholm method gives a continuation of the 
solution outside this radius of convergence. It seems 
reasonable to enquire to what extent the Fredholm 
method can be used to extend the convergence of the 
S matrix when both the electron and the photon fields 
are quantized and no external electromagnetic field is 
present. In view of the good reasons for believing that 


1A. Salam and P. T. Matthews, Phys. Rev. 90, 690 (1953). 
The author is grateful for being able to see the typescript of this 
paper. 


the iterative solution has zero radius of convergence in 
terms of the coupling constant,? any extension would be 
of considerable value. 

It is necessary to write the equation giving the 
interaction representation transformation operator S (0) 
in integral form, and to apply the Fredholm method to 
this equation. As the integral equation has a g-number 
kernel it is immediately obvious that the usual theory 
of the convergence of the Fredholm solution® need not 
be valid. However, it is possible to give an explicit 
expression for the Fredholm solution. This expression 
shows that the integral equation method actually has 
no advantage in the general S-matrix case; and it is 
easy to see that this fact is closely related to the unitary 
character of the matrix S(/). It seems to be impossible 
to derive any benefit from using the integral-equation 
method once the quantum fluctuations of the electro- 
magnetic field are included. 


THE INTEGRAL EQUATION 
The operator S(/) satisfies the differential equation 
thdS (t)/dt=AH ROS (0), 


*F. J. Dyson, Phys. Rev. 85, 631 (1952); C. A. Hurst, Proc. 
Cambridge Phil. Soc. 48, 625 (1952); W. Thirring, Helv. Phys. 
Acta 26, 33 (1953); A. Petermann, Arch. Sci. 6, 5 (1953). 

3E. T. Whittaker and G. N. Watson, Modern Analysis (Cam 
bridge University Press, Cambridge, 1940), 4th edition, Chap. XI. 
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where A/T z(t) is the spatial integral of the interaction 
Hamiltonian (expressed in interaction representation 
variables), and d is the coupling constant. This equation 
can be written 


t 


i 
so=s(-1—f ATr(t)S (dt, (-T<t<T), (1) 
1 T 


and after integration the limit 7x, S(—T)—T will 
be imposed. Dividing up the time interval (—7, T) 
into intervals (—7T, —7+6), (—7+6, —7T+28), 
-++(T—6, T) where 6/T is small, Eq. (1) can be written 


(—T+6) (—T+25) 


In the above the time variables have been labeled 


while the subsets consisting of the free-particle variables 
have not been indicated. The square block of terms at 
the intersection of the (—7+ré6) rows and columns 
form the matrix 


1+ (1/h)\6H p(— T +4), 


while blocks of terms (i/#)A6/7 p(— T+56), (s<r) lie to 
the left of it, and blocks of zeros lie to the right. 
It follows that 


D(d) = det I+ (1/h) 6H p(— T+5) } 
xX det 7+ (/h)A6H n(— T+ 26) |: +: 
X detL I+ (i/h) MH R(T) | 
= det {{ 1+ (i/h)AbH x (— T+) | 
XK LT+ (i/h) AH pe (— T+- 26) }--- 
«(T+ (i/h) MH R(T) }} 


THEORY 


(— T+ 36) 


OF S MATRIX 


as a set of simultaneous linear matrix equations, 
S(—T+6)+ (i/h)MH x(— T+8)S(— T+6)=S(—T), 
S(— T+ 26)+ (1/A)MbH p(— T+-6)S(— T+) 
+ (i/h)NSH p(— T+ 25)S(— T+ 25)=S(—T), (2) 
S(T)+ (i/h)NbH x (— T+56)S(— T+5)-+ - 
+ (i/h)MHR(T)S(T)=S(—T). 


Each line of the set (2) represents as many equations as 
there are free particle states of the system. Following 
the usual form of the Fredholm theory? it is clear that 
the discriminant D(A) of the Eqs. (2) is a determinant 
of the form 


(T) 


7 


iret 
f IT p(t,)dt, 
h T 
ir 2 T t 
+( yf ats f loll p (to) H p(t) 4 aie BL 
h T T 


Taking the limit Tx, S(—T)—I gives 


= vel T+ 


D(d)= det[_.S*(« ) ], (4) 


where S(% ) is the usual perturbation theory expansion 
of the S matrix,‘ and the asterisk denotes the Hermitian 
conjugate. It follows in the usual way that the Fredholm 
solution of (1) is 

S(x)-D(d)/D(A) (5) 


the numerator being the power series in \ obtained by 
multiplying the series for S( ) and D(A). Any extension 
of the radius of convergence resulting from using (5) 
will clearly depend on the form of D(A). As S(%) is a 


*F. J. Dyson, Phys. Rev. 75, 486 (1949). 
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unitary matrix it follows that det[.S( )] should be of 
the form exp(i@) where ¢ is real. The expansion of ¢ as 
a power series in \ will be derived below, but it is clear 
that with D(A)=exp(—i@) Eq. (5) cannot improve on 
the convergence of S(« ). If D(A) has no zeros it cannot 
remove any singularities that may be present in S(~ ). 


THE DISCRIMINANT 


From Eq. (4) it follows that one factor of D(A) is 
(S*(%))vac,y the vacuum expectation value of S*(«). 
This has been shown by Feynman’ to be of the form 


thet det ++) (6) 


where /.,, is the sum of the vacuum contributions from 
all connected graphs with 2n vertices. All the Ao, are 
pure imaginary in the absence of an external electro- 


(S(% )) vac= exp (fhe 


magnetic field. 

The remaining factor of D(A) will be found by 
evaluating the free particle state contribution to 
det{.S(%)]. The over-all energy momentum conserva- 
tion leads to (infinite) constants which are identical in 
the numerator and the denominator of Eq. (5), and 
can be omitted. Free particle states will be denoted by 
a, B, y, «°°. Suppose that the elements of an infinite 
determinant are 5,,—k,,; 7, s=1, 2, 3, ---, where 6,, is 
the Kronecker delta function and yuk,, are complex 
numbers such that the determinant converges. Then 


it is easy to see that 


det (6,.—uk,ys) = expl— (uw do Reet du? Do Reker 


t hue pe RR tRert aes )]. (7) 


rat 


It is convenient to use the division of the S-matrix 
elements into parts representing processes having real 
intermediate states (i.e., real graph parts) and parts 
representing processes having purely virtual intermedi- 
ate states (i.e., virtual graph parts). Following Gupta 
and the author,® it is clear that 


[.S( 0) lap . bap t+Gag t } > GayGyp 
Y 


1 
t— ¥ GayGyGist+-+, (8) 
2 


a Ye 

where G, 3 is the sum of all virtual graph parts con- 
necting the free particle states a and 8. In (8) the 
summations over y, €, are to be taken over all 
possible free particle states. The virtual graph parts 
Gag are anti-Hermitian, i.e., Gag* = —Gag.® 

6 R. P. Feynman, Phys. Rev. 76, 749 (1949). 

6S. N. Gupta, Proc. Cambridge Phil. Soc. 47, 454 (1951); 
J. Hamilton, Proc. Cambridge Phil. Soc. 48, 640 (1952). 


HAMILTON 


Substitution of (8) in (7) yields 
det[.S(%)1=(S(%))ya,-exp(A1 ) GaatA2 d GasGpa 
a aB 


+As D GasGayGyat +++), 


a,B,y 
where 


1 1l/ny 1 l/n\ 1 1 
Ansi=- = ( ) ot ( ) nine 0%. ¢ +(—1)"— 
2" 2 1 2" 1 3 2 Qn 2 n+1 


1 2 0, n odd; 
-—f (1—x)rde= ( 
antid, 1/2"(n+1), n even. 


Hence 
det[.S( 2% ) ]=(S(% )) vac 
1 


1 
— : GasGinGret (9) 
I & @.8.7 


en(E Gaat 


As the terms containing the product of an even number 
of Gag have vanished, the argument of the exponential in 
(9) is pure imaginary. The discussions of convergence 
mentioned above’ suggest that this series for id is 
divergent. Salam and Matthews! found that in the 
external-field case the terms corresponding to (9) could 
be written in the form exp(— &+ i), where &, ¢ are real 
and &>0. £ is closely related to the cross section for the 
production of electron pairs by the external field, and 
it has no analog in the present, more complete theory. 

Finally, it is worth noting that the Cayley form of 
the S matrix’ can be used to express the results con- 
cisely. Writing Kag=iGas Eq. (8) can be written 
formally 

S= (1—}iK)/(1+- 31K), 


where K is the (Hermitian) Cayley matrix. Then (9) 
can be written 


D(d) = (S*(©)) vac exp trace 2[ (37K)+4(31K)3+ +--+] 


) 
1—1ikK 


= (S*(2))vac exp trace ion 


= (S*(2)) vac exp trace log.S*(o ). 


I am indebted to Dr. Abdus Salam for his comments 
and for pointing out the last formula. 

Note added in proof :—The renormalization of Eq. (5) 
can be investigated along the lines indicated by Salam 
and Matthews (see reference 1). 

7S. N. Gupta (see reference 6); J. Schwinger, Phys. Rev. 74, 
1439 (1948). 
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Nuclear saturation is studied with many-body interactions derived from pseudoscalar meson theory with 
pseudoscalar coupling. All parameters appearing in this calculation are fixed on the basis of the work of 
Lévy, who has shown that leading terms in a perturbation deduction of the two-body interaction are well 
fitted to reproduce the experimental data. The leading term in the n-body potential depends only on the 
interparticle distances and is repulsive (attractive) for » odd (even). The energy of the nucleus is calculated 
with potentials up through five-body interactions and with neglect of Coulomb and surface effects. Satu 
ration properties derived from these considerations are in accord with experience. Antisymmetrization of 
the nuclear wave function reduces the many-body interaction energies considerably by inhibiting the close 
approach of many particles. Thus the Pauli exchange terms are found to reduce the five-body interaction 
energy by 76 percent and to give a rapid convergence for the expansion in n-body forces. 


I. INTRODUCTION 


NE of the outstanding problems of nuclear 

structure is the explanation of the saturation of 
nuclear forces in complex nuclei. The main facts in- 
volved in this problem are the saturation of nuclear 
density and the saturation of binding energy. The first 
refers to the fact that the density of nuclear matter 
seems to be very roughly independent of mass number 
A, for all but the lightest nuclei. Observed nuclear 
radii equal, approximately, 


R,=1.4A!X 10-8 cm=A?!/p, 


with uw! defined as the meson Compton wavelength. 
Saturation of nuclear binding energy refers to the fact 
that the average binding energy per nucleon is roughly 
independent of A and approximately equal to 8 Mev. 

These saturation features limit the choice of accept- 
able theories of nuclear forces. For example, purely 
attractive forces between pairs of nucleons (Wigner 
forces) are excluded.! 

In 1932, Heisenberg? borrowed the concept of ex- 
change forces from molecular theory and applied it to 
the nucleon-nucleon interaction problem. With the 
introduction of such forces as these, which are attractive 
or repulsive depending on the symmetry of the inter- 
acting nucleon pairs, it has proved possible to account 
for nuclear stability in terms of static, central, two-body 
potentials of short range. Combinations of ordinary 
and exchange forces consistent both with the saturation 
requirements and with observations on deuterons, 
a particles, and nucleon-nucleon scattering have been 
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given during the 1930’s by Wigner, Breit, Feenberg, 
Kemmer, Volz, and others.* 

Recently, however, the study of the n-p and p-p 
scattering cross sections in the energy region up to 
300 Mev has cast some doubt upon the role of exchange 
forces as the main reason of saturation. The analysis 
by Christian and Hart* seems to reveal a mixture of 
ordinary and exchange forces (Serber force) incon- 
sistent with the saturation requirements.® It must be 
said, however, that this analysis is based upon rather 
incomplete experimental data; and the result, therefore, 
cannot be taken to exclude definitely the explanation 
of saturation by two-body exchange forces. 

It has often been recognized and remarked that the 
limitation of considerations within the framework of 
two-body, velocity-independent interactions was too 
restrictive. Primakoff and Holstein® and Wheeler’ have 
discussed extensions of the basis of considerations to 
include many-body and velocity-dependent forces. Also 
the development of meson theories of nuclear forces 
has suggested that, especially, the many-body forces 
should play an important role in nuclear matter. The 
interaction between mesons and nucleons is strong 
enough so that meson exchanges will be frequent 
between more than two neighboring nucleons, and this 
phenomenon leads to many-body forces. 

The present status of meson theory is too uncertain 
to permit us to draw any quantitative conclusions, let 
alone to rely upon them. In this paper we consider the 
pseudoscalar meson theory with pseudoscalar coupling 
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as a guide with which to explore some possible forms 
which many-body forces may assume, and we study 
the imptications of these forces for the saturation 
problem. 

We are using a very primitive approach in the 
evaluation of the meson theory. Perturbation theory is 
employed and only the leading terms, in powers of the 
meson-nucleon coupling constant G*/4m multiplied by 
the meson-nucleon mass ratio u/M are considered, 
although it has been shown that other terms contribute 
also and may change the results considerably.* The 
two-body interaction emerging from this calculation is 
identical with the one derived by Lévy,* and it seems 
to be well fitted to reproduce the two-body experimental 
data. We then choose for our work the same coupling 
constant as Lévy has used. 

We note especially one feature of the Lévy two-body 
force: Outside of a repulsive core of radius r-=0.38/p, 
it contains a strongly attractive short-ranged Wigner 
force and two longer-ranged forces, one proportional to 
(o,:@%)(*;- 2), the other to (*,:%2)Sy2, where Sy. is the 
tensor operator. The combination of these terms repro- 
duces a characteristic feature of the two-body inter- 
action; namely, that the range of the tensor force is 
longer than the range of the central force. The strongly 
attractive short-ranged Wigner force comes from the 
exchange of meson pairs, and it is this exchange, when 
applied to more than two nucleons, which gives rise to 
the leading terms of the many-body forces. We are 
aware that this primitive evaluation of the pseudoscalar 
meson theory neglects terms which may be important 
and, indeed, not negligible. However, we plan to use it 
as a first exploration of the many-body forces and to 
make use of the fact that it gives us a set of many-body 
interactions without the introduction of any new 
adjustable constants. It is hoped that their orders of 
magnitude, shapes, and nonexchange properties are 
guessed correctly by this procedure. 

One of the most striking properties of these many- 
body forces is their alternation in sign. The potentials 
between odd (even) numbers of nucleons are repulsive 
(attractive). The average distance between nucleons at 
which the forces act decreases with increasing number, 
and at the same time the Pauli exclusion principle makes 
it more difficult for the nucleons to approach close to 
one another. These features are the main reasons for 
the saturating effects of the many-body forces. In fact, 
the repulsive three-body forces contribute most de- 
cisively to the potential energy and prevent the nucleus 


from collapsing. 


* We elaborate on this point in Sec. III, which is concerned 
with the deduction of the interaction potentials from the meson 
field theory. 
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cussed more fully in Sec. III. 
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Another effect of possible importance derives from 
the many-body forces. The marked position correlation 
between nucleons resulting from strong, short-ranged 
two-body forces is difficult to harmonize with the shell 
theory mode! of a nucleon moving in an average 
potential hole. The introduction of many-body repulsive 
interactions will tend to weaken the correlation between 
nucleons and bring the two viewpoints into closer 
accord. 

The program of this paper is to study the effect of 
many-body forces upon the energies of complex nuclei 
in their lowest states. We use the results of the pseudo- 
scalar meson theory as a characteristic example of such 
forces, without implying their correctness. 

The pioneering work of this nature is that of Wentzel'” 
in 1942. He discussed these questions on the basis of a 
meson scalar pair theory and by treating the nucleus 
as an infinitely large source of uniform finite density. 
His methods and results will be discussed in Sec. IV. 

We should mention here another recently developed 
approach to an understanding of nuclear saturation 
from the point of view of nonlinear meson theory. 
Schiff! has studied the possible forms of nonlinearities 
which may be introduced into the meson equations, 
in a classical field treatment, and which predict satu- 
ration. The effective mesic self-repulsion introduced by 
the nonlinearity is the primary agent preventing 
collapse of the nucleus in this approach. 


II. OUTLINE AND SUMMARY 


A brief outline and summary of our calculations are 
presented in this section. Lévy’s difficult and important 
analysis of the low-energy properties of the two-nucleon 
system provides the point of departure for the present 
work. Lévy has applied the methods of Tamm" and 
Dancoff" to calculate an effective two-body interaction 
with the pseudoscalar meson theory through terms 
of order (G*/4r)(u/2M)*, (G*/4a)?(u/2M)*, and 
(G?/4a)?(u/2M )*, where (G*/4) is the meson-nucleon 
coupling constant and w and M are the meson and 
nucleon masses, respectively. Lévy argued that, for 
internucleon separations r2(My)~$, terms of these 
orders in the coupling constant and mass ratio are of 
major importance in determining the potential shape 
and depth.’ For separations r& (Mu)! a complete 
analysis was not possible, but Lévy developed argu- 
ments from the field theory indicating a strong repulsion 
in this range. With choice of G?/4r=10 and of the 
radius of the repulsive core r,=0.38/u, the Lévy po- 
tential has been impressively successful in matching the 
data for n-p and p-p systems with energies up through 
40 Mev. 


10G. Wentzel, Helv. Phys. Acta 15, 111 (1942); 25, 569 (1952). 
1. I, Schiff, Phys. Rev. 83, 1 (1951); B. J. Malenka, Phys. 
Rev. 86, 68 (1952); D. Finkelstein, Ph.D. thesis, Massachusetts 
Institute of Technology, 1953 (unpublished). 

27. Tamm, J. Phys. (U.S.S.R.) 9, 449 (1945). 

13S. M. Dancoff, Phys. Rev. 78, 382 (1950). 





MANY-BODY 

Guided by Lévy’s success and viewpoint, and adopt- 
ing his parameters, we derive the interaction potential 
from pseudoscalar meson theory for n-body interactions. 
The leading term for an n-body interaction is propor- 
tional to A" with A defined by A= (G*/4:r) (u/2M), is 
repulsive or attractive according as m is odd or even, 
and is a function of the magnitudes of the interparticle 
separations only. These potentials are identical with 
those of Wentzel’s scalar pair theory,’ as is readily 
shown with the Dyson" or Foldy!® transformation. In 
our calculations of the energies, we consider those 
potential terms which are proportional to \? and to 
\u/M for the two-body interaction, and to A" for n-body 
interactions (n>2). We then determine the nuclear 
potential energies by taking expectation values of these 
interaction potentials with a completely antisym- 
metrized wave function of A particles confined to a 
box of radius R=7R,. In order to determine, firstly, 
whether the three-body repulsion derived from the 
pseudoscalar theory is qualitatively sufficient to prevent 
collapse of heavy nuclei and, secondly, under what 
conditions it is possible to make a convergent expansion 
of the interactions in a series of n-body forces, we 
approximate the wave function for each of the A 
nucleons by plane waves for a// internucleon separations 
greater than r,. Within the repulsive cores, the wave 
function is taken to vanish. The potential energy per 
nucleon for two- plus three-body interactions resulting 
from this calculation shows a minimum of depth 30 Mev 
at a nuclear radius of R=1.0R,. If we include the 
contribution of four plus tive-body interactions, we find 
only a slight shift in the minimum to a depth of 32 Mev 
at a radius R=1.1R,. It is of interest to note just 
brietly here the primary reason for the smallness of the 
effect of many-body interactions for n>3. As nm in- 
creases, the range of the many-body potentials de- 
creases, and at the same time the Pauli exclusion 
principle makes it more difficult for the bodies to 
approach close to one another. 

For the kinetic energies of the nuclear particles, we 
refer to a calculation of Lenz'® in 1929, Point nucleons 
obeying the Pauli exclusion principle have the usual 
Fermi kinetic energy due to the filling of free particle 
energy levels. The requirement that the wave function 
vanish whenever any two nucleons approach within a 
separation of r,, the hard core radius, of one another 
increases the wave function curvature and, hence, the 
kinetic energy above the Fermi value. With Lenz’s 
approximate result for this increase, we write for the 
kinetic energy, 

T= Tp(1+0.82/n), (1) 


where 7 denotes the Fermi energy. If Eq. (1) is added 

to the potential energy, there emerges finally an expres- 

sion for the total energy per nucleon with a minimum 
4 F, J. Dyson, Phys. Rev. 73, 929 (1948). 
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of depth 12-Mev at a radius R=1.15R,. Since surface 
and Coulomb effects have been neglected in the caleu- 
lations outlined above, the 12-Mev binding energy per 
nucleon that we obtain is to be compared with the 
volume binding energy term in the von Weizsacker 
semiempirical formula.'? Feenberg’s'* analysis gives 
approximately 14-Mev per nucleon for this. 

Once it is established that the three-body force of 
pseudoscalar theory used in this calculation can quali- 
tatively explain nuclear saturation, and that an expan- 
sion in n-body forces has meaning, it becomes desirable 
to improve the quantitative value of our results with 
more realistic wave functions. If the step-function 
correlation form discussed above is applied literally in 
the calculation of the kinetic energy, it vields an 
infinitely large result because of its discontinuity at the 
edge of the hard core. One can construct trial functions 
that go to zero continuously at the core and can then 
perform a variational calculation for the minimum 
value of the kinetic plus potential energy. Jastrow” 
has suggested a function in the form of a Slater determi- 
nant for the A free-particle states multiplied by 
}4(4—1) symmetric correlation terms, one for each 
pair. The correlation term for each pair is identical in 
form and is taken to fall smoothly to zero for inter 
particle separations r<r.. The parameters that deter- 
mine the shape of a correlation term then are varied 
and the minimum energy found. Calculations of this 
type have been carried through and yield reasonable 
saturation as above. The correlation term corresponding 
to the minimum energy is essentially constant for r>r., 
indicating no marked tendency for nucleons to cluster 
or to anticluster. This result suggests that many-body 
repulsive forces may be of importance in harmonizing 
the two different viewpoints of the meson theory, which 
predicts strong internucleon interactions, and of the 
shell theory, which is based on the independent particle 
model. Further the calculations and 
results is presented in the following sections. 


discussion on 


III. POTENTIALS 


The interaction potentials are derived from the 
pseudoscalar meson theory in this section. The problem 
of two interacting nucleons is analyzed, first in order to 
illustrate the method of our calculations, and to show 
clearly the approximations inherent in the work. 

We write for the interaction term in the Hamiltonian 
for nucleons and charge-symmetric pseudoscalar mesons 
with pseudoscalar coupling, 


3 
H’=iGc>. J Preraeatat, (2) 
a=! 


where y and ~=y*y,4 are the quantized nucleon field 
amplitudes; ga, with a=1, 2, 3, are the amplitudes of 


7 Reference 1, Chap. VI. 
16 E. Feenberg, Revs. Modern Phys. 19, 239 (1947) 
9. Jastrow (private communication). 
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Feynman diagrams for two-body interactions of crder 
(G*/4m) (p/M)*, (G*/4)?(u/M)?, and (G?/4a)?(p/M)8. 


Fic. 1 


the meson field; and 7, are the usual two-by-two 
isotopic spin (charge) matrices. We perform now the 
canonical transformation introduced by Dyson'* to a 
new representation in which the velocity-independent 
aspects of the nucleon motion are more readily identi- 
fied. This transformation is discussed by Lepore® and 
by Drell and Henley,”' in whose work it is explicitly 
carried through in closed form. Keeping only the 
leading terms in G/M, the effects of which will be 
included in the calculations presented here, we write 
for the effective interaction Hamiltonian, 


Hiug= @/2M) { Werte 


+ (G/2M) [ (rand): (Weald (3) 


The first term of Eq. (3) is recognized as the scalar pair 
term of Wentzel’s theory, and the second one as the 
usual gradient coupling term. These two terms are the 
only ones that need be considered in order to‘derive 
n-body interaction potentials of order A", A" (u/M), 
and A"(u/M), with \= (G?/4ar) (u/2M). 

With the interaction Hamiltonian cast in this repre- 
sentation, one can immediately apply adiabatic pertur- 

Vv 


pe 
- 
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Os 
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of Levy 8 Va 


Fic. 2. The two-body interaction potential as expressed by 
Eq. (4). The dotted curve in the inset represents the contribution 
of the central part of V2 for the deuteron ground state. 


*” J. V. Lepore, Phys. Rev. 88, 750 (1952). 
21S. D. Drell and E. M. Henley, Phys. Rev. 88, 1053 (1952). 
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bation theory in the limit of fixed delta-function sources, 
for interparticle distances r>(Myu)~!. The Feynman 
diagrams of the processes considered for two-body 
interactions appear in Fig. 1. The direct result is 


V2-body — Vot+ V,O+ V,© 


ear 
4 fara omens 
2(2m)' w, 


et (eta) r 


[ fev : a 
, W po g (Wp two) 


ei(pta)-r 
favia(p-a ouaeneen 
P W pq 


1 
4 


WpWq Wa(Watwp) wp(watwp) 


= 4d (u/2M) (21-22) {0102+ Sof 14+3/ (ur) 


+3 ‘(ur)? le ar/r}— (3d?/ur") { (2 ‘)K,(2Qur) 
— (u/M)[1+(1 ur) -e ary 


where S;0= (3/r*)(@,-1r) (@o-r)—o@;-@2 is the tensor force 
operator, w= (g’+u")!, and K,(x) is the Hankel func- 
tion of the first kind, with imaginary argument.’ The 
last term V,‘° in Eq. (4) differs from the corresponding 
term of order \7u/M in Lévy’s potential’ (denoted as 
V,°). Whereas Lévy’s V4‘ was attractive and of 
minor importance and indicated the convergence of his 
procedure, the V4" in Eq. (4) is repulsive, of com- 
parable magnitude with V4”, which it largely cancels, 
and indicates the danger in neglecting terms of higher 
order®:” in «/M. The terms in Eq. (4) appear in Fig. 2, 
from which it is clear that the above expression for 
V2-bedy cannot fit known properties of the two-nucleon 
system. It remains, however, as shown by Lévy that a 
potential of the form 

Vo+ V,, r> Tc, 


oO, r<Te, 


V>- body — 


is spectacularly successful in describing the low-energy 
two-nucleon interaction. As a basis for further discus- 
sion, we adopt here the attitude that only the leading 
order terms in the pseudoscalar meson theory calcu- 
lations are to be taken literally. We cannot give a 
rigorous argument to support the validity of this 
assumption, as we have no convergent procedure for 
calculating the many higher-order graphs that con- 
tribute. Thus, as shown by Lévy in his paper, there are 
radiative corrections to the lowest-order graphs in 
Fig. 1 that give large contributions.”:* Special classes 


2A. Klein, Bull. Am. Phys. Soc. 28, No. 3, 36 (1953). 
2M. Ruderman, Phys. Rev. 90, 183 (1953). 





MANY-BODY FORCES AND 


of these have been summed,” but the general problem 
remains unsolved. However, this approach gives a two- 
body potential, Eq. (5), that “works,” and it permits 
us to derive many-body potentials consistent with it. 

The leading term responsible for the three-body 
interaction is of order \*, corresponding to the pair 
term of Eq. (3) operating at each vertex. The diagram 
for the process appears in Fig. 3. The interaction 
potential is obtained readily with the identical methods 
as applied in the two-body case. It is, for interparticle 
distances Fy, f23, and fs, 


G \* 2-24 
year ( ) - ff feotaa 
2M / 8(2m)* 


ete rizta ro3¢+k-r3i) 1 


x ’ 
(wptw,) (wptwr) 


W pW Wk 


1 1 
+ + | 
(wytwp)(Watwr) (witwp) (wetw,) 


GCG \3 3 be 
= -( ) ( ~) (712% 23%s1) fff dpdqdk 
2M 2 0 


X (p sinpris) (q singres)(& sinkrs;) 


1 
x 


1p (Wo2-— Wy?) (wer — Wp") 
Wp (Wg — Wp") (Wk — Wp 


( 9 9 9? 2 
Wg (Wp — Wy) (We — Wy") 


1 
wk (Wp? — we?) (Wg? — we") 


The singularities introduced in the process of rational- 
izing the energy denominators are simply and unam- 
biguously handled by assigning small, numerically 
ordered imaginary masses to the mesons: 72., 
Wp (p?+ y+ iep)*. We find readily 


A\\ 3/24 
[/3- body — (-) ( ) (rf 29731) ' 
Mb Tv 


2) 


xf (k/w) sinLk(ri24+r23+751) |dk 


0 


2 K {ue (rist ros +713) ] 
= 12n3 ) : (6) 


° 
T MT 12% 237 31 


Thus we see that the leading contribution to the 
three-body interaction is repulsive, spin and charge 
independent, and a function of the three interparticle 
distances only. The three-body terms of order \*u/M 


* Brueckner, Gell-Mann, and Goldberger, Phys. Rev. 90, 476 
(1953). 
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Fic. 3. Feynman diagram for the 
three-body interaction resulting 
from the pair_term operating at 
each vertex. 


and \*4/M, which arise when a pair of mesons is 
absorbed by a nucleon, one at a time, via the gradient 
coupling term in Eq. (3), are calculated in a similar 
manner. They are discussed in Appendix A and shown 
not to affect our saturation considerations because of 
their angular properties. It is, of course, not consistent 
to introduce them here since we have neglected the 
analogous term in the two-body analysis, V4‘ in Eq. 
(4), in order to fit the data on the low-energy 2-nucleon 
system. 

The general n-body interaction potential for 2 <5 has 
been deduced directly as above and expressed as a sum 
over the (n—1)!/2 possible perimeters of a A, function 
of a perimeter divided by the product of the legs 
forming the perimeter. An argument extending this 
result for all ” is given in Appendix (B). The expression 
obtained is 


(n=1) ye Ki (pi) 
ae 


Vn-body= — (34/m)(— 2d)” 
vn Daligr + slin 

with p,; equal to uw times the ith perimeter, and /,. equal 
to w times the ath leg of the ith perimeter. Thus, for 
n=4, there are three possible perimeters, as illustrated 
in Fig. 4 together with the corresponding graphs. We 
notice that the even-body forces are attractive and the 
odd ones are repulsive.” 

Wentzel” has given a very elegant procedure for 
obtaining the n-body interactions with the scalar pair 
theory, in which he takes the limit of fixed sources but 
makes no assumptions as to the magnitude of the 
coupling parameter. For interparticle distance greater 
than the radius of the Lévy-Jastrow”® repulsive core, 
his results are of the same form as Eq. (7), but have 


2 3 
' a 
2 3 


Fic. 4. The three distinct perimeters of a four-body configur 
ation and their corresponding Feynman graphs for interactions 
via the pair term. 


2 3 














' 4 4 


25 This sign alternation has its formal origin in our calculations 
in the fact that the n-body potential is obtained by nth-order 
perturbation theory, with each of the (n—1) energy denominators 
negative in sign. 

26 R. Jastrow, Phys. Rev. 79, 389 (1950); 81, 165 (1951). 
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Fic. 5. Schematic picture 
of filled energy levels for a 
nucleus containing equal 
numbers of protons and 
neutrons, with one-half of 
each having spin up and 
spin down. 








smaller effective coupling constants which reduce to 
the results of Eq. (7) in the perturbation limit of his 
calculations. 

For want of a rigorous procedure, we accept the 
semiphenomenological, semifield theoretic potentials 
of Eqs. (4), (5), (6), and (7) as describing the inter- 


actions of nucleons. 


IV. ENERGIES 


In this section we apply the above model to a calcu- 
lation of potential and kinetic energies as a function of 
the density of nuclear matter. Our initial goal is to 
establish that the three-body repulsion, Eq. (6), with 
Lévy’s constants, is qualitatively sufficient to prevent 
collapse of nuclear matter to very high densities, and 
that an expansion in -body forces, as given by Eq. (7), 
converges in the sense that, for normal nuclear densities, 
all n-body interactions with »>5 contribute negligibly. 

To this end we calculate first the average value of 
the potential operator, 


v)= furvvar, dey f vsedey des, (8) 


where WV is the ground-state wave function for a nucleus 
of mass number .1 and is taken to be a Slater determi- 
nant of free-particle states satisfying periodic boundary 
conditions”? in a box of radius R=nR, and volume 
v= (4 /3)R*, multiplied by a symmetric function of 
the position coordinates of the A particles, 


1 |gi(l) +++ ¢(A) | ; 
; ‘ ; ° - O(n: ° ‘T4), (9) 
-gpa(A)| 


Vv 
(A!)!\ g4 (1): 

with 
(10) 


¢: ( )) v eth Tix ,(0;)vi(7;). 


y.(o,) is a two-row spinor fixing the jth spin state of 


the ith particle. For spin up, it is ‘) and for spin 


0 ‘ . = 
down _v,(7,) is the analogous quantity fixing the 
1 5 e 5 


27 The effect of various boundary conditions on the kinetic 
Volkoff, Phys. Rev. 62, 126 


energy has been studied by G. M. 
(1942). 
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nucleon charge in isotopic spin space. @(r,-+-r4) is an 
arbitrary symmetric function of the A nucleon position 
coordinates. We introduce position correlations between 
the A particles in order to satisfy the boundary condi- 
tion that the wave function vanish whenever any two 
nucleons approach within r,=0.38/u of one another. 
This boundary condition expresses the repulsive core 
nature of the interaction potentials. We consider in 
these calculations a special form of 6(r,---1r,4) that takes 
into account pairwise correlations of the nucleons 
only.’ This form is 
A 
O(n: -ra= DL f(ris), (11) 
i<j=l 

with r,,=\r,—r,|. In order to attain the initial goal 
specified at the beginning of this section, we choose 
first for f(r,;) a simple step function, 


1, je 


Sri) = (12) 


wD, tee. 


A variational calculation of the nuclear energy based 
on a two parameter trial form for f(7;;) is presented 
in Sec. V. 

Three assumptions underlie our calculation of the 
nuclear potential energy, Eq. (8), with the wave func- 
tion expressed in Eqs. (9) to (12). Firstly, we neglect 
nuclear surface effects and the ‘‘volume” 
potential energy of the nucleons. Formally, this implies 
treating the nucleus as a region of average particle 
density A/v= (3/4ar)y'/y*® extending over all space. 
With this assumption the tensor interaction term in 
Eq. (4) and the angle dependent three-body potentials 
as deduced in Appendix A average to zero and do not 
influence our results. Secondly, we neglect Coulomb 
interactions between protons. The nucleus is then 
treated as composed of 1/2 protons and 1/2 neutrons, 
uniformly distributed, and equal numbers of each 
, a negligible 


calculate 


having spin up and spin down. For A> 
error is introduced in the cases of those nuclei with 
extra nucleons outside of the filled levels indicated in 
Fig. 5. Thirdly, we neglect the influence of the corre- 
lation function, Eqs. (11) and (12) on the orthogonality 
properties of the free-particle states. In the absence of 
a repulsive core (r,-»0), the free-particle states, Eq. 
(10), are orthogonal in the nuclear “‘well.”’ For repulsive 
cores of volume small in comparison with the average 
volume per nucleon in nuclear matter we expect the 
deviations of these states from orthogonality to be 
unimportant. Corrections resulting from such deviations 
are here neglected. An argument justifying their neglect 
is presented in Appendix C wherein are also discussed 
the analogous normalization corrections. 


Two-Body Forces 


For two-body interactions, Eq. (8) reduces in the 
standard way, with the above approximations, to*® 


28 See Rosenfeld’s book, reference 3; Chap. XI. 
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The factor multiplying the integral expresses the num- 
ber of interacting pairs among A nucleons times the 
number of possible state assignments (permutations) of 
the remaining (A—2) particles, for each interacting 
pair, divided by the normalization constant appearing 
in Eq. (9). 

In order to carry out products of spin and isotopic 
spin matrices in Eq. (13), we consider separately the 
two relevant terms of Eqs. (4) and (5). In the case of 
V4”, which is a spin and charge independent Wigner 
attraction, we obtain,'® with neglect of 1A, 


X vi* (1) 9;*(2)Cei(1) ¢5(2)— (1) ¢:(2) J 
i,7=l 
—} 2 a i( ky k;) (rl r2)) 
7] 


= (A ‘v)*{1— 337: (Rarie) (kuriz) P}, 


vy *{ A? 


(14) 
where /;(x) a_ spherical 
ky=1.52u/n is the momentum of the highest filled 
energy level for the free-particle states in the nuclear 
well. The factor } multiplying the exchange density 
term expresses the fact that, to leading order in A>>1, 
2 of the pairs are antisymmetric in their space coordi- 
nates, and 3 are symmetric. This factor results directly 
in the sum in Eq. (14), since states with different spin 
and/or isotopic spin are mutually orthogonal, and 
one-fourth of the nucleons are in each group of spin-up 
protons, spin-down protons, spin-up neutrons, and 
spin-down neutrons. For the central part of V2, we have 


is Bessel function, and 


1 
X oi* (1) ¢,*(2) (o1-e2) (21-22) 


t,j~@=l 
Xl ¢.(1 )¢gj(2)—¢,(1 gi (2) ] 


=y 40— (9/4) > en i (kim key) Cr r)) 
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= — (9/4) (A/v)*[371(Ruti2)/ (Rurie) P. (15) 


The expression then for the potential energy of 
nuclear matter resulting from two-body interactions is 


{ K,(2ur) 
— (6/m)r 
| pr 


— 3) (u/2M)(e~*"/r) D? (kur) t, 


dr 


>?le 


(V?>- 


x [1—}D* (kyr) | 


(16) 


* FE. P. Wigner and F. Seitz, Phys. Rev. 43, 804 (1933); E 


Feenberg, Phys. Rev. 60, 204 (1941). 
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where we introduce the notation 


Dikyr)=3)i(Rkur) Rar, 


and change coordinates in accord with the stated 


approximations, 


f deadeso(ri) Por) =v f drw(r). 
r>Te 


Introducing dimensionless variables x= ur, kus /p, 
and b=ur,, and integrating the classical density term, 


) ( Ja] axo(20 


af dxK ,(2x)D? (ax) 


b | 
mT . q 
+n/ yf dxxe~*D* (ax) ; (18) 
2M/ v, 


A graph of this expression for the two-body potential 
energy appears in Fig. 6, where we have used Lévy’s 
parameters G?/4r=10, and r.u= 6=0.38. At normal 
nuclear density (n=1), the exchange density term in 
the 
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the Wigner interaction potential, V4‘, reduces 


contribution from the classical term by 19 percent. 
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Fic. 6. Potential energy contributions, plotted as a function 
of n, as calculated from Eq. (18) for two-body interactions (V4 
and V2), from Eq. (21) for three-body interactions, from Eq. (26) 
for four-body interactions, and from the corresponding expression 
for five-body interactions 
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Three-Body Forces 


For three-body interactions, Eq. (&) reduces to 


A\ (A—3)! 
(V/3- body) — 
() A! 


A 
x > J desdrsdese.*(1)e/*(2)¢44(3)V (123) 


,j,buile 
¢:i(1) gi(2)  9;(3) 

*1¢j(1) — 9;(2) ¢5(3)| (ria) f2Uraa) fra), (19) 
| ga (1) vn(2) ox(3)| 


in analogy with Eq. (13). For Wigner-type three-body 
interactions as in Eq. (6), the spin and isotopic spin 
matrix products may be worked out directly, giving 


gi(1) (2) ¢,(3) 


i 
> ¢:* (1) ¢)* (2) ox* (3) yg j(1) ¢;(2) ¢ (3) 
i.j,k=l 
¢x(3) 


gi(1) gx (2) 


(A/v) {1 1 D® (kute3) — 4D? (Raurss) 


+- (2 16)D(kuti2)D(Rure:)D(Ryray)}. 


1D? (Rr) 
(20) 


The first four terms in Eq. (20) represent the classical 
density and the double exchange density for the inter- 
change of any two of the interacting trio. The last term 
represents the two symmetric permutations of the three 
nucleons among themselves, the factor ;'g expressing 
the relative probability that all three of them have the 
same spin-isotopic spin quantum numbers, just as in 
the discussion for two-body interactions. The integra- 
tions in the above expressions are simplified by noting 
that 


J deadesteco(rs %o3, 131) f? (112) f? (ras) f? (rar) 


, ’ rai) ’ 
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dry.dr, sW (Fiz, 23, Ya1) 
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in accord with our stated approximations. Utilizing the 
symmetry in the three-particle separations 712, 723, and 
rs31, We obtain, in dimensionless form 


(V3- body) = (3.4 p/4n®) (24/r)v3 


xf ax | dy f dzK ,(x+y+2) 
b b > (db, |x—y]} 


-{1—3D%(ax)+ 1D(ax)D(ay)D(az)}- (21) 
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Fic. 7. The relative probability for m nucleons to be separated 
by a distance x=yr, for n=2 through 7. These curves are calcu- 
lated for normal nuclear density n= 1. 


The following integral representation,” which decom- 
poses a K, function of a sum of arguments into a 


product of factors of each argument, facilitates analysis 
of the integrals in Eq. (21): 


K,(a,+ 42+ os -+a,) 


dd 
f e aite—a2t. . .e- ant 
1 (f—1)! 


There results for the classical term 
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The double exchange term reduces to 


Vs] « Svs 
—3 f dx f dy f dzK,(x+y+2)D*(ax) 
b b >{b, [x—v]} 


2 «oe 


3r ‘ 
=—- {f Dax) P(x)de~ f Draw) Qed], 
8 lv, 2! 


26 


with 
P(x) =F (x+26)— F(2x+ 2b), 
QO (x) =F (x+2b) — F (2x)+ (2b— x) (2/m) Ko (2x), 


F (x)= (2/x) f Ko(y)dy. 


At normal nuclear density, it subtracts away 42 percent 
of the classical term. The triple exchange term can be 
evaluated only by approximate numerical procedures*! 

*®W. Magnus and F. Obberhettinger, Special Functions of 
Mathematical Physics (Chelsea, New York, 1949). 

3t A more detailed discussion is presented in K. Huang, Ph.D. 
thesis, Massachusetts Institute of Technology, 1953 (unpub- 
lished). 





MANY-BODY FORCES 


and is found to equal 6 percent of the classical term for 
n=1. Antisymmetrization of the wave function thus 
reduces the three-body interaction energy by 36 percent 
at normal nuclear density; correspondingly, the two- 
body energy is reduced by 19 percent. The calculated 
results for Eq. (21) are plotted in Fig. 6 as a function 
of 7. 


Four- and Five-Body Forces 


Increasing complexities enter into the calculations of 
higher-body forces. Additional exchange density terms 
appear and also the available integration volume for 
interacting hard spheres becomes more difficult to 
express and handle. The physical effect of the additional 
exchange terms resulting from the Pauli principle is to 
decrease the relative probability of finding many 
nucleons close to one another. We show this by calcu- 
lating the probability distribution for particles, 


g™ (ry ‘ Tn) 


=o" f dress . dcau | fades --drav*¥. (24) 


For two nucleons, g® (712) is given in Eq. (14), multi- 
plied there by (A /v)?. The expression for g“ (r12, 723, 731) 
appears in Eq. (20), multiplied there by (4/v)*. The 
corresponding g‘” for higher ” values are deduced from 
Eq. (24) in precisely the same manner. The result for 
n= 4 is given below, with a;;=kwrij;, 


4 
g=1—f 2 D*(ayj) 


i<j=l 


4 
+(2/16) XS D(a,;)D(ajp)D (api) 


i<jcpot 

— (2/64){ D(ai2) D(a23) D(as4)D (441) 

+ D(a3)D(a34)D(a42)D (a2) 

+ D(a,3)D(a32)D(a24)D(aa1)} 

+ (1/16) { D® (a12)D? (34) + D* (a3) D® (a2) 
+ D*(a\4)D*(a23)}. (25) 


In Fig. 7 we graph the probability distributions 
g(r), for n=2 through n=7, with all arguments 
r,;=r=x/y. For n=3 this corresponds to arranging the 


2 3 





Fic. 8. Notation 
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action integrals. 
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three nucleons in an equilateral triangle of side r; for 
n=4, they form an equilateral tetrahedron. For n>4, 
there is no geometrical configuration with all r,;=r. 
Figure 7 just indicates that the relative probability for 
finding nucleons close to one another decreases with 
increasing n. We see from Eq. (25) that g™ reduces to 
5 in the limit of zero interparticle distances. All g‘” 
for n>4 vanish in this limit, in consequence of the 
exclusion principle and of the fact that there are but 
four spin and charge states for nucleons. We see from 
Fig. 7 that, for n24 the effective “Pauli repulsion” is 
of greater “range” and importance than the repulsive 
potential core.” 

There is an additional factor weighting against close 
approach of m nucleons in the energy integrals. In 
going from the n to the (n+-1) body interactions, we 
see by Eq. (7) that the singularity in the potential for 
zero-particle separations increases by but one power of 
r, whereas the additional nucleon introduces one more 
volume element dr«r*dr into the integral. Thus, for 
example, in the absence of a repulsive core, the two- 
body energy diverges, whereas the energies for all n> 2 
are finite. 

On the basis of these observations we can make the 
calculation of four- and five-body interaction energies 
tractable by neglecting the repulsive potential cores 
and thereby vastly simplifying the integrals. We obtain 
then for n= 4, by Eqs. (7)-(12), (25), and by symmetry 
of the potential in the coordinates, 


48u 3A4 
(Vs body) = — 4 - J deadesteste 


w 4!v4 


K Lu (nist rest rsatrar) | 
x 


g™. (26) 
MAY oP 23% 347 41 


We can carry through the above integrals analytically 
for the first two terms in Eq. (25), corresponding to 
the classical density and the double exchange density 
describing the interchange of any pair. To do this, we 
use Eq. (22) and note that (see Fig. 8) for integrands 
that do not depend on ro4, 


f dr,dr.dr3dr4=v f Ot od to3dt 14 
oy « 2 
- -2o(2n) f radra restr f AY ULAT 
0 0 0 
riatraa riatris 
x f drs f 3417 34. (27) 
—real | ’ 


[riz 2) rua ‘ 


The resulting contribution to (V*»°¢¥) of the first two 
2 We wish to thank Dr. E. P. Gross for an illuminating discus 
sion on this point. 
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terms of g™, labeled LU, is 
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For n=1, the double exchange term subtracts 83.3 
percent of the classical term. ‘The third term in g™, 
describing symmetric permutations of three interacting 
nucleons, can be integrated after making exponential 
fits to the D functions, and it yields 21 percent of the 
classical density term for »=1. The remaining, or 
“quartet,”’ exchange terms present further difficulties, 
in that some of them involve both diagonals rj3 and roq 
of Fig. 8 simultaneously so that the reduction to Eq. 
(27) cannot be completely effected. It has proved 
possible to calculate these terms only approximately. 
However, their contribution is small,*! being about 
3.4 percent of the classical term for n»=1. The net 
result of the exchange terms for four-body interactions 
is a reduction of the classical term by 59 percent at n= 1. 

The calculation of the five-body energy proceeds 
along a parallel if more arduous path. The exchange 
densities give a 76 percent reduction in this case for 
n= 1. 

The potential energies for up through n=5 body 
interactions are presented in Figs. 6 and 9 as functions 
of the nuclear radius. In analyzing these curves, we 
observe the following: For 121.5, corresponding to 
nuclear densities of less than 30 percent of normal, the 
potential energy is due entirely to two-body interac- 
tions. At such densities it is relatively improbable to 
have three (or more) nucleons in a cluster of perimeter 
~1/u so that the many-body interactions contribute 
very little to the energy. In the region 1.3051.5, 
three-body forces become important also. On the basis 
of two- and three-body forces alone, the potential 
energy per nucleon has a minimum of —30 Mev at 
n=1.0. When four- and five-body interactions are 
included, the minimum alters but slightly to —32 Mev 
at n= 1.1. 


AND K. 











Fic, 9. Potential, kinetic, and total energy per nucleon as a 
function of 7. The potential energy includes up through five-body 
interactions and is calculated for G?/4r=10 and r,=0.38/p. The 
kinetic energy is obtained from Eq. (29) expressing the Fermi 
plus Lenz contributions. The total energy has a minimum of 
depth 12 Mev per nucleon at »=1.15. The dashed curve is the 
total energy per nucleon calculated with G?/4r=15 for the V2 
interaction, and G?/47=7.5 for all other interactions. It has a 
minimum of depth 2 Mev per nucleon at n= 1.15. 


Our aim in this calculation of the four- and five-body 
interaction energies has been only to demonstrate that 
their effect is quite small at normal nuclear density. 
We attach no significance to their numerical contri- 
butions as we have found it necessary to approximate 
in a relatively rough manner the “quartet” and “quin- 
tet” exchange terms and to neglect the repulsive 
potential cores. This neglect of the repulsive cores 
overestimates both of their contributions, and in par- 
ticular, overestimates the four-body contribution more, 
as is evident from Fig. 7. 

With regard to the higher-body forces, one can adopt 
either of two attitudes. In that the basis for the po- 
tentials used in these calculations is semiphenomeno- 
logical, we can limit ourselves entirely to two- and 
three-body forces. In that the basis is semifield theo- 
retic, however, we can accept and investigate all 
higher-body forces as appearing in Eq. (7). We have 
already seen that the four- and tive-body interactions 
affect the energy minimum but slightly and indicate a 
rapid convergence for the series of n-body interactions 
for nuclear radii n2 1. We can also see from Fig. 6 that 
this series oscillates wildly for »<1. However, the 
contributions of two- to A-body forces can be summed 
approximately for high densities (71). Wentzel'’ has 
deduced this directly with the meson scalar pair theory, 
which gives potentials of the form Eq. (7). In his 
calculation nucleons are treated as fixed sources uni- 
formly distributed within an infinite nucleus. The 
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repulsive potential core is simulated in Wentzel’s 
calculation by a high-momentum cutoff for the meson 
field, given by the reciprocal Compton wavelength of 
the nucleon. In that the nucleons are treated as static 
sources, the Pauli principle does not operate. For a 
nucleus in the collapsed state (n<1), however, it is 
well known that the exchange density contributions to 
the energy vanish. Thus we see by Eq. (15) that the 
interaction energy for a (@,:02)(#:°%2) potential van- 
ishes in the collapsed state. Whereas the exchange 
density reductions we calculated for the two- and 
three-body Wigner interactions were, respectively, 19 
percent and 36 percent at n= 1, they are only 9.5 percent 
and 15 percent at n=0.5. 

In Appendix B, we outline a procedure for summing 
up the energy contributions with potentials of the 
form of Eq. (7) and with neglect of the Pauli exchange 
terms. The point to be made here is that the energy is 
positive and increasing with decreasing n, for n1. We 
can conclude that n>3 body forces given by Eq. (7) 
are relatively unimportant at the potential energy 
minimum deduced from consideration of two- and 
three-body forces. For high nuclear densities, they 
contribute significantly and operate so as to oppose 
collapse. However, for moderately high density, ie., 
n<1, both the Pauli exchange terms and the higher- 
body forces are important. In this region we can only 
accept the indication of our calculations including the 


five-body forces that the potential energy curve is 
monotonically rising with decreasing 7. 


Kinetic Energy 


Having calculated the potential energy of the neu- 
trons and protons in the nucleus, we come next to a 
discussion of their kinetic energy. The sum of these 
two quantities gives us then the total energy. 

The well-known Fermi kinetic energy for a gas of A 
noninteracting point nucleons (A/2 protons and A/2 
neutrons) of mass M confined to a spherical box of 
radius R is! 


T r=0.695.15/8/MR?=14.7A/q? Mev. (28) 


For the nuclear model under discussion here, the kinetic 
energy is greater than the Fermi energy because of the 
additional curvature introduced in the nucleon wave 
functions by the repulsive core boundary condition. 
This additional kinetic energy was calculated by Lenz'® 
who considered the problem of noninteracting hard 
spheres. With the approximation of hard sphere radius 
small in comparison with interparticle separation Lenz 
obtained*® 
2.165 0.82 
1-+— =14.7A 
” w 

% An interpolation formula has been given by F. London, 
Proc. Roy. Soc. (London) 153, 576 (1935), which is applicable for 
arbitrary interparticle separations. Applied to our case it yields a 
12 percent increase above Lenz’s result. 


T=Ty Mev. (29) 
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Lenz’s result, and in particular its density variation, 
can be qualitatively understood as follows. The kinetic 
energy for a point nucleon of wavelength A=R/n is 
222n?/M R?. For a nucleon of radius r., the wavelength 
shortens to (R—r,)/n, the numerator here representing 
the available linear dimension after exclusion of the 
interior of the nucleon. For a nucleus of A nucleons, 
with A! along a diameter, the wavelength reduces to 
(R—A'r.)/n=(R/n)(1—6/n), and the kinetic energy 
increases to 7r(1—)/n)?=Tr(1+26/n). We remark 
here that comparison of Eqs. (18) and (29) readily 
shows that the nucleus would tend to collapse under 
the influence of two-body forces alone. The coefficient 
of the leading n~* term is negative with G?/4r= 10 and 
b=0.38. If we add the kinetic energy of Lenz, Eq. (29) 
to the potential energy, we obtain Fig. 9 for the total 
nuclear energy as a function of 7. The curve shows a 
minimum at n= 1.15 corresponding to a binding energy 
of 12 Mev per nucleon. The dotted curve indicated in 
the same figure is calculated for an alternative choice 
of the coupling constants which Jastrow* has found to 
give an equally satisfactory account of low-energy 
two-body interactions. We obtain the dotted curve 
if we set G?/4dr=15e, where e=1 for the two-body 
(o,:@2)(*;°%2) interaction, and e=0.5 for all other 
terms; b= 0.38 is used as a compromise between the two 
triplet and singlet repulsive core radii proposed by 
Jastrow. With these parameters the stable radius is 
given by n=1.15, and the binding energy minimum 
corresponds to 2 Mev per nucleon. 

In summary, the qualitative deductions of this 
section are twofold. A three-body repulsion of the form 
in Eq. (6), as suggested by pseudoscalar meson theory, 
prevents nuclear collapse and indicates nuclear satu- 
ration properties in accord with experience. ‘The expan- 
sion in a series of many-body interactions rapidly con- 
verges for normal nuclear densities. This convergence 
is due chiefly to the Pauli exclusion principle, which 
serves to inhibit close approach of many nucleons. 

Finally, we note just briefly that a system of nucleons 
interacting through the potentials discussed in this 
section is stable against lining up of the spins of the 
particles. This is because the kinetic energy increases by 
a factor of roughly four for the state in which all spins 
are parallel, whereas the change in the potential energy 
is considerably smaller since the dominating inter- 
actions are Wigner potentials 


V. VARIATIONAL CALCULATION 


In this section we brief account of a 
variational calculation of the total energy based on 
more realistic wave functions. With saturation and 
convergence of the n-body expansion qualitatively 
established on the basis of our previous calculations, it 
is desirable to deduce more quantitatively significant 
numbers for the saturation radius and binding energy. 


present a 


*R. Jastrow, Proceedings of the Third Annual Rochester Con 


ded 


ference (Interscience Publishers, Inc., New York, 1953), p. 77. 
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Aside from this, however, there is an additional problem 
of considerable importance on which a variational 
calculation can shed some light. This is the degree of 
position correlation between the nucleons, as expressed 
by f(r,;), which corresponds to the minimum value of 
the total energy. The great success of the shell theory 
based on the independent-particle model of the nucleus 
argues against strong correlations. The results of this 
calculation support this picture. 

A two-parameter continuous trial form is introduced 
for the correlation function: 


(1—r,/r)[14+ae®*(-r) ], or >4,; 


fr(r) (30) 


0 1<Te. 


The parameters a and @ are varied and the energy 
minimum determined. The radial dependence of fr? is 
shown in Fig. 10 for various values of (a, 8). We see 
for (a, 8)= (2.5, 1) that there is a strong positive corre- 
lation between pairs, whereas for a= 0, the probability 
of forming a pair is low. For parameters in the range 
(a, B)= (1, 2) the correlation is weak; viz, the nucleon 
wave functions vanish at each other’s core, but exhibit 
no strong tendence to cluster with or to avoid their 
neighbors, for r>r,. 

The potential energies for two- and_ three-body 
interactions have been calculated with Eq. (30). For 
two-body interactions this amounts to recalculating 


Eq. (16) with 
f dr fargo. 


For three-body interactions, Eq. (21) is altered by 


f ax f dy f dz 

b b > (b,| x y|)} 
a) co) x+y 

f dnfat(x) [ avfar() f dzf 7*(z). 
b b >{b, |x—yl]} 





(1,2.5) 


—> X 
i oe ee ee ee ee ee 
4 i) 6 7 8 











0.38 


Fic. 10. The square of the correlation function of Eq. (30) 
plotted as a function of x=yr for different sets of parameters a 
and 8. The individual curves are labeled by the corresponding 
pair (8, a). 
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These integrations are then carried through numeri- 
cally. 
For the kinetic energy we calculate directly 


A 
- fvravar: --dr4 
1 i=l 


T=- 
2M 
fvrvan --dra 


=T p—(A2/2M?) f drfr(r)A fr(r)[1—3D2(kur) ], (31) 


consistent with the approximations explicitly stated in 
the preceding section. The second term of Eq. (31) 
represents the increase in kinetic energy due to the 
position correlation of the nucleons. 

The calculations with the trial form of Eq. (30) 
indicate the existence of an energy minimum for 
approximate parameter values a= 1, 8= 2. The method 
of calculation has been to determine the energy as a 
function of 7 for various sets of (a, 8). For a=1 and 
B=2, the energy has a minimum at n=0.95 corre- 
sponding to a binding energy of roughly 4 Mev per 
nucleon. Though this result can be presented only in 
numerical form, its physical implications are clear. The 
two-body attractive forces favor strong position corre- 
lation of nucleons, corresponding to large values of a 
and small values of 6 as indicated in Fig. 10. However, 
the three-body repulsive forces operate in the opposite 
direction, since their positive contribution to the nuclear 
energy decreases with smaller a and larger 8. Also the 
kinetic energy opposes strong positive correlation which 
increases the wave function curvature. The kinetic 
energy increase expressed by Eq. (31) varies roughly in 
proportion to a?/8. The compromise effected by these 
antipodal tendencies falls at a=1, 8=2. The graph of 
fr’ in Fig. 10 shows that for this set of parameter 
values no marked correlation of nucleon coordinates is 
evident for r greater than the repulsive core radius. We 
interpret this result as evidence in favor of the inde- 
pendent particle model. 


VI. CONCLUSION 


To summarize, we have deduced many-body po- 
tentials from the pseudoscalar meson theory with 
pseudoscalar coupling. Guided by Lévy’s success in 
fitting low-energy properties of the two-body system 
and by his parameters, we have kept only the potentials 
of leading order in an 
(G?/4m) (u/2M). It is quite possible that further develop- 
ments in field theory will show that the terms we have 
studied are of lesser importance than others neglected 
in our analysis or that there are different effective 
values of G?/4m for the many-body potentials we have 
studied. Indeed, Wentzel’s"® calculations with the scalar 


expansion in powers of 
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pair theory predict a considerable reduction in the 
strength of these terms.* At present, however, it is 
impossible to say to what extent a complete covariant 
calculation in the framework of the renormalization 
program will remove the damping found by Wentzel. 

However, if we accept the potentials in Eqs. (4), (5), 
(6), and (7) as a semiphenomenological working basis 
for our calculations, we find that the many-body forces, 
and in particular the three-body repulsion, provide a 
satisfactory qualitative understanding of nuclear satu- 
ration. The effect of the Pauli exclusion principle in 
these calculations has been to reduce considerably the 
contributions of n>3 body Wigner forces for nuclei at 
normal density. 

In that the binding energies are obtained as relatively 
small differences of larger potential and kinetic energy 
contributions, their numerical values are to be under- 
stood primarily as order of magnitude indications. 
However, the resulting saturation radii are more accu- 
rately determined in this work since the position of the 
energy minimum is fixed to a large extent by the 
minimum in the curve of the two- plus three-body 
potential energies. This is because the kinetic energy is 
a considerably smoother function of n= R/R, than is 
the potential energy. We can best illustrate this point 
by comparing the step function calculation of Sec. IV 
with the variational calculation of Sec. V. The con- 
tinuous correlation form of Eq. (30) with a=1, B=2 
reduces the potential energy contribution by a factor of 
roughly two in comparison with the step function 
result. This potential reduction serves to decrease the 
magnitude of the binding energy from 12 Mev to 4 Mev 
per nucleon while altering nmin from 1.15 to 0.95. 

The energy minimum for the variational calculation 
is obtained with a trial form fr showing no marked 
correlation of the nucleon coordinates. This result 
suggests that many-body repulsive forces may aid in 
harmonizing the shell theory and its underlying inde- 
pendent particle model with the meson theory and its 
prediction of strong internucleon interactions. 

Further variational calculations are now in progress 
with more flexible trial forms. Energies deduced by 
such variational procedures must necessarily lie above 
the true eigenvalue so that one can in this way establish 
only an upper limit on the energy for a given choice of 
effective coupling constants for the m-body interactions. 
Better wave functions serve to lower the upper limit 
and to bring it closer to the true value.*® 


ACKNOWLEDGMENT 


It is a pleasure to acknowledge our great indebtedness 
to Professor Victor F. Weisskopf for his initiating and 
continuing stimulus and contributions to this work. 


86 Additional information which may be culled from these 
calculations includes a minimal value for the ratio of the effective 
coupling constant for the three-body interaction to the two-body 
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FORCES AND 


NUCLEAR SATURATION 


Fic. 11. Feynman diagrams for three-body interactions. 


APPENDIX A 


We outline here the various contributions® to three- 
body interactions of orders *u/M and Nyu/M. The 
Feynman graphs of the processes are drawn in Fig. 11. 

The potentials are deduced from Eq. (3) in the 
adiabatic perturbation limit as discussed in Sec. III. 
All possible permutations and time orderings of process 
(a) contribute to the one pair interaction of order 
Nu/M. The result is 


G Qt: t3 e'P riztiq-ris 
Vsa= J faviae.-¥2)(e.-¥9 
(2M)* (2r)6 ww? 


+symmetric terms in (1, 2) and (1, 3) 


=}? (u?/M) (2. *%3) 


(@2-T)2) (@3°Ti3) 1 
| 1+) 


112% 13 MI \2 
é eri2 e wrigs 

+symmetric terms 
Mr i3 


xX { 1+ 


Kris Brie 


Two pair terms of the form illustrated by process (0) 


contribute an interaction of order \4u/M which has the 
form 


G12 
3b ff fentan 
(2M)* (27)? 
ete riztiq-raatike rar 


XK (Wie Vest Vis Viet Var: Vis) 


wW p'w g7w? 
=)? (6u?/M) (1/u?) (12° Vest Via: Vaet Ver: Vis) 
XK (e-*"!2/ prio) (€ #r13/ uri) (€-#723/prs). 


Irreducible graphs of type c, a typical one of which 
appears in the time ordered Fig. 11(c), contribute a 


4% Similar potentials together with Eq. (7) for n=3 and 4 have 
been deduced independently by A. Klein [Phys. Rev. 90, 1101 
(1953) ] in the framework of the Tamm-Dancoff formalism. 
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potential, of order \*u/M, which we write in the form 
G 3 


at ED — (#2°%3) (02° V 23) (03: V 23) 
(2M )* (2m)* 


V 


eik ras e'(Pta) -riz 
x| fi — fate eae 
wy” W yf) g (Wp tw)? 

et (Ptq) ria 


ek 123 
+ f dk f f ———— 
w,? Wg (Wp+w g) 


+symmetric terms 


= 8 (6y?/9?M) (1/p?) (42° 23) (@2- 23) (@3° V 23) 


xK 0? (x)dx 


ur12 


xX | (e “r23/uro3) (1/y?r12") 


+ Ko(ures)K, (2Quri2)/w'rie? | 


-+symmetric terms. 


Interactions V;, and V3, average to zero in our 
nuclear model. Interaction V3, reduces to two terms, 
a tensor interaction which averages to zero plus a 
(o,:0,)(ta°%) term which was evaluated with the 
methods discussed in Sec. II] and shown to give a 
three-body repulsive energy amounting to less than 
5 percent of Eq. (21). 


APPENDIX B 


In the limit of high nuclear density, all exchange 
effects are negligible. The n-body probability density 
function g‘ then reduces to unity, and the n-body 
potential energy is given simply by the “classical 
term,” 


(V*-body) = Cc, 
70 


C(™) = (4/2)*(1/m!) f dry -+dr,V™ ody] f2(7,;),  (B1) 


t<) 


A a 
where we replace by A"/n! for Ax. The sum 
n : 


of C™ from n=3 to © can be carried out, if we neglect 
the repulsive core. (The two-body term is omitted 
because it diverges in the absence of core.) With this 
approximation we can then compare our result with 
that indicated by Wentzel."° The identity of these 
results then demonstrates the validity of V"-»°¢¥ de- 
duced in Eq. (7). 

We have evaluated this sum directly by establishing 
a recursion relation by means of term-by-term inte- 
gration of Eq. (B1). We indicate here a more elegant 
procedure.” 

%7 We wish to thank Mr. W. Frank for helpful discussions on 
this method. 
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Using Eq. (22), we can manipulate C™ into the form 


(3\)" e* tdt 
CO = (—1)"#(Qu/e)— f icles 
1 (f—1)! 


ny 1) 


“i exp{ — (vot Xntait+art -+-+an)l}, 


(n)o 
where 


— | = | 
t=ulte—",|, O¢= | Tep2—Tey1|- 


The integration limits are given by 


«a oe 
f = [tax f dx3:-- 
(n)o 0 0 
o) Xo+Xxs Xn-1 Xn 
x f dXp, f da,:-- f dan-» 
0 |x2—x:| |xn-1—*al 
wo 


= 2* of dxe~*'(—G,)" °F (x, t), 
0 


where F(x, t)=e~*! and G;, is an integral operator such 
that for any function B(x, ¢), 


G(x, )= sf dyB(y, t)ge(x, y), 
0 


with 
t 1 


g(x, y=— if e~*da= —- 
“lx—y t 


e~**sinh(yt), x>y 


ee’ sinh(xt), y>-x. 


We see that g,(x, y) is a Green’s function satisfying 
{d@?/dx’— FP} ¢.(x, y)=d(x—y), 
g(x, vy) =gely, x), (B2) 
£.(0, y)=2:(%, v) =0. 
By manipulation with Eq. (B2), we can show that, for 
the special form F(x, t)=e~**, we have 


Lt 4 


(G,)"F (x, )=—| — | om, 
nil d() 


Hence, if y is a constant, and if we set z=, we obtain 


oJ 0 7" d n 
Dd (vG)"F (x, )= > (- ) exp (— xz!) 


dz 


nA n=0 n! 


=exp[— (#+y7)!x]. (B3) 


With the help of Eq. (B3), we obtain after a number 
of elementary integrations, 


1 x 
(- )E ce = 
A J n=3 


3 


MN ' 
( J+? In+y) ty 
8x 
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where y= 6A/n*. Exactly the same expression may be 
obtained by the method indicated by Wentzel.”” 


APPENDIX C 


In this Appendix we discuss corrections to the 
orthogonality and normalization of the free-particle 
states introduced by the correlation function in Eqs. 
(9) to (12). Our aim here is to justify the reduction of 
Eq. (8) to Eqs. (13) and (19). 

We develop here the argument for two-body inter- 
actions only, the generalization for n-body potentials 
being immediate. 

We rewrite then Eq. (8) in the form for 


A 
V=> viis( )ra, 
i<)} y 
A 
w)=( )| fees -deawe| 
? 
x far. 


1 


-dra >. > s(@s8 


(a) (p 
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x { ga,*(1 ) gay* (2) V (12) ga, (1) gaz (2)} 
X { gas* (3) ya3(3)}--- 
X { gaa*(A) gos (AIL (r)), 
i<y 

where we have expanded the Slater determinants with 
the following notations: (a) is a set of integers (a1: + -aa) 
representing a permutation of (1, 2, ---, A), and 
s( = sma2---@4 js the Levi-Civita tensor density of rank 


A, with the values +1 for even (odd) permutations of 
the indices. We introduce the definition 


fee --dt4 


X { gas* (3) 983(3)}- + 


X { ¢as*(A) gpa (A ITP Oi), 


X «1028162(12)= } By g(a) 5B 


(a) (p 


(C2) 
where 3’ represents sum over all permutations for 
fixed (ay, a2, 81, 82) and [[’ represents a product of all 
f2(r,;), excluding f?(ry2). Equation (C1) is then written 
in the form 


f dna: = { Ga1* (1) gar* (2) V (12) gar (1) o82(2)} £7 (rie) N aparpi82(12) 
a1 a28\ 82 


fdrte YE {gar* (1) gas* (2) ya: (1) e62(2)} f2(ri2) X aye26182 (12) 
a1 a2fip2 


In terms of Eq. (C3) we formulate our problem as 
follows. We wish to demonstrate that, accurate to terms 
of order < (1/10) (kyr)? = 0.03 n°, Naja2p;82(12) is inde- 
pendent of the particle coordinates and equal to +c for 
a1= Bi, a2= Bo; 8,; 0 otherwise, where 
c is some constant. Once this result is established, Eq. 
(C3) reduces to Eq. (13) and our goal is achieved. This 
result is evidently rigorously valid in the absence of a 
repulsive core, since f(r;;)—>1 and 


—c¢ for a, = Bo, a2= 


fod 


(1 o | dr je~i(ka—kh) -1j = 5. 


> 


With 7.40, and v,= (47/3)r.4, however, we write 
: : 1i5< es 
PP (r5;)=1-—U(s;;), (C4) 
Tij>Te, 


and note that 


(1 a8) f aed eta Be) -(e—89) $3(y,,) 


e 


= Oab— (d¢, v) Jr (Rave) 'Rable 


bar— (v-/v) (1— (1/10) Rav? 2+-+-), (CS) 


since in general the argument of the spherical Bessel 


function is Small, its maximum value being kyr, 


0.57/n, so that, therefore, (1/10) (Rasr.)?<0.03/n?. 
Similarly, we observe, for kh #~k,~k, 40, 


v ‘| drdrjdr jets tit ko tit Me tps £2 (¢,)) £2 (rp) f? (rps) 


=y fate dee Fijptiky fjptike tpi 


X(U (45) U (rip) tU (rp) U (rps) 
+ U(r JU (74 )-—U(ni)U (1p) U (rpi} 


= 3(v,/v)?(1—5/32). (C6) 


From Eqs. (C5) and (C6) we can immediately generalize 
for all permutations of (ag-+-a4) and (8;---B,) leaving 


(a, a2) = (8), B2) or (Be, 81) that 


NX ajagaja2 (12) = 


~ X ayaa»; (12) ~ constant 


i—1 
(A—2)!]T] [1—m(z./2) | 
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The form of Eq. (C7) is understood as follows. The 
first terrh in the brackets is contributed by the “classi- 
cal” term with a;=,, for all i 23. The factor (A—2)! 
represents the number of possible permutations of the 
A—2 particles in this set. The products of factors 
[[[1—m(e./v) | just represents the excluded volume 
effect calculated to first order in v,/v for each factor ; viz., 


fae --dra II (rij) 


i<j~l 


IT #(u) 


i<j=2 


={1-—(A-— 1)ze/) f dre --dra 


, I] [1—m/(v,/v) }. 


The second term in the brackets in Eq. (C7) results 


: A-—2 "on 
from an interchange among any of the pairs 


that can be constructed such that a;=8;, a;=f;. Only 
{th of the possible pairs are not orthogonal in spin or 
isotopic spin space and these contribute according to 
Eq. (C5), with a plus sign because of the relation 


goin ay 5 *°@jr+-Gjree— — |] 


In this same manner, one can explicitly calculate further 
terms in Eq. (C7). As above, we find that to leading 
order they are constants independent of the argument 
ryo and the indices (a, 8). The magnitude of the con- 
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stants is unimportant since (V) is expressed in Eq. (C3) 
as a ratio. 

It remains to be shown now that, for the class of 
permutations with 


ay= Bi, arx Bo, or a= Bo, ai*x~—i, (C8) 


there results a negligibly small contribution to Eq. (C3). 
This conclusion is readily established formally. We just 
indicate the argument as follows. The second term in 


. . P —2 9 
Eq. (C7) expresses contributions of the ( é' ; )=a2 


pairs with a;=8;, a;=8;, for 3 <i< 7. However for the 
class of permutations in Eq. (C8), there are only 
2(A—2) such pairs that can be formed; ie., there are 
2(A~—2) ways in which to form pairs with a:=(,, 
a2=6;, aj= Pe, or with a2=B2, a= B;, a;=B,, for 723, 
and with all other a,=8,. Thus the contribution to X 
of the pairs in the class of Eq. (C8) is small of order 
1/A and can be neglected in Eq. (C3). The same con- 
clusion follows directly for triple exchanges, in the class 
of Eq. (C8), of form a:=1, a2=8j, aj=Px, ax=B2, for 
A-2 

3 
exchanges of form (aj, a2)= (8), 82), 
= (8x, 8,8;), which contribute to the next term in Eq. 
(C7). 

The same reasoning extends simply to the cases 
corresponding to permutations described by 


j#k 23 in comparison with the ~ A’/6 triple 


(aj, Qk, &p) 


(a4, Qe, An, Qm) = (Bn Rus fi, B2). 
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Three methods of handling problems in relativistic quantum mechanics are discussed. One is the Tamm 
Dancoff method, one is the Bethe-Salpeter method, and the third is a new method intermediate between the 
other two. The connections between the three methods are investigated. It is shown that the new method 
provides a kind of bridge between the 3- and 4-dimensional points of view. The new method is illustrated 


with applications to simple examples. 


I. INTRODUCTION 


HE purpose of this paper is to clarify the physical 

meaning of a wave function in_ relativistic 
quantum mechanics. The subject is full of obscurities 
and unsolved problems, most of which will not be dis- 
cussed here. Only some facts will be pointed out, which 
it is hoped will stimulate further thought on these 
questions, 

A relativistic system can be described from two 
points of view, 3 dimensional and 4 dimensional. In the 
3-dimensional point of view, the wave function de- 
scribes completely the configuration of the system at a 
particular time. The typical example of this point of 
view is the formalism of Tamm! and Dancoff.? In the 
4-dimensional point of view, the wave function de- 
scribes the probability amplitude for finding particle 1 
at position 1 and time 1, particle 2 at position 2 and time 
2, and so on. This is the point of view of Bethe and Sal- 
peter.’ Each point of view fails to include important as- 
pectsof the situation. The 3-dimensional picture conceals 
the relativistic invariance, and thereby makes practical 
calculations much more complicated. The 4-dimensional 
picture is manifestly relativistic, but the wave function 
does not give a complete description of the system in 
the sense of elementary quantum mechanics. The 
physical meaning of the 4-dimensional wave function 
is quite unclear.‘ Worst of all, there still exists no exact 
method® of relating the two wave functions to one 
another so as to make use of the advantages of both in 
the same problem. 

This paper is concerned mainly with establishing 
connections between the 3- and 4-dimensional wave 
functions. The connection is made via a new formulation 
of the Tamm-Dancoff method which was briefly ex- 


* Now at the Institute for Advanced Study, Princeton, New 
Jersey. 

1T. Tamm, J. Phys. (U.S.S.R.) 9, 449 (1945). 

2S.M. Dancoff, Phys. Rev. 78, 382 (1950). 

3E. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951). 

‘J. Goldstein (to be published). 

5 A big step in the understanding of the relation between 3- and 
4-dimensional wave functions was taken by EF. E. Salpeter, Phys. 
Rev. 87, 328 (1952) and M. M. Lévy, Phys. Rev. 88, 72, 725 
(1952). But these authors deal only with systems in which the 
interactions are almost instantaneous and the particles can be 
considered to be at rest as a first approximation, 


plained in a recent letter.6 Section V deals with the 
important unsolved problem of the correct normaliza- 
tion conditions to be imposed on the 4-dimensional 
wave function. The later sections discuss the wave 
equations of relativistic systems and the boundary 
conditions which should go with them. 


II. DEFINITIONS 


We consider for definiteness a system of two quan- 
tized spinor fields ¥” (x) and W* (x) representing protons 
and neutrons, interacting with a neutral pseudoscalar 
meson field ¢(x). The operators ¥(x), ¢(x) are Heisen- 
berg operators defined at a space-time point « and are 
relativistically covariant. The actual state of the system 
is denoted by W, a constant state vector in the Heisen- 
berg representation. The vacuum state of the inter- 
acting fields is Wo. We suppose that W is a state con- 
sisting of one proton and one neutron in interaction, 
but not necessarily bound together. 

The 4-dimensional wave function of the 2-particle 
state WV is, according to Gell-Mann and Low,’ defined 
as the matrix element 


Vas(x, y= (Wo TW a(x), W%a(y))¥), (1) 


where 7 represents the chronological product as defined 
by Wick.*® This wave function is a 16-component spinor 
and is a function of the two independent space-time 
points x and y. In particular, x and y may be taken to 
be two space points r and r’ at the same time (=0. 
Then Pas(x, Vv) specializes to 


Waal, 1) = (Wo PPal(rWra(r’)¥). (2) 


We may identify the Heisenberg operator W’,(r) 
at ¢‘=0 with the time-independent operator which 
describes the proton field in the Schrédinger represen- 
tation. Likewise ¥%s(r’) is a neutron field operator in 
the Schrédinger representation. With this identification 
the state vector of the actual state in the Schrédinger 
representation is 

WV exp(—iEt), (3) 

6 F. J. Dyson, Phys. Rev. 90, 994 (1953). 


7M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951). 
®G. C. Wick, Phys. Rev. 80, 268 (1950). 
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supposing the actual state to have a given total energy 
E. The Schrédinger state vector of the vacuum state is 


Vy exp(—iE)t), (4) 


where Ey is the vacuum energy. We are using natura! 
units so that h=c=1., 

The Schrédinger operator ¥’,(r) may be represented 
aS a superposition of plane waves obeying periodic 
boundary conditions in a finite box of volume V, thus 


WPalr)=V-I Sd: dou Maden exp(ik-r), (5) 


where k is summed over the normal frequencies of the 
box and u is summed over the 4 spinors satisfying the 
Dirac equation for given k. For each k the u are nor- 
malized by 
(u*u’) = buy". (6) 
The b,, are proton absorption operators and antiproton 
creation operators, and satisfy the anticommutation 
rules 
[Dicws Derw* 4 = Sunder. (7) 
The neutron field is similarly 
WY (n)=VIS: DY Maden exp(ik-r), (8) 
and the dy, anticommute with the dj. 
The meson field in the Schrédinger representation is 
o(r) = dy (2Vax) (ay +a_,*) exp(ik-r), 
with 
[ ay, ay* |= Okk’, ay = (u?+ k?)!, (Q) 
Finally the interaction between the fields in the 
Schrédinger representation is 


(10) 


H'= Cferow'e) tW'* (nr) WW (r))o(r) dar 


=G > doe (2Viax) 4 (a,+a_x*) ; ee >. (u*yv) 


K (bg ua¥ dye kot de u*dy ite (11) 


where y is written for the Dirac matrix iBys. 

Let NV be a set of occupation numbers for the non- 
interacting fields. Thus, V is a set of integers 
(N,, No, --+), one corresponding to each state of a free 
proton, antiproton, neutron, antineutron or meson. 
Let A(.V) be the product of the absorption operators 
Diu Oru*, deuy deu*, and ay, which annihilate the particles 
represented by .V. Let C(.V) be the product of the cor- 
responding creation operators. Then the normalized 
state vector of the state in which the particle occupation 
numbers have the values is 


@(V)=[11(N) FIC(V)®o, (12) 


where #) is the vacuum state of the noninteracting 


fields, and 
(NV) =(N,!)(Ne2!)(N3!)- °°. (13) 


The (NV) form a complete orthonormal set of states for 
the system of fields. The 3-dimensional wave function 
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of the system in the state V is given according to Tamm! 
and Dancoff? by the set of amplitudes 


a(N)=(/@(N))*¥)=[1(.V) }-4(6)*A (VW). (14) 


The a(V) define the state ¥ completely in the sense of 
elementary quantura mechanics. We denote by 6(.V) 
the Tamm-Dancoff amplitudes for the interacting 
vacuum state Vo, 


B(N)=[T1(N) }-4(o*A (NW). (15) 


Thus 


V=Dval(N)P(N), Yo= Lv B(N)P(N). (16) 


There is no clear relation between the 4- and 3-dimen- 
sional wave functions (1) and (14). Substituting from 
(5) and (8) into (2), 


Was(7, 1) =V— doe De Dou Dw’ Maths’ 


Kexp(th-r+ik’-r’) (Wot bpudeewV). (17) 


Thus y(r, r’) is a linear combination of the coefficients 
(Wo*diudy.V), which are a special case of the coefficients 


a(N, N’)=[II(N)I(N’) }-(Ho*C(N)A(N)Y). (18) 


We take the a(.V, NV’) as an alternative 3-dimensional 
wave function’ of the state ¥. We will call the theory 
using a(.V) the “old Tamm-Dancoff formalism,” and 
the theory using a(.V, NV’) the “new Tamm-Dancoff 
formalism.” 


III. PHYSICAL MEANING OF THE WAVE FUNCTIONS 


The meaning of the old Tamm-Dancoff wave function 
a(V) is clear. It is just the probability amplitude for 
finding the free particles specified by \, if the system 
is first put into the state W, and the field interaction is 
then instantaneously switched off. 

The physical meaning of the wave function a(N, N’) 
cannot be expressed so directly. Intuitively we can say, 
by looking at Eq. (18), that a(N, N’) is related to the 
probability amplitude for ending in the true vacuum 
state Wo, if we start in the state W and instantaneously 
annihilate the particles V’'and create the particles V. 
Thus a(V, V’) describes the probability in the state ¥ 
of finding NV’ particles more, and JN particles less, than 
are to be found in the vacuum of the interacting fields. 
A less exact but briefer way of expressing it, is to say 
that a(.V,.V’) is the probability of finding ’ plus 
particles and .V minus particles in the state V. A “minus 
particle” is defined as one which is absent in W but 
present in the comparison state Wo. 

A great advantage of this introduction of minus 
particles is that it enables us to handle the positive and 
negative energy solutions of the Dirac equation to- 
gether. Using the old wave function a(.V), one is forced 
at every stage to separate the proton states from the 
antiproton states and write a separate equation for 
each. This makes the old Tamm-Dancoff method ex- 

® The notation here differs from that of reference 6 by a nu 
merical factor. 
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tremely cumbersome when applied to processes involv- 
ing pair creation and annihilation. On the other hand, 
_the one-proton component of the new wave function 
a(N, N’) is 


a; (ku) = (Wo*by.¥), (19) 


where 0,,, is an annihilation operator for a proton when 
u is a positive-energy spinor. The same expression (19) 
also represents, when w is a negative-energy spinor, the 
minus-one-antiproton component of the wave function 
since },, is then an antiproton creation operator. We 
may always take the one-proton and the minus-one- 
antiproton parts of the wave function together in the 
equations. That is to say, we may proceed as if the 
Dirac hole theory had not been invented, as if the 
proton were actually allowed to occupy states of both 
positive and negative energy. The hole theory has to 
be taken into account only at one place in the calcula- 
tions; when Eq. (18) is used to define a(.V, V’) we must 
make sure that the creation operators C(.V) are written 
to the left of the annihilation operators A(NV’). 
Similarly the component, 


ay’ (ku) = (Wo*bau*V), (20) 


of a(N, N’) represents both the one-antiproton and the 
minus-one-proton part of the wave function. In this 
way a physical interpretation is found for the negative- 
energy components of the wave function Wag(r, 7’) in 
Eq. (17). This two-particle wave function represents 
the amplitude for finding in ¥ either one proton and one 
neutron, one proton minus one antineutron, one neutron 
minus one antiproton, or minus one antiproton minus 
one antineutron. The zeneral 4-dimensional wave 
function (x,y) has no such simple interpretation, 
when x and y are separated by a time-like interval. But 
at least we have now an understanding of the meaning 
of ¥(x, y) for equal times, including positive and nega- 
tive energy components on an equal footing. 


IV. CONNECTION BETWEEN THE WAVE FUNCTIONS 


We have now established a direct connection between 
the 4-dimensional wave function and the 3-dimensional 
amplitudes a(V, NV’). It remains to work out the con- 
nections between the a(.V, V’) and the a(NV) and B(V). 
Substituting from (12) and (16) into (18), 


a(N, N’)=¥ ¥ B*(N,)a(N2) 
Ni Ne 
[T1(N)I(N’) (VN) (V2) 74 


XK (h0*A (N)C(N)A(N’)C(N 2)0). (21) 


The expectation value in (21) is zero unless there exists 
a set of nonnegative occupation numbers 

M=N,-N'=N,-N, (22) 
and is then equal to 


(V2)1¢V,)CN(M) J+. (23) 


We define a symbolic binomial coefficient 


(24) 


N 
( ') =1(NV )(M(Y)(Vi— NN)", 
N 


and then (21) becomes 
a(N, N’)=S.u B*(N+M)a(N’+M) 
N+M\'/N'+M\! 
Cz) 
M M 
This gives the formal definition of the a(V,N’) in 


terms of old Tamm-Dancoff wave functions. 
The inverse of the relation (25) is 


B*(Ni)a(N2)=d w(—1)"a(Ni4+-M, Nit M) 


Nit My'/ Nit My! 
CECE) 
M M 


where (—1)” means (—1)*” and } M is the sum of 
the occupation numbers M. To verify (26), substitute 
back (25) into (26). The result is 


B*(Ni)a(N2) 
=u Ew (—1)"8*(NiAM+M)a(N2+M+M’) 


‘.ee Cee) (27) 
, 7 
Mi ) Ne M 


But it is easily proved that, keeping M+ M’ fixed and 
summing over M, 


Fa(- y( M )-0 
M 


except when M+M’=0. Therefore the right side of 
Eq. (27) reduces to the term M=M’=0 and is equal 
to the left side. This verifies Eq. (26). In consequence 
of Eq. (26) the amplitudes a(N, N’) include a com- 
plete, and indeed redundant, determination of the 
a(NV) and B(N). Therefore, the a(V,N’) in principle 
provide a complete description of the states ¥ and Wo 
and determine all measurable properties of these states. 


(28) 


V. NORMALIZATION AND CONVERGENCE 
CONDITIONS 
The old Tamm-Dancoff wave function, being defined 
directly as a probability amplitude, must be normalized 
by the conditions 


Lwla(N)|*=Dw|B(N)|*= 


In a particular theory the sums (29), which are really 
multiple integrals, may or may not converge. If they 
diverge then the a(.V) and @( NV) cannot rigorously be 
defined, and the whole Tamm -Dancoff picture makes 
no exact sense. It is likely that this is the case for the 


(29) 
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field theories now in general use. Nevertheless the 
method of renormalization can be incorporated into the 
Tamm-Dancoff formalism,'® and probably some kind 
of “renormalized” a(.V) can be defined for which the 
integrals (29) become convergent. We may say that if 
the Tamm-Dancoff point of view finally makes sense 
in this context, Eq. (29) will remain as the correct 
normalization condition for the a(.V). 

We now discuss the appropriate normalization con- 
dition for the a(.V, NV’). Let z be any positive number, 
and write 2” for z=” as in Eq. (26). From Eq. (25) we 


derive 
> > wat N’la(N, N’)|? 
= Sv Sow Dow Sow B*(N+M)a(N'+M) 


—7N+M\3 
XB(N+M’)a*(N’ a | M ) 


N’+M\4/N+M'\37N’'+M' 3 
( ) ( ) ( ) . (30) 
M M’ M’ 


Using Cauchy’s inequality, the right side of (30) does 
not exceed X!¥V!, where 


X=zfY => wy yw > au Ya |a(N’+M) |? 


NUM (NM! 
x |B(N+4 mypanew( )( ) 
M M’ 


SE fas) [2/8 (Ne) [2(o 1), 


Ni Ne 


(31) 


by the binomial theorem. Thus for every z, 


Div Dow ct 4 a(N, NY) [2 < (l(c 4+-1)¥ aN) |*) 
K (di v(s+1)*|BCV))?). 


The same argument applied to (26) gives 


> N VY w(z 1] N4N’ a(N, N’)|? 
> (Sw 2 |a(V)|?)Ly 2 |(N)|?). 


The inequalities (32) and (33) show that there is a 
close connection between the normalization integrals 
for the a(.V) and the a(.V,.V’). In particular, suppose 
a theory is such that the old Tamm-Dancoff amplitude 
for finding more than 85 particles simultaneously present 
in the state V or in Wo is strictly zero. (Here 85 is chosen 
only as an example of a large but finite number.) Then 
the right side of Eq. (32) converges for all z if it con- 
verges for z=0. In this case the normalization condition, 


(34) 


(32) 


(33) 


is NV >. N’ la(N, N’) | 2= finite, 
may be imposed, and the sum (34) will automatically 
converge provided that (29) is convergent. 


1 M. Cini, Nuovo cimento 10, 526 and 614 (1953) has shown 
how to renormalize the Tamm-Dancoff theory. See remarks in 


Sec. VIT below. 
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In practice the Tamm-Dancoff method necessarily 
requires that the amplitudes a(.V) be calculated with a 
cut-off theory, in which all the amplitudes involving 
more than say ( particles are set equal to zero by 
definition, It is taken xs a fundamental hypothesis that, 
if QV is sufficiently large, the results of the calculation 
will be insensitive to the value of Q and will tend to a 
limit as Q tends to infinity. If this hypothesis fails then 
again the Tamm-Dancoff point of view makes no sense. 
Therefore, we must always suppose in practice that we 
are working with a cut-off theory with some finite 
value of Q. This being so, the previous argument 
applies, and we may take (34) as a practical normaliza- 
tion condition for the a(.V,.V’) which will always be 
valid in circumstances where the Tamm-Dancoff 
method itself is valid. 

If a(.V) and B(.\V) are set equal to zero for > V>Q, 
the a(V, VN’) defined by (25) will also be zero for 
> N>Q or & N’>0Q, and Eqs. (25) and (26) will 
still be consistent. Thus, the old Tamm-Dancoff for- 
malism with cutoff is equivalent to a theory in which 
a cutoff is applied directly to the amplitudes a(N, .V’) 
involving more than Q particles. 

Supposing that we are not content with the above 
arguments and wish to obtain a rigorous normalization 
condition for the a(.V,.V’) independent of cutoff, then 
Eq. (32) is just not strong enough to deduce anything 
nontrivial from (29) alone. In order that (34) should 
hold, we must assume 


> Nv 2% |a(N)|?#< @, 


Thus the normalization condition (34) will apply, 
provided that the expectation values of 2” in the states 
VW and Wp are finite. More generally, a practical nor- 
malization condition for the a(.V,.V’) will result from 
Eq. (32), provided that the expectation values of 2% in 
the states W and Wy are finite for some z>1. In practice 
it is very likely that these conditions will be fulfilled 
in cases where Eq. (29) holds. In any case, the order 
of magnitude of the Tamm-Dancoff amplitudes for 
large V is so hard to estimate accurately that there is 
practically no likelihood of being able to distinguish 
between (35) and (29). Therefore again we may con- 
clude that (34) is a correct normalization condition for 
the a(.V, .V’) in all cases to which the Tamm-Dancoff 
point of view is applicable. 

From (34) we may derive in turn a normalization 
condition for the wave function Was(r, 7’) defined by 
(2). Using Eqs. (17), (6), and (34), we find 


dw 2%|B(N)|2< 0. (35) 


ff eray da d8|Waa(r, r’)|?= finite. (36) 


It is convenient to take (36) equal to 1, although 
¥(r,r’) is not strictly a probability amplitude. The 
space integrations in (36) extend over the whole space, 
since the volume V of the normalization box can be 
made to tend to infinity without introducing any dif- 
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ficulties. Equation (36) gives important information 
about the normalization of the 4-dimensional wave 
function ¥(x, y), although it still does not throw any 
light on the behavior of the function for x and y sepa- 
rated by a time-like interval. At least Eq. (36) is a 
necessary condition for the 4-dimensional wave function 
to have a physical meaning. 


VI. AN ELEMENTARY EXAMPLE 


To illustrate the preceding sections in a simple way, 
consider a neutral scalar meson field ¢(x) interacting 
with a classical source. Let the interaction be 


W’=>, p(k) (ax+a,*), (37) 


where p(k) is a given function of k. As is well known," 
the stationary states of this system can be found ex- 
plicitly. Let S be the anti-Hermitian operator 


S=>, r(k)(ax*—ay), 1(k)=we p(k). 
A complete set of stationary states of the system is 
W(N)=exp(—S)®(N), (39) 


with @(V) given by Eq. (12). Let ¥ be the state in 
which just one real meson is present with momentum p. 
The old Tamm-Dancoff amplitudes of WV and Wo are 


a(.V)=[IT(V) }-4(@o*A (N) exp(—S)ap*#o), (40) 
B(N)=LII(NV) }-4(@o*A (NV) exp(—S)#o). (41) 
An elementary calculation gives" 
B(N)=[I1(V) +3 exp{—3 S.[r(k) P} 
XI —r(k) }*, 
a(N)=B(N)[r(p)—(V(p)/r(p)) ]. 


The necessary and sufficient condition that the old 
Tamm-Dancoff wave functions be normalizable is that 


(38) 


(42) 
(43) 


the sum 


Dilr(k) P= Die we *Lo(k) P (44) 


be convergent. 
For the same state V, the wave function a(N, N’) is 
a(N, N’)=(I(N)IT(N’))-3(@o exp(S)C(N)A(N’) 
Xexp(—S)ap*&o) 
=(I1(N)IM(N’))3L—N'(p)/r(p) J 


XIE —r(k) JN @+N'®), (45) 


This gives immediately 


Ew Ew a(n, VN)? 
={1+[r(p) ?} exp{2 Sulr(k) P). 


Hence Eq. (34) also is satisfied if, and only if, the series 
(44) converges. Thus, in this example, the normalization 
condition (34) for the a(N, N’) is precisely equivalent 
to the condition (29) for the old Tamm-Dancoff wave 
function to be definable. 


(46) 


1 See R. J. Glauber, Phys. Rev. 84, 395 (1951). 
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VII. EQUATIONS OF MOTION 
The Schrédinger equation for the old Tamm-Dancoff 
wave function is 
(E—Ey)a(M) => y(®*(M)H'®(N) aly), 
where Ey is the sum of the energies of the free particles 
specified by M. The corresponding equation for the 
a(N, N’) is 
(e+ En—Ey:)a(N, N’) 
=(TI(N) MCN’) FA LCV) ACN), HW), 


(47) 


(48) 


where e=E—E,. The a(N, NV’) were originally intro- 
duced in order to avoid difficulties with the vacuum 
energy, which arise with Eq. (47) but not with Eq. 
(48). This aspect of the a(.V,.V’) has been already 
discussed,® and no more will be said about it here. 

It is important to distinguish between two possible 
methods of solving Eqs. (47) and (48). The first method 
is the Tamm-Dancoff method proper, as discussed in 
Sec. V. All amplitudes a(.V) or a(.V, .V’) involving more 
than Q particles are set equal to zero, and the result 
is a finite set of coupled linear integral equations for the 
a(N) or a(N, N’) involving not more than Q particles. 
The finite set of integral equations is then to be solved, 
numerically or otherwise, without any further approxi- 
mations. The only hypothesis made in this method is 
that the a(V) or a(V, N’) for sufficiently large numbers 
of particles are unimportant. The second method is the 
method of Lévy® and Klein.'* In this method we single 
out the components of the wave function involving the 
smallest possible number of particles for the given 
system. Thus, for the state W of one proton and one 
neutron, we single out the a(M) in which M denotes 
one proton and one neutron and no other particles, and 
we call this lowest-order part of the wave function aj). 
Similarly, we single out the components a, of the 
a(.V, N’) representing one proton (or minus one anti- 
proton) and one neutron (or minus one antineutron), 
which are just the components appearing in Pag(r, 7’) 
according to Eq. (17). Equations (47) and (48) are 
then converted into integral equations for the ay; or ay 
alone, successively eliminating all the rest of the a(.V) 
and a(N, N’) by substituting from one equation into 
another. The result of the elimination is a linear integral 
equation for the a; or a);, in which the kernel appears as 
a power-series expansion in the coupling constant G. 
The integral equation is in principle exact, if the sub- 
stitution process could be carried to completion. In 
practice the series for the kernel has to be broken off 
at some finite power of G. So the Lévy-Klein method is 
based on the assumed convergence of the power-series 
expansion of the kernel, a much stronger hypothesis 
than that used by the Tamm-Dancoff method. 

Klein has shown” by actual calculation that the 
power series for the kernel diverges badly, even if one 
considers only those meson exchange processes in 


24. Klein, Phys. Rev. 90, 1101 (1953). 
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which ultraviolet divergences of the self-energy type 
do not occur. For this reason the Lévy-Klein method 
must be considered unworkable, and we must in future 
rest our hopes on the Tamm-Dancoff method. Unfor- 
tunately the solution of the Tamm-Dancoff equations 
becomes a formidable task as soon as the Lévy-Klein 
expansion is abandoned. There is no evidence showing 
whether or not the solutions converge as the number of 
particles considered increases, because nobody has ever 
solved the equations taking into account more than a 
very few components of the wave function. 

The 4-dimensional wave function p(x, y) satisfies the 
Bethe-Salpeter equation,’ which is again a linear integral 
equation with a kernel which is expressed as a power- 
series expansion in G. This equation is open to the same 
objections that were raised against the Lévy-Klein 
treatment of Eqs. (47) and (48). Only in this case the 
situation is worse, because there is no known way of 
expressing the equation in any form other than the 
series expansion. There exist no 4-dimensional equa- 
tions analogous to (47) and (48) from which the 
Bethe-Salpeter equation might be derived. Up to now 
the 4-dimensional theory has been inextricably tied up 
with the power-series expansion. 

Whichever form of the equations of motion is chosen, 
in order to solve the equations it is necessary to use the 
method of renormalization to eliminate self-energy 
and other divergences. The renormalization is at present 
only possible in terms of a power-series expansion in G, 
Thus, Lévy® renormalized the power-series expansion 
of the Bethe-Salpeter kernel, and he found an approxi- 
mate connection between that kernel and the kernel of 
the integral equation for the old Tamm-Dancoff wave 
function a). In this way he could obtain a divergence- 
free integral equation for a), using an expansion in 
powers of G and various other approximations. More 
recently Cini'® has succeeded in writing the old Tamm- 
Dancoff Eqs. (47) in a covariant form, and so he is able 
to renormalize directly the kernel of the integral equa- 
tion for aj. But Cini’s method is still based on the 
power-series expansion; he can renormalize the Lévy- 
Klein treatment of the Eqs. (47), but he cannot yet 
renormalize the Tamm-Dancoff treatment. 

The method of Cini can be used with Eq. (48) just 
as well as with Eq. (47). Also, since the a(NV, NV’) is 
much more closely related than the a(.V) to the 4-dimen- 
sional wave function, it seems likely that it will be 
easier to renormalize the Tamm-Dancoff treatment for 
Eq. (48) than for Eq. (47). It remains an outstanding 
task for the future to avoid the series expansions and 


to renormalize Eq. (48) directly. 


VIII. THE ONE-PARTICLE SYSTEM 


In this section we illustrate the use of Eq. (48) by 
setting up the equations for a state W consisting of a 
single proton, In this case the lowest-order component 
of a(.V, NV’) is the one-proton wave function (Wobpu¥). 
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It is convenient to use instead of this wave function the 
related quantity, 


Wa (p) ~ a (Wo*buwV) Ua, 


which is a Dirac spinor, the sum being taken over the 4 
solutions « of the Dirac equation for a free particle of 
momentum p. We write 


E,= (M?+p")}, 


(49) 


(50) 
and let 

n(p)=E,"'(a:- p+B8M) (51) 
be the Dirac operator whose eigenvalues are +1 for the 
positive energy states and —1 for the negative energy 
states of momentum p. The equation (48) for ~a(p) is 
then 


Le—n(p)Ep Walp) = Liu(Wo*Lbpu, HW’ JW)ua. (52) 


Using (11) and (7), the right side of (52) becomes 
GY (2V ax) ¥ (-yr) a(Vo%by x, (ax +a_,*)V). 


Equation (52) couples the one-proton wave function 
Walp) only to the one-proton-one-meson wave function 


Wat (p, k) = >? (Wo*b iV) Va, (54) 


(53) 


and to the one-proton-minus-one-meson wave function 


Va (p, k)=d0.(Wo*a_.*b pV) 04. (55) 


With these notations, Eq. (52) becomes 


[e—n(p)E, W(p)=G dx (2Vex) 
Xt (p—k, k) + (p—k, k) ]. 


The equation (48) for ¥*(p—k, k) is 


[e—n(p—k)Eps—wx Wt (p—k, k) 
=>,(Wo*Laubp-x,», H’ JW)». 


Equation (57) couples the one-proton-one-meson wave 
function to the one-proton wave function and to various 
components a(.V, .V’) involving 3 particles. To obtain 
the first approximation of the Tamm-Dancoff method," 
we set all the 3-particle amplitudes equal to zero. To do 
this we must arrange the commutator in (57) as a sum 
of terms written in normal form’ with creation operators 
standing to the left of absorption operators, and then 
keep only the term which involves a single 6,, operator. 
This gives for the right side of (57) 


G(2Vax) At (p—k)w(p), 


(56) 


(57) 


(58) 
with 
(59) 


At(p)=3[14+n(p)], A-(p)=3[1—n(9)). 


Because of the At in (58), Eq. (57) becomes 


(e—E, ~ ot (p —k, k) 


=G(2Vax) At (p—k)y(p). (60) 


The Tamm-Dancoff treatment in this first approximation 
gives the same results as the Lévy-Klein treatment with the inter- 
action kernel calculated to order G?. The two methods become 
different only in the next approximation. 
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Similarly, the equation for ¥~(p—k, k) is 
(e+ E, etouxny (p—k, k) 
=G(2Vax)!A~ (p—k) yw (). 
Substituting Eqs. (60) and (61) into Eq. (56), and 
letting V-—>+«, we derive an integral equation for ¥(p) 
alone, 


(e—a: p—BM)p(p)= @/16r)| f drew) ; 


(61) 


X yLe—n(p—k) (Ep-etor) |¥(P). (62) 


Equation (62) gives the second-order self-energy of a 
proton interacting with the meson field. The Dirac 
operator multiplying ¥(p) on the right side is the self- 
energy operator. This operator in general has matrix 
elements between positive and negative energy com- 
ponents of ¥(p). Thus, Eq. (62) is a set of 4 coupled 
equations and will have four independent solutions 
¥(p), two with a positive eigenvalue « and two with a 
negative e. The positive e is the energy of a proton of 
momentum f, including self-energy, and the negative e 
is minus the energy of an antiproton of momentum p. 

It is noteworthy that Eq. (62) differs from the cor- 
responding equation obtained using the old Tamm- 
Dancoff wave function a(V). The form of the energy 
denominators is here symmetrical between positive and 
negative energy intermediate states, whereas in the 
equation for a() the negative intermediate states give 
denominators of a quite different and unsymmetrical 
form. The denominators in Eq. (62) are much closer to 
those which appear in the covariant 4-dimensional per- 
turbation theory. This removes one of the major dif- 
ficulties found by Lévy® amd Klein” in connecting the 
Bethe-Salpeter equation with the 3-dimensional treat- 
ment. 

IX. THE TWO-PARTICLE SYSTEM 


We now use the method of Sec. VIII to construct 
from Eq. (48) the wave equation for the neutron-proton 
system, setting equal to zero all components a(V, NV’) 
involving 4 or more particles. We define the 2-particle 
wave function 


Vas(p, q) i - Do (WoO pud eV) tats. 


This is just the momentum transform of the configura- 
tion-space wave-function (17). Similarly we write 


Vt as(P, 9, k)=Dou Liv (WVo*bpud pak V )uats, 
Yap (P, 9, 2k) = Dou Dov (Vo*a_n*b pudgy V)Uars. 
The equation (48) for ¥(p; q) is 
[e—n'(p)E,—1°(q)E, (bs 9) 
=G Yi (2Vex) Ly" (p—k, 9, &) 


+y7'v-(p—k, 9, +h (p, 9k, k) 
+7y-(p, q—k, k)], 


(63) 


(64) 


(65) 


(66) 
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where the indices 1, 2 denote Dirac matrices operating 
on the first and second spinor suffix of ¥, respectively. 
The equation for ¥*(p—k, g, k), dropping the 4-particle 
components, is 
Le—n! (p—RIEpi— 1? (q)E,— ox Wt (p—k, g, k) 
=G(2Vux) [At (p—k)y'W(p, 9) 
+A*?(q)yW(p—k, q+hk)]. (67) 
Similarly, 
[e—n'(p—B)Ep 1—n(Q) Eyton W-(p—&, 9, &) 
=G(2Vax) [A (p—k)y'W(p, 9) 
+A (q)yW(p—k, qth) ]. 
Substituting from (67) and (68) into (66), we find the 
two-particle wave equation 


(68) 


[e— (a! p+6'M) — (a? +g +8M) W(p, q) 


= G/6n') f as (wy) Ky (p, q) 


+Ly(p—k,q+k)]. (69) 


The kernel K gives the effect of the self-energies of the 
two particles, 


K=y'[e—n'(p—k) (Ep-2ton)—9 (QE, 'y' 


+r7*Le— 9? (G+k) (Eqpeton)—n! (p)E, ty. (70) 


The kernel L gives the interaction between the particles 
resulting from exchange of a single meson, 


L=y'Le—n! (p—k)Ep-4—1°(q) (Eyton) | 'y” 
+7*Le—o (qth) Egue—'(p)(Eptor) by". (71) 
Again we see that Eq. (69) differs from the two-body 
equation derived from the old Tamm-Dancoff method. 
The energy denominators in Eq. (71) are similar to 
those which appear in the Bethe-Salpeter equation and 
are symmetrical between positive and negative energies. 
To make use of Eq. (69), it is necessary to use the 
Cini method of renormalization” to eliminate the 
divergent parts from the self-energy kernel K. The 
resulting equation is free of divergences and suitable for 
practical calculations. By separating the center-of-mass 
motion and considering a state with a definite angular 
momentum, we can reduce the equation to™a one- 
dimensional integral equation for a 16-component 
function of one real variable. The number of components 
can be reduced by making further use of the symmetry 
properties of the equation. In any case, a one-dimen- 
sional integral equation of this kind can be solved 
numerically without a prohibitive amount of work. We 
are, therefore, in a position to explore quantitatively the 
behavior of the wave function Wag(r, 7’) ofa relativistic 
2-body system, without assuming the velocities of the 
particles to be nonrelativistic and without assuming the 
negative-energy components of the wave function to 
be small, 
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The solutions of Eq. (69) will divide {nto four 
classes, characterized by the way in which they behave 
for small G. The first class tends as G0 to a state of 
one free proton and one free neutron. The second class 
tends to one free proton minus one free antineutron, 
the third to one free neutron minus one antiproton, 
the fourth to minus one antiproton minus one anti- 
neutron. It is possible that for large G these classes of 
solutions will no longer be clearly distinguishable. 
However, in studying the two-body system we are only 
interested in the solutions of the first class. The other 3 
classes represent systems in which real particles are 
present in the comparison state Wy, so that Wo for these 
solutions is not the vacuum state. We have never used, 
in the whole analysis leading to Eq. (69), the informa- 
tion that Wo is the vacuum state. The fact that Wo is 
the vacuum state is an additional boundary condition 
which we impose on Eq. (69), restricting the allowed 
solutions to those of the first class. 

A practical difficulty in the use of Eq. (69) is the fact 
that the energy denominators in Eq. (71) may vanish. 
When 

e—E, .— E,—wx=0, (72) 


the energy of the system is sufficiently large to allow 
production of a real meson. In this case the wave 
function ¥+(p—k,q,k) has a singularity where (72) 
is satisfied, representing an out-going wave of created 


mesons. This singularity appears in the integral Eq. 
(69) as a Dirac 6, function, in consequence of the 
assumed boundary condition that the free mesons form 
an outgoing wave. The integration over the 6, function 
then has a well-defined meaning and does not introduce 
any ambiguity. The type of vanishing energy denomi- 
nator typified by Eq. (72) is handled here in exactly 
the same way as in nonrelativistic scattering theory. 
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However, another type of singularity in Eq. (71) 

occurs when 

«+E, w— Ey— x= . (73) 
This corresponds to a singularity in y+(p—k, q, k) at 
the point where one neutron and one meson and minus- 
one antiproton are present. Such a singularity could 
exist only if a real antiproton were present in the com- 
parison state Wo. So again we use the fact that Wo is 
the vacuum state as an extra boundary condition, 
implying that there is no 6-function singularity in 
y+ (p—k, 9, k) where Eq. (73) is satisfied. This means 
that the integrations over vanishing energy denomi- 
nators in Eq. (69) are always to be taken as Cauchy 
principal values, except in the case where they are of 
the form (72) and are associated with real particle 
creation. 

The appearance of the “spurious” vanishing energy 
denominators in Eq. (69) is a defect of the new Tamm- 
Dancoff method, which may considerably complicate 
the practical use of the method. But it is clear that this 
defect is also inherent in the Bethe-Salpeter equation. 
The Bethe-Salpeter equation is also derived formally 
without using the fact that Wo in Eq. (1) is the vacuum 
state. Hence the fact that Wo is the vacuum state must 
be used as a boundary condition in order to obtain the 
physically meaningful solutions of the equation. Only 
because there is no known method of solving the Bethe- 
Salpeter equation except in a quasi-static approxima- 
tion, this need for additional boundary conditions has 
hitherto been concealed. 

Note added in proof:-W. M. Visscher (Cornell 
thesis, 1953, to be published) has calculated the finite 
part of the self-energy kernel (70) which remains after 
mass-renormalization. He used the Cini method, 
adapted to this problem as explained in an earlier letter 
[F. J. Dyson, Phys. Rev. 91, 421 (1953) ]. 
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A new type of representation of the wave function of quantum mechanics, and a new form of the statistical 
interpretation of the wave function, are presented. The variable in the new representation is a mapping of 
points of differential space, closely related to Hilbert space, but having an associated measure for suitably 
defined sets of points in it. In the new statistical interpretation, an eigenvalue of every observable detined in 
the system is associated with each point in differential space. This can be done in such a way that, for each 
observable, the measure (=probability) of the set of all differential-space points belonging to a given set of 
eigenvalues is equal to the quantum-mechanical probability, calculated in the usual way (Born statistical 
postulate), that an experiment will yield an eigenvalue in this set. Thus we obtain an interpretation of 
quantum mechanics in terms of probability densities or probabilities instead of probability amplitudes. 


I. INTRODUCTION 


HE statistical interpretation of the wave function, 
introduced by Born,' consists of the following 
postulate: If g(q) is the wave function in a representa- 
tion in which any operator q (having eigenvalues q) is 
diagonal, the probability that the corresponding ob- 
servable g will be found on measurement to lie in the 


range q, to g2 is 
Q2 
f | ¢(q) | "dq, (1) 


q 


if q has a continuous eigenvalue spectrum with an 
analogous expression for discrete spectra. Since the 
entity in terms of which the dynamics of the system is 
expressed, through the time-dependent Schrédinger 
equation, is the wave function ¢(qg) and not the proba- 
bility density | ¢(g){?, actual physical probabilities- 
i.e., frequencies of occurrence of given events—play a 
noncentral role in the conventional quantum theory.” 

In this paper we propose an explicit statistical postu- 
late distinct from that of Born, which is equivalent to 
the Born postulate so far as final results are concerned, 
but which has the effect of altering the structure of 
quantum mechanics in such a way that the dynamics is 
capable of being formulated as a time-rate of change of 
probabilities. 


II. MATHEMATICAL APPARATUS 


We first put the wave function into a representation 
such that its change with time, under any time-inde- 
pendent Hamiltonian,’ is a measure-preserving point 


1M. Born, Z. Physik 37, 863 (1926). 

2 We speak here in terms of the Schrédinger picture. In the 
Heisenberg picture, where the dynamics is applied to the operators 
representing physical observables rather than to the wave func 
tion, probabilities are (at least formally) still further removed 
from any role in the dynamic part of the theory. The operators are 
here entirely independent of the probabilities, which vary with the 
initial conditions of the problem. 

3 This is not an essential restriction, provided we may regard any 
system with a time-dependent Hamiltonian as part of a larger, 
isolated system having a time-independent Hamiltonian. The 
former case then involves an inessential alteration in the proposed 
statistical interpretation. 


transformation of its argument. The mathematical 
techniques involved have been fully described in the 
literature.4 However, in order to make the basic ideas 
readily accessible to those unfamiliar with them we 
shall give here a full, but nonrigorous, account of all the 
underlying mathematics. 

We have first to consider Wiener’s mathematical 
generalization of the Brownian motion. We are actually 
not concerned with the literal, physical Brownian mo- 
tion, but with a set of functions having statistical 
properties very similar to those of the set of functions 
(describing the displacement of a Brownian particle in 
its dependence on the time) that would be obtained if we 
selected a large number of paths of such particles at 
random from a given solution. 

Imagine a fluid containing a large number of particles 
undergoing Brownian motion. Describe the path of each 
particle as a function of time. The ensemble of all these 
functions has rather easily describable statistical prop- 
erties when considered on a comparatively gross scale; 
this is due to the randomness (again on a gross scale) of 
the impacts to which the Brownian particles are con- 
tinually subjected, this randomness being reflected in a 
corresponding randomness of the paths. With a finer 
scale of description, however, a nonrandom element 
begins to appear. This is, of course, due primarily to the 
nonvanishing mass of the Brownian particle, which 
gives it the ability at least partially to maintain its 
direction and velocity through a series of not too large a 
number of molecular impacts. 

Wiener postulates a set of functions which is an 
abstraction from the ensemble of physical Brownian 
motion paths. Roughly speaking, the abstraction con- 
sists mainly of retaining the randomness of the “dis- 
placements” under indefinite subdivision of the paths. 
Wiener’s set also contains discontinuous functions, 
which of course would not exist at all in the physical 
Brownian motions; but all such functions, relative to 
the whole set, constitute a set of zero probability—in the 

*R. E. A.C. Paley and N. Wiener, Fourier Transforms in the 
Complex Domain (American Mathematical Society, New York, 
1934), Chap."9; N. Wiener, Acta Math. 55, 117-258 (1930), Sec. 
13; N, Wiener, J. Math. and Phys. 2, 131 (1923). 
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terminology of measure theory, “almost all” the 
Brownian motions are continuous. The statistical prop- 
erties possessed as an approximation by the physical 
Brownian motions become exact for Wiener’s set, i.e., 
they subsist even under indefinitely minute ¢crutiny of 
the “paths.” 

I'rom now on, we shall refer to the generalized set of 
functions referred to above simply as “Brownian motion 
functions.”” Whenever we refer to the physical Brownian 
motion, we shall explicitly include the additional 
adjective. 

We now proceed to give a partly heuristic, quantita- 
tive account of the statistical properties of the set of 
Brownian motion functions. Consider a one-dimensional 
Brownian motion taking place in a discrete “time” 
described by the variable x, which can take”on the 
equally spaced values 0, 1/N, 2/N, ---1(N = integer). 
(This variable is not destined to play the role of time in 
the theory we shall ultimately describe, hence we avoid 
using the symbol ¢ for it. It is, however, the analog of the 
time of the physical Brownian motion.) The “displace- 
ment” is a real function X (a, x). Here a is a parameter 
whose value singles out a particular function from the 
whole set. Wiener has shown that a set of real numbers a 
from zero to one is sufficient for this purpose, for 
Brownian motions not only in one dimension, but in any 
finite number of dimensions. We shall not prove this 
here, although we shall describe and utilize certain im- 


portant properties of this mapping of the functions on 
the unit interval. 
Let 


(j=0, 1, --+N), 
(j=0, 1, ---N—1). 


X ;(a)=X (a, 7/N), 
Aj (a) =X j41(a)—X ;(a), 


5 


We now postulate that the “number’® of Brownian 
motions, in the whole set, having its jth increment A; 
(for any given value of 7) in the range a<A;<4, is pro- 


portional to 
1 b A? 
f en( Ya, 
(2r/N)' Ja 2/N 


independently of what ranges may be fixed simultane- 
ously for the A’s having other values of 7. In other 
words, each A; has a Gaussian distribution of values 
from — * to +, centered at zero, with mean square 
1/N, and statistically independent of all other incre- 
ments; we shall say that the increments have inde- 
pendent Gaussian distributions. This will be recognized 
as the same as the gross statistical behavior of the 
increments of displacement in the physical Brownian 
motion: In the physical Brownian motion the inde- 
pendence of increments results from the large-scale lack 


5 Actually, measure rather than number. The “number” here 
involved is infinite. It must thus be dealt with quantitatively in 
terms of measure, just as the “number” of points in a line segment 
is dealt with in terms of the measure of the sezment—a segment 
being, of course, an example of a simple type of set for which the 
measure is given merely by its length. 
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of influence of all prior states of motion on the motion of 
the particle at any given moment, the increment in a 
given time interval thus being given entirely by the 
integrated molecular impulses received during that 
interval; while the Gaussian distribution can be shown 
from general probability laws to result from the fact 
that the individual molecular impulses are random in 
nature. 

It can readily be shown that, with the above distribu- 
tion for the elementary increments of the process, the 
distribution of the increment for an arbitrary multiple 
of the elementary “time interval” 1/N will obey the 
same Gaussian law, and will always have its mean 
square equal to the reciprocal of the length of the 
interval. We could multiply 1/N in the elementary 
distribution law by any constant, and have an analogous 
proportionality of the mean-square increment for arbi- 
trary intervals; but for our present purposes such a 
coefficient need not be included explicitly. 

Since the distribution law given above is normalized 
to unity, it may be used in the sense of a probability, 
i.e., the probability that a$A;(a)<6 for a chosen at 
random is 


1 . A? 
Pr{asA;(a) $b} =——— f exp(—- Jaa. (3) 
(24/N)} Ja 2/N 


In the above assertion, the basic property of the mapping 
of Brownian motions on the parameter a, which has not 
been given up to now, is implicitly assumed: The set of 
Brownian motions is uniformly distributed over the 
interval OS a1, i.e., the probability of a given subset is 
equal to the Lebesgue measure of the corresponding set 
of a’s. If, moreover, the distribution law for the incre- 
ments within each of the elementary “‘time”’ intervals 
1/N is normalized to unity, as above, it is easy to show 
that the distribution law for any interval equal to an 
integer multiple of the basic interval is also normalized 
to unity. 

Since the distributions of the A; are mutually inde- 
pendent, it is a simple matter to obtain the probability 
that a randomly chosen Brownian motion will have all 
of its increments within a given set of ranges, 


dS A2(a) S bo, 
*, @y-1SAy-_1(a)Sby_1} 


ar W(N-1 by be bn-1 A? 
“(Ay ff eo-2 
N ay “ag a 2 'N 


° an-) 


Pr{a,S A;(a) Sh, 


An-1 
= Jayde »-dAnwy. (4) 
2/N 2/N 


Ae 


This is equal to the measure of the set of a’s for which 
X (a, x) satisfies the given inequalities. 

The set of Brownian motions in a continuous “time’ 
variable x varying from 0 to 1 may now be characterized 
in its statistical properties by going to the limit VN in 
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the above equations. This gives the measure of any set 
of Brownian motions all of whose X vs x graphs lie be- 
tween those of any two given Brownian motions, or the 
measure of any sum of (a denumerable number of) such 
sets. 

The general reasoning so far given can be readily ex- 
tended to any range of the x variable, including an 
infinite range, without any essential changes. 

The multidimensional Brownian motion is a simple 
generalization of the one-dimensional case. XY will in this 
case have a number of components, all functions of one 
time variable x. The increments of any component are 
independent of one another as well as of those of the 
other components; the measure of a set is given by an 
obvious generalization of the method already given, 
based on the independence of all increments. As already 
mentioned, a measure-preserving mapping onto the 
interval (0, 1) is still possible. 

An important — special multidimensional 
Brownian motion, which is particularly important to us, 
is the complex Brownian motion. Here X is a complex 
number, a function of the real variable x and the 
parameter a. The increments of its real and imaginary 
parts are all independent of one another. 

The usefulness for us of the set of Brownian motions 
lies in the fact that it is capable of giving a measure for 
a set of functions. If a function is thought of as a vector 
in function space in the usual way, namely, if the 
variable x in the function f(x) is considered as a com- 
ponent index, i.e., f(x) is the xoth component, etc., of 
the representative vector, then one might expect to 
have a measure of certain simple sets of functions, 
simply by using a volume element in the function space. 
This expectation is, of course, not borne out, because a 
volume element in a space of an infinite number of 
dimensions can only be equal to zero or infinity. The 
statistical weighting technique used with the Brownian 
motions, on the other hand, gives a manageable defini- 
tion of measure for a set of functions. 

This measure is made visualizable in another kind of 
space, the ‘‘differential space.” Imagine all the incre- 
ments A; divided by the increment Ax=1/.V. Then the 
set 


case of 


Ai(a) As(a) 


Aw-1(a@) 


Ax Ax’ Ax 

is a set of difference quotients which approaches, in the 
limit V2», the values of the derivative of X (a, x). 
(Since almost all of the X (a, x) are nondifferentiable, 
most of the difference quotients will approach infinity ; 
but one may imagine the derivative as obtained by 
termwise differentiation of an expansion of X (a, x) in an 
orthogonal series of continuous functions.) The ordinary 
function-space representation of the derivative of 
X (a, x) has components equal to the above difference 
quotients, in the limit V+», Ax— 0. Again, a set of 
finite components may be obtained, in a nonrigorous 
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sense of course, by a Fourier transformation of X (a, x) 
followed by termwise differentiation: Let the range of x 
be from 0 to 1, and expand XV (a, x). In terms of the 
orthogonal set e"'"*, 


dX (a, x)/dx= >> lwina,e’*'"". 


Thus dX (a, x)/dx is represented in Hilbert space by the 
components 2rina, with respect to the orthogonal axes 
given by the functions e’"'™. The norm of dX/dx, 
> | 2rina,|*, will not converge, of course, except for a 
set of a of measure zero, hence dN /dx is undefined, 
strictly speaking. 

Differential space, referred to above, is not quite 
the same as the function space of the derivative; it is 
defined as the space in which a function is represented 
by its differentials (‘limits’” of the increments A,) as 
coordinates, rather than by the values of its derivative. 
This makes the norm of the vector almost always finite, 
since 


N-1 
lim > |A,/? 


N-»-2% z=0 


is the quadratic variation of the function, which is finite 
for almost all of the Brownian functions as a result of 
their definition. 

If now we select a large number of Brownian motions 
at random, and imagine the fine dust formed by their 
representative points in differential space, we would 
find a Gaussian distribution of the density of this dust, 
centered at the origin, as we moved out along any axis. 
The number of dust particles in a given region of the 
differential space is proportional to the measure (in 
physical terms, probability) assigned to this region by 
going to the limit V—+* in Eq. (4), or the counterpart 
of Eq. (4) for a Brownian motion of whatever number of 
components may be involved. This in turn is the meas- 
ure assigned to the functions satisfying the inequalities 
given in the curly brackets on the left-hand side of 
Eq. (4). 

The mean squares of all increments are kept equal to 
one another in the limiting process V—>~ , and therefore 
the density of the ‘‘dust”’ in differential space is hyper- 
spherically symmetrical. Considering for a moment a 
real Brownian motion, this corresponds to the fact that 
in Eq. (4) the exponent of the Gaussian function is 
proportional to the squared magnitude of the differ- 
ential-space vector. Hence any rotation of the axes in 
differential space, or any rigid rotation of all vectors in 
the space, would leave this exponent invariant, and we 
would have the result that the independent Gaussian 
distribution of differential-space components of the set 
of real Brownian motions is invariant to such rotations, 
i.e., to any real orthogonal transformation of these 
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functions. It is, in fact, readily apparent that such 
transformations transform the set into itself. 

In the case of complex Brownian motions, the 
Gaussian exponent is equal to the sum of the squares of 
the real and imaginary parts of the complex increments 
in the limit V—+~, or the sum of the quadratic varia- 
tions of the real and imaginary parts of the Brownian 
function. In this case, the analog of the rigid rotation in 
the real case is a unitary transformation; hence a uni- 
tary transformation of the differential-space vector 
conserves the independent Gaussian distributions of the 
differentials and transforms the set of complex Brownian 
motions into itself. 

Consider now a subdivision of the interval (0, 1) of 
definition of the x variable of the Brownian motion 
labeled as follows: 


1/N, a2:=2/N, +++, sv=1, 


Xo=0, xX 


and a matrix depending on the two indices xj, Vm, having 
matrix elements g(x;, ¥m). These satisfy the unitarity 
conditions, 
pH P(x, Vm) (%j, Vm) = 543, 
Ym 
(S) 
> (xi, Vm) 9 (Xi; Ya) = San: 


zi 


The quantity 


N 
¥ (a, Ym) = >> Ai(a) G(x i) Ym) (6) 


rw) 


then has the meaning of a component, namely, the mth 
of the vector representing the ath Brownian motion in 
the differential space (of Brownian functions of the 
discrete time variable x) with respect to a new set of 
axes labeled by the indices y,; or alternatively, as a 
component of the vector obtained by rotating the 
original Brownian motion vector. In the case of a 
unitary transformation represented by a_ function 
¢(x, ¥m) Which is continuous in x, the counterpart of 
Eq. (6) is the Stieltjes integral 


Via, Vm) SAX cers e(ayn) (7) 


Because the Stieltjes integral is not rigorously defined 
for all Brownian motions X (a, x), since not all are of 
bounded variation, it is necessary to state that (7) is to 
be interpreted only in a formal sense. The right-hand 
side of Eq. (7) obtains its rigorous definition through 
integration by parts 


(a, Vm) | X (a, x)de(x, Ym): (8) 


As a result of the interpretation given ¥(a, Ym) in the 
case of discrete x, immediately following Eq. (6), we 
would expect that the distribution of the values of the 
real and imaginary parts of ¥(a, Vm), obtained by letting 
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a range through all its values, is Gaussian and inde- 
pendent of the values of the similarly distributed real 
and imaginary parts of all ¥(a, y,) for which n#m. This 
is indeed the case; the proof is given in the references 
cited, and we shall not repeat it here. 

The functions Ya, y»,) may be interpreted in another 
way : They are the coefficients in the formal expansion of 
dX (a, x)/dx in terms of the orthogonal set of functions 
¢(x, Vm). If for g(x, ym) we take the exponential func- 
tion e’*'"* (the interval of « being from 0 to 1), the 
term-by-term integration of the series gives the ex- 
pansion of X (a, x) in terms of these functions. Going 
back to Eq. (7), with g(x, ¥») an arbitrary orthogonal 
set other than the complex exponentials, the expansion 
of X (a, x) in complex exponentials may be used in this 
equation to yield a formal proof of a second basic 
property of the functions ¥(a, yn): They are a normal 
orthogonal set in a, if the ¢(x, y») are normal and 
orthogonal in x, 


1 
f V(a, ¥m)W(a, yada f 26 Ym) (x, ¥n)dx (9) 


=Omn- 


Hence the quantities A,(@) are in a generalized sense 
also representatives of a unitary transformation be- 
tween the discrete “axes” represented by the letters 7 
and the continuous variable a; and the improper func- 
tions dX (a, x)/dx represent a generalized unitary trans- 
formation between the two continuous variables x and a. 
Hence (a, ¥m) has a double meaning: It may be re- 
garded as (a) the representative of g(x, vm) transformed 
from the variable x to a, or (0) the representative of the 
formal derivative dX (a, x)/dx transformed from the 
variable x to ¥m. The independence of the ¥(a, ¥m) 
follows from (6), and their orthogonality follows from 
(a); but it should be noted that, even if the g(x, ym) are 
a complete set in the variable x, the ¥(a, ym) are not a 
complete set in a. 


III. THE WAVE FUNCTION IN THE 
“@ REPRESENTATION” 


We now consider x as the spatial variable ofa 
normalizable wave function g(x, t), where ¢ represents 
the time. 

Let 


¥(a, t)= far (a, x) ¢(x, t). (10) 


We shall call this the “wave function in the a representa- 
tion.” The use of the term “‘representation”’ is justified 
by the remarks above to the effect that dX (a, x)/dx 
behaves like a unitary transformation representative. 
This is an extension of the usual meaning of a repre- 
sentation, since a is equivalent to an infinity of ordinary 
variables of the type of the spatial variable x and, 
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although dX (a, x)/dx behaves, as we saw above, like the 
representative of a unitary transformation, it com- 
pletely lacks the symmetry that would be expected be- 
tween a and x inan ordinary unitary transformation. 

Suppose now that ¢(x, ¢) transforms with time ac- 
cording to the equation 


g(x, t)= fu (x, x’; the(x’, O)dx’, (11) 


where u(x, x’; /) isa unitary kernel. If (11) is substituted 
into (10), the result can be formally altered according to 
the following steps: 


(a, t)= fax (a, 2) f us, x’; tL) ye(x’, O)dx’ 
= fe] fax (a, x)u(x, x’; t) lew (0) 


= fata, x')o(x’, 0). (12) 


The first line shows the result of direct substitution. The 
second is obtained by interchanging the order of the 
integrations. The quantity 


(13) 


ax’ fax (a, x)u(x, x’; t) 


can be seen, by a reasoning analogous to that given in 
connection with Eq. (7), to be the formal expression for 
the x’ component in differential space of a vector ob- 
tained from that having components dX (a,x) by a 
“rotation” —1.e., a unitary transformation in differential 
space.® Hence dx’ fdX (a, x)u(x, x’; 1) is the x’ com- 
ponent of a new Brownian motion, and the transforma- 
tion merely rotates the entire differential space. From 
this it follows that the set of Brownian motions is 
transformed into itself. This transformation is denoted 
in the third line of Eq. (12) by the operator 7‘; T‘a is 
the new value of @ obtained from the rotation of the 
Brownian function having parameter @ by the unitary 
kernel u(x, x’; 1). As suggested by the hyperspherical 
symmetry of the distribution in differential space, this 
rotation sends a given region of differential space into 
another region with preservation of measure. Crudely 
speaking, the “number” of Brownian motions in the 
original region and the transformed region is unaltered 
by the transformation; the rigorous statement of this 
fact is that for all a belonging to a given measurable set 
on the interval OSa@S1 the measure of the set of the 
corresponding 7 ‘a is equal to that of the original set. 


6 The formal parallelism between Eqs. (7) and (13) is estab- 
lished by associating &m with x’ and g(x, Em) with u(x, x’; dx’; 
the differential in the latter quantity is necessary in doing this 
because x’ is a continuous variable while £,, is discrete. 
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Comparing the third line of Eq. (12) with Eq. (10), 
we see that 

(a, t)=Y(T'a, 0), (14) 
1.e., the change with lime in ¥ (a, t) is in general a measure- 
preserving point transformation on the argument a. Such a 
result is impossible for the wave function in any of the 
usual representations of quantum mechanics. It would 
contradict the characteristic spreading-out in time of 
wave functions in representations such that operators 
diagonal in them do not commute with the Hamiltonian, 
and would be similarly inconsistent with the mode of 
change with time [through exponentials exp(iEt/h) | of 
wave functions in representations such that the diagonal 
operators do commute with the Hamiltonian. 

The transformation ¥ (a, 0)>y(a, 1)=y(7T'a, 0) may 
be “‘visualized”’ in differential space as follows: (a, 0) 
associates with each point @ in this space a complex 
number ¥ (a, 0). The time-transformation brought about 
by the dynamics in time ¢ corresponds to a “rigid 
rotation” of the generalized contours in differential 
space that characterize this function, 1.e., to a rotation 
of the structure of complex numbers that are values of 
¥(a, 0) for the different points a. 


IV. IDENTIFICATION OF DIFFERENTIAL-SPACE 
POINTS WITH INDIVIDUAL SYSTEMS 


With quantum dynamics in the form of a transforma- 
tion of points in differential space into one another, the 
final step that we want to make is the identification of 
these points with individual systems having well-defined 
values of all observable quantities. This section is 
devoted to establishing an algorithm for this purpose, 
which takes the form of a new statistical interpretation 
for the wave function, as promised in the introductory 
section. 

Consider an observable & to which corresponds an 
operator R acting on the variable x of the wave function 
y(x). Suppose at first that R has only discrete eigen- 
values R;, Ro, corresponding to eigenfunctions 
x1("), x2(x), «++, Le., 


Rxi(x)=Rixi(x), Ryolx) = Rox. (x), (15) 


We suppose the x,(*) normalized and orthogonal. Ex- 


pand the wave function in terms of the x,(x), 


¢(x) - > a,x (x). (16) 
wl 


Now let 


£,(a) - aX x)x;(x). (17) 


Then, integrating term by term, we get 


v(a)= [aX x) p(x)=>° a,é;(a). (18) 
wl 
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We now consider each £,(a) as a random variable, a 
function in turn of the random variable a. As we have 
seen (end of Sec II), the distributions of the real 
and imaginary parts of ¢,(@) are mutually independent 
of one another and of those of all other £,(a) and are 
Gaussian in form, i.e., the relative probability that any 
Reé;(a) or Imé,(a) lies between a and is 


1 b 
a f exp(—y’/2)dy, 
(27) 


(19) 


independently of what ranges may be fixed simultane- 
ously for the other part of the same &; and the real and 
imaginary parts of the others. 

We now assign an eigenvalue of R to any given value 
of a in the following way : Divide (a) into two parts, say 


(a) (20) 


Vila) +Yi2(a), 


ni L 


> a.éi(a), Yiela)= Zz. 


i=| venti tl 


Wiila) aiti(a). (21) 


Since Wi, and Yi» are orthogonal, the distributions of 
their real and imaginary parts are independent and 
Gaussian. The mean square of Repi1, ((Repi1)”), equals 
that of Imyy,, and similarly for Re~y, and Imy,2. Hence 
the mean square is 


oi=((Re~us)?) = ((Imyis)?) = $(/ yar |?) 


1 ny 
af | Wir (a) | "dav bf xu lar= aE la,|? 
0 wl 
. . u?+-y? v+y¥ 
SS If fer 
2 2 2 2 Zoi 
® D L x u’4 v" 
LLL o0( 
ov « x £ x 2o11 


(22) 


)e udvdxdy 
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for Rey, and Imy, and 


o12= ((Repr2)?)=((Imp2)?)=3 > 


tn) +1 


la;|? (23) 


for Reyy, and Imy,. We shall take g(x) normalized, 
hence 


1 
f [v(a) |"da= f lira) |?+ | Wr2(a@) |? Jd 
0 


=2(o11+o12) = 1. 


We now determine which is bigger, |Wii(a)! or 
lWio(a)|. If the first, we take R to lie in the set Rj, «> Ra, 
which we shall call S,,; otherwise, in the remaining set 
Si. This completes the first step in an infinite dichotomic 
process, consisting of steps similar to the above, whereby 
the choice of an R belonging to a is successively nar- 
rowed down, leading in the limit to a unique value 
(except for a set of a of measure zero) of R, which we 
shall call R(a). In the next step, we take yyy or Pur 
depending on which was chosen in the first step—and 
proceed with it exactly as we did in the first step, 
dividing it into two parts, finding which is of bigger 
modulus, and assigning R(a) to the corresponding range; 
and so on. 

We now wish to know, first, the probability of R(a) 
lying in Sy, or Sj. Since the real and imaginary parts of 
Yi(a) and yy2(a) are all mutually independent, the 
probability that |Winl@)!=>\/Pwla)|, ie. lYiila)!? 
= |Yi2(a)|’, is 


J x } y* 
) exp( _— ) ands 
2o12 


oi wd. 


4 . t ae 5 
= f exp( — Ja | exp — )as- =20,=),|a,|*, (24) 
T1190 12 Yo 2o12 t 2o11 Outon i=l 


which is equal to the relative probability according to 
the Born postulate that the measured value of ® lie in 
the set S,,. The probability that R(@) is in Sj. is obvi- 
ously 20,2, and the sum of the two probabilities is 1, 
At any later step, moreover, we shall obtain a set of 
probabilities for R(@) lying in the ranges defined at this 
step (there will be at this step 2" ranges in the subdivi- 
sion of the total infinite range of R) having the following 
property: The relative probabilities of the two ranges 
obtained by subdivision of any single one of the ranges 
of the previous step are proportional to the Born 
probabilities. Since the absolute probabilities of the two 
ranges obtained in the first step agree with the Born 
probabilities, it follows that those of the second step 


also agree, and so on, as may be shown by mathematical 
induction. 

We are evidently at liberty to choose the indices 
defining the successive subdivisions in any way we wish. 
In particular, with normalizable wave functions the 
eigenfunctions can be numbered and m, chosen so that 
the probability of 5). is as small as we wish, and the set 
5S), issimultaneously finite. This choice insures that, after 
some finite number of dichotomies for each a, the set of 
all @ that are still not assigned an R eigenvalue is of 
measure as small as we wish, i.e., that the still unassigned 
R eigenvalues are of correspondingly small probability. 

The case where R has continuous eigenvalues, i.e., 
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where 


aD 


o(a)= f x(x, R)a(R)dR, (25) 
—D 
x(x, R) satisfying the orthogonality and normalization 
conditions 


fc R)x (x, R’)\dx=5(R—R’), 


fixe R)x(x’, R)dR=6(x—x’), 


is treated along the same lines as the discrete case, by 
exploiting the formal parallel between a(R) and a;, and 
between x(x, R) and x;(x). Specifically, we proceed as 
follows: 

Let 


v(a)= fax (a, x) ¢(x), (26) 


as before. Then 


va)= f a(R)dR f dX x)x(x,R) (27a) 


@ 


« J d&(a, R)a(R), 


—H 


(27b) 


dé (a, R)=aR f dX(o x)x (x, R). (28) 


Now put 


(29a) 


dudalen f di(a, R)a(R), 


vuta)= f dé (a, R)a(R). (29b) 


These two quantities have, like the like-named quantities 
in the discrete case, independent Gaussian distributions 
for their real and imaginary parts, and are orthogonal to 
one another. The mean squares of the real and imaginary 
parts of, respectively, Yi, and Yo, are 


x 


Ai 
mun hf |a(R)|?dR, mun 3f 
Al 


—O 


|a(R)|*dR, (30) 


i.e., again the usual quantum-mechanical probabilities 
for finding a value of R in the ranges indicated by the 
limits of integration. From here on, the calculation is the 
same as in the discrete case: One assigns to a given a the 
range (— *, A,) or (Ay, +), depending on whether 
Vir(a)| or |Yi2(a)! is the greater. The measures of the 
two sets of values of a corresponding to these ranges will 
be 26;; and 2012, respectively (if g(x) is normalized), 
agreeing with the quantum-mechanical probabilities for 
these two ranges. Successive steps in the sequence of 
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dichotomies are modeled on the first one, exactly as in 
the case of discrete eigenvalues. 

Although we have in the above development given a 
privileged status, so to speak, to the variable x, formally 
speaking x and R are really on the same footing. This is 
readily apparent from the completely parallel form of 
Eqs. (26) and (27b): E(a, R) is a complex Brownian 
motion in R, and X (a, x) and £(a, R) may be thought of 
as representatives, in terms of different variables, of a 
single element of an ensemble of abstract elements 
represented by points in differential space. Using 
Dirac’s bra and ket notation, it is possible to demon- 
strate this equivalence in a formal way. We take 
advantage of the fact already shown that AX (a, x)/dx 
and dé(a, R)/dR behave to some extent like unitary 
transformation coefficients; let us then denote them by 
(a! x) and (a! R), respectively, although it must be borne 
in mind that this notation is not completely justified in 
view of the lack of symmetry between the a variable and 
the ordinary variables of quantum theory. Let us put 

x(x, R)=(x| R), 
o(x)=(x] ¢), 
a(R)=(R| ¢), 
and 
¥ (a) = (a| ¢). 
The first equation is of standard type. The second and 
third are the ordinary consequences, expressed in the 
Dirac notation, of the assumption that the state vector 
of the system is | ¢). The fourth equation has the same 
interpretation as the second and third, once one accepts 
the treatment of a as on the same footing as x or R as is 
implied by the very use of the symbols (a| x) and (a| R). 
Equations (25), (26), (27a), and (27b) may now be 
written 


(| ¢)= f (x| RR(R| ¢), (25’) 


(a| ¢)= J (al aparca ¢) (26’) 


= f flalara R)dR(R| ¢) 


= fo R)dR(R| ¢). 


27’a) 


(27’b) 


In order to go from (27’a) to (27’b) directly, one has to 
assume 


(a| R)= fe | x)dx(x| R), (28’) 


which is entirely consistent with the previous identifica- 
tions and corresponds to (28). 

When R has a discrete spectrum, the situation is 
formally not changed, and we shall not trouble to write 
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down all the equations corresponding to (25’) to (27’b). 
The transformation equations 


(al R,;)= &i(a) 


fete dx(x|R,), 


dX (a, v)/dx= >-(a! R,)(R;! x), 
i 


(a|X) 


where 
(x! Ri)=x,(x), 


reveal that £,(a@) is the ith increment of a Brownian 
motion in the discrete ‘‘time’’ variable R which takes on 
the values Ry, Ro, 

We can now give a concise general statement of the 
new statistical postulate for quantum mechanics: Given 
a division of the (continuous or discrete) set of eigen- 
values of a quantum-mechanical operator into two non- 
overlapping subsets,’ and a normalizable state vector 
|v). The state vector is projected onto the two subspaces 
of Hilbert space corresponding to the two subsets of 
eigenvalues, and the “wave functions”’ in the a represen- 
tation for these two projections are evaluated. The 
“wave function’? having the larger modulus is then 
selected and its subspace divided in turn into two non- 
overlapping sub-subspaces. The “wave functions” in @ 
representing the projections on these smaller subspaces 
are again compared in modulus, the larger selected, and 
so on. At each stage the eigenvalue of R that we seek is 
assigned to the subset corresponding to the subspace 
chosen, and its range thus narrowed down, in the limit, 
toa single number R(a). At each stage, moreover, it can 
be shown that the relative probability of the two 
subsets of eigenvalues involved is equal to that given by 
the Born postulate; the total probability of all subsets is 
one, so that the absolute probability of any subset, 
with this normalization, also agrees with that of the 
Born postulate. 

In this way we may obtain a function R(a) for each 
such that 


f R(a)da=(®R), 


observable @&, 


(34) 


where ((8) is the quantum-mechanical expectation value. 
Since the set of such functions for all observables also 
gives the probabilities for any defined ranges of values of 
any observables, we have a postulate entirely equivalent 
to the Born postulate. Moreover, we now have quantum 
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71f the eigenvalues are discrete, 
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dynamics expressed as a transformation of the same 
random variable a as that which furnishes, via the 
measure of appropriate subsets, the probability basis of 
the theory. This conclusion, stated only briefly here, 
will be discussed more fully in a subsequent paper. 


V. NONUNIQUENESS OF R(a). THE 
POLYCHOTOMIC METHOD 


The particular way in which the Hilbert space is 
divided at each stage of the succession of dichotomies is 
evidently entirely arbitrary. This means that the R 
value assigned to a given a is correspondingly arbitrary. 
For example, if at any stage R is found to be in a given 
subset of eigenvalues, the extension at this stage of the 
subspace corresponding to this subset at the expense of 
the other subspace might well throw R into the other 
subset, even though it has become smaller; and by the 
very nature of the dichotomous process, R cannot at any 
later stage re-enter the region from which it was thus 
ejected. 

A brief calculation will show that the division of the 
subspace at each stage of the sequence into more than 
two parts will not work; for example, if one divides the 
subspace into three parts and assigns R to the subset of 
eigenvalues for which the projection of the wave func- 
tion is the largest in modulus of the three, the relative 
probabilities of the three subsets do not satisfy Born’s 
postulate. 

It is interesting to note that this limitation can be 
removed by an alteration of the method in a different 
respect, as follows (for the sake of illustration, we treat 
first the case of discrete eigenvalues): We choose as 
R(q@) the eigenvalue Ry for which | &(@)/a,x! (see Eq. 
(18)) is the smallest of the entire set of these quantities ; 
the probability that | &j(@)/a,! is the smallest of all the 
'&,(a)/a;! is just |a,/*, as given by Born’s postulate. To 
prove this, consider first a wave function for which only 
n coefficients a; fail to vanish, and let these be named 


4), dx, ++ dy. We first find the probability that 


En an| < En i: SOR | Sea &1, a/, 
which we shall call for brevity 
Pr{n<n—1<---<1} 


The quantities |£;(@)/a,;| have mutually independent 
Gaussian distributions of their real and imaginary parts, 


with mean squares }/a,/*. Let A;=!a,|?. Then 
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no further characterization is necessary. If they are continuous, the subsets must be measurable. 
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The probability that |&,/a,! is the smallest of all, 
Pr{n<n—1, n—2, ---, 1}, is the sum of the above over 
all permutations of A}, 42, ---An-1. To carry out this 
summation, we note that since (35) must hold for any n, 


<1} 


Pr{n—1<n--2<:-- 


A 2 Ay» 


cee (36) 
*tAno ArtAs 


hence 
Pr(n<n—1<:---<1)} 
A, 
A;t+-:-+Ax 


and for the sum of the permutations we obtain 


Pr{n—1<n—2<---<1}, (37) 


Prin<n—1, n—2,---, 1} 
= > Pr(n<n—-1<---<1} 


perm. of 


»Ana 


A, 
Aye ss 


zz 
perm. of 


Pr{n—1<n—2<::-<1)} 


tAn 


ni 


An 


Agr *** tA, 
which is the Born probability of the eigenvalue R,. Since 
the numbering of the eigenvalues is arbitrary, the 
theorem holds for any of the R; in the set Ry, Ro, ---Ra. 
It holds, moreover, for any value of », and therefore 
holds in the limit n>. 

It is not necessary to carry the breakdown all the way 
to individual eigenvalues; we can assign R(a) merely to 
one or another subset of the set of m eigenvalues, with 
the correct probability for each subset as follows: If the 
n eigenvalues are to be divided into n’ subsets, they may 
be renumbered in such a way as to make the indices 
consecutive in each group; then one has a set of numbers 
1Ski<hy:++<kyi<n such that the particular in- 
equality satistied by 7 from the set 

1sish, 


ky < i < ko, 


(38) 


’ 


Ryi1<tSn, 


determines the subset to which R,; belongs. 
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— 
by knt-itl 
is a set of orthonormal functions such that 


V(a)=>- bE, (a). (39) 


wl 
Then the preceding method may be used, with 6, 
replacing a,, &, replacing £,, and n’ replacing ». This 
determines R(a) only as belonging to one or another of 
the n’ sets, but gives the correct probability |6,|? for 
the ith set, for any 7. 

The method for continuous eigenvalues is modeled on 

that for groups of discrete eigenvalues. If 

Ps 


Via) f dé(a, R)a(R), 


zs 


(40) 


we break up the infinite range of integration into n’ 
subsets; for simplicity, let these be intervals, although 
they need only be measurable, nonoverlapping subsets. 
Then we choose a set of numbers 1 <re<++-+fnpr—1, 
corresponding to ki, ke, «+k, If 


ri 4 
by (f a(R) uk) ’ 
ra 4 
bo= (f |a(R) | ) , 
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j 7 
by (f a(R) |"UR ) P 


1 all _ 
| dX (a, R)a(R), 
b, J_, 


1 > 
. f dX (a, R)a(R), 
bs “ri 


1 " ul 
dX (a, R)a(R), 
| ee ee 


is a set of orthonormal functions such that 


Y(a)=> b,é,(a), (41) 
wl 

and the real and imaginary parts of the &,’s have inde- 
pendent Gaussian distributions with mean squares equal 
to 4. Then the method of discrete eigenfunctions can be 
applied, determining R(a) to within one of the n 
subsets, with the correct probability |6,;|* for the ith 
subset. 

The general method presented in this section, which 
we will call the polychotomic method, has certain 
advantages over the dichotomic method. First, it has 
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the advantage, so far as manipulation of its results is 
concerned, of yielding a result at one step. Second, for a 
given subdivision of the total set of eigenvalues, it gives 
a unique result, unlike the dichotomic method. In 
particular, when a discrete set of eigenvalues is divided 
up into individual eigenvalues, it gives a unique as- 
signment of eigenvalues to values of a, except for those 
values of a for which two or more | §;(a@)/a;| are smaller 
than all others but equal to one another, but these 
values of a form a set of measure zero and can be 
neglected. On the other hand, it does not yield a unique 
R(a) in the continuous case: A sequence of finer and 
finer subdivisions, each yielding a range for R(a) by the 
polychotomic method, will not give convergence to a 
unique single value of R(a) in the limit. The dichotomic 
method, on the other hand, does in the limit converge to 
a single value of R(a) for almost all values of a, for any 
given sequence of dichotomies. 

The polychotomic method, on the other hand, can be 
used in a way analogous to the dichotomic method; this 
is because, using the polychotomic method with subsets 
of eigenvalues, one can take a set of a for which all R 
values belong to one of the subsets of R and make more 
precise assignments of R values within the subset, by a 
further polychotomy or sequence of polychotomies of 
arbitrary type. In particular, the mode of fixing upon a 
subset of R eigenvalues (to be associated with an a) 
characteristic of the polychotomic method could if 
desired be used with a sequence of dichotomies (to avoid 
confusion, such a procedure might be dubbed a dicho- 
polychotomy). Thus the polychotomic method is a 
generalization of the dichotomic method. A fixed suc- 
cession of finer and finer dicho-polychotomies will 
converge for almost all @ values. Here every finer 
division is a subdivision of the coarser divisions which 
precede it. 

VI. CONCLUDING REMARKS 

At this point, we wish to call attention to the fact that 
it was only for the sake of simplicity that we presented 
the preceding material as if x or R were single variables. 
No essential change is required if one has a system of 
more than one degree of freedom, in which case x and R 
stand for sets of more than one variable, some of which 
may even be discrete while others are continuous. The 
Brownian motion functions X (a, x) or n(a, R) are then 
still single complex numbers, but functions of several 
variables—complex Brownian motions of a multidi- 
mensional “time.” Integrals like J°dX (a, x)¢(x) are 
multidimensional. The set of values of a is still the unit 
interval. Where in the case of a single variable the 
division of ¥(a) into two parts is a division of the line 
into two subsets, a division of the multidimensional 
space of eigenvalues into subsets takes its place when x 
or R stands for more than one variable 

It should be emphasized that the purpose of our 
theory is simply to achieve an interpretation of quantum 
mechanics in terms of probability densities, and not to 
reconcile quantum concepts with classical ones. The 
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method rests on the identification of observables with 
operators in Hilbert space, and achieves quantization 
purely as a result of this assumption, which has basic, 


not derived, status. 

The following simple example will suffice to show the 
nonclassical nature of the observables in our theory: 
By the method we have given, simultaneous values of 
position g and momentum p can be assigned to almost 
all values of a. Consider, on the other hand, the operator 
for p’+q’; its eigenvalues are quantized, and the value 
obtained for this observable, for a given a, will not in 
general coincide with the sum of the squares of the 
position and momentum variables belonging to this 
value of a. Thus our method does not restore the 
classical meaning of observables. In fact, it would seem 
reasonable to picture the process of determining an 
eigenvalue to go with an @ value as the mathematical 
counterpart of “forcing” the system into an eigenstate 
by the measuring process. This “forcing” is closely as- 
sociated with the uncontrollable disturbance of the 
system, emphasized by Bohr, which necessarily ac- 
companies measurement of an observable when the 
system is not in an eigenstate of that observable. 

Closely associated with the preceding considerations 
is the lack of invariance of the individual eigenvalues 
tied to values of a under transformations of the as- 
sociated variables. If, for example, the zero point of the 
scale of R eigenvalues is translated an amount Ro, i.e., 
the wave function a(R) is transformed into a(R+ Ro), 
the value of R belonging to an individual a, say R(a), 
does not go into R(a)— Ro (unless, of course, the state is 
an eigenstate of R). It is, however, trivially evident- 
from the fact that our postulate is equivalent to the 
Born postulate—that the distribution function of R(q) is 
correctly displaced by an amount Ro, and this is all we 
can reasonably expect, given the essential impossibility 
of a classical type of assignment of R values to indi- 
vidual systems. 

In this connection, we wish further to point out that, 
since the operator formalism of relativistic (Dirac) 
quantum mechanics is subsumed under that of non- 
relativistic quantum mechanics, the application of our 
method to Dirac particles is straightforward. On the 
other hand, the preceding remarks show that, although 
distributions of relativistic dynamic variables in differ- 
ential space transform covariantly under Lorentz trans- 
formations, given the correct transformations of the 
wave functions, the individual values attached to points 
in differential space do not do so (except, again, for 
eigenstates of the variable concerned). Here again it is 
impossible to attribute any meaning to these individual 
values independent of the act of measurement. No 
contradiction can come from this, since the verification 
of covariance of momentum and energy of a single 
particle would imply at least two measurements of the 
components in two different Lorentz frames, and since 
the disturbance due to a quantum-mechanical measure- 
ment prevents the second quantity measured from ever 
being “‘the same’”’ as the first. 
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Production of Sodium Airglow Excitation by 
Imprisonment of Resonance Radiation* 


A. FODERARO AND T. M. DONAHUE 
University of Pitisburgh, Pittsburgh, Pennsylvania 


(Received July 6, 1953) 


ERIOUS difficulties hamper the understanding of the emission 

of the sodium D lines in the night airglow on a photochemical 
basis. In substance the trouble arises from the indications at 
twilight that sodium in very low concentration is in equilibrium 
with the atmosphere at least up to 100 km, whereas nocturnal 
measurements place the airglow layer at 250 km where the 
concentration of sodium as well as of possible reactants would be 
far too low to account for the D line intensity observed.' 

It should be pointed out that a resonance photon, originating 
somewhere in a sodium layer containing as many atoms as the 
twilight measurements imply, has a very good chance of being 
reabsorbed before it leaves the layer. In fact, calculation shows 
that in a spherical shell of sodium at 300°K, 100 km thick and 
containing 10"! atoms per cm? column, a photon radiated into the 
upward hemisphere of directions at the base of the layer has a 
total probability of 0.84 of being captured before it escapes through 
the top of the layer. As a consequence it appears possible, on the 
basis of calculations so far completed, to account for the observed 
concentration of excited atoms on the night side of the earth by 
transport of imprisoned resonance radiation from the sunlit side. 

The theory of imprisonment of resonance quanta developed by 
Holstein? adapted to the present problem of sodium photons with 
Doppler line shape is simplified considerably in principle compared 
to the problems he treated because only a steady-state distribution 
fed by a constant source need be sought. The density of excited 
atoms in the “dark” region of the atmosphere is then 


n(r)= [ n(e)G(r, r’ dr’, 


where G(r, r’) is the probability that a photon emitted at r’ be 
absorbed at r. Holstein demonstrates how G(r, r’) may be calcu 
lated for various types of line shapes. 

Here, unfortunately, the region of integration and the boundary 
conditions are extremely complex, and recourse must be had to 
special methods of attacking the problem which will be explained 
in detail elsewhere. 

The results obtained so far indicate that transport of excitation 
into the unilluminated region is very important for a layer of the 
type described above, or indeed under conditions which would 
have to be assumed to account for the excitation on any other 
basis. Unaided by reflections from the surface and from clouds, the 
imprisoned photons would, however, be attenuated too rapidly for 
layers reasonably thin—less than 100 km. But reflection is certain 
to be appreciable. Perhaps 0.4 of the photons striking the surface 
of the earth or clouds, would, on the average, be reflected. This, 
plus the gradual shrinking of the volume of the zones toward the 
antisolar point into which the radiation travels, appears to be 
capable of giving a rather constant average density of photons on 
the night side of the earth. Diurnal fluctuations, as well as the 
seasonal variation with a maximum in the summer, we believe to 
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be mainly the result of the variations in surface reflectivity, 
particularly significant changes in cloud and snow cover, and 
partly perhaps the result of changes in the width of the trapping 
layer because of variable ionization. 

Experiments to test these ideas are in progress. It should perhaps 
also be suggested here that imprisonment might be of great im 
portance in explaining the excitation of resonance lines of atmos 
pheric constituents other than sodium. Certainly it ought to be 
considered in connection with the deduction of layer heights and 
twilight concentrations when resonance photons are involved. 


* This work was supported in part by the U. S. Air Force Cambridge 


Research Center 
11). R. Bates and M. Nicolet, J. Geophys. Research 55, 235 (1950) 
?T. Holstein, Phys. Rev. 72, 1212 (1947); 83, 1159 (1951) 


Optical Properties of Indium Antimonide 

M. TANENBAUM AND H. B. 

Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received July 28, 1953) 


Brices 


| ECENT investigators have reported rather divergent values 
for the forbidden energy gap AE in the semiconducting 
compound indium antimonide InSb. Welker! has quoted a value 
of 0.53 ev and Breckenridge, Hosler, and Oshinsky* have reported 
an activation energy for intrinsic conduction of ca 0.4 ev. Both of 
these values were obtained from measurements of the conductivity 
as a function of temperature 7. They contain the assumptions 
that the effective masses of electrons and holes are unity, that the 
carrier mobilities vary as 74, and that AEF is independent of 
temperature over the investigated temperature range. 

The analysis of infrared transmission spectra permits an inde 
pendent determination of an upper limit for AZ. However, when 
we turned to infrared transmission to determine AF, we encoun 
tered a rather anomalous behavior. 

The preparation of indium antimonide and the growth of single 
crystals have been described earlier.4-* Our first samples were 
prepared from commercial grade 99.8 percent antimony and 99.95 
percent indium. This polycrystalline material was stoichiometric 
to within two parts per thousand and its resistivity was about 10 
ohm cm. The transmission spectrum of a 0.010-inch slice is shown 


by curve A of Fig. 1. It is characterized by a long-wavelength 
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6 "'* @. 
WAVE LENGTH IN MICRONS 
Fic. 1. Infrared transmission of InSb 
limit of absorption near 3.2 microns. This would correspond to an 
optical gap of 0.39 ev 
In order to increase the resistivity of the compound, it was 
necessary to refine both the antimony and the compound itself. 
Zone refining techniques> were employed, and material was 
obtained with a resistivity of about 7X 10°* ohm cm. This appears 
to be the intrinsic resistivity of InSb at room temperature. The 
transmission spectrum of a typical 0.007-inch slice of a single 
crystal of this material is shown by curve B in Fig. 1. The long 
wavelength limit of absorption now lies at 7.0 microns, corre 
sponding to an optical gap of 0.18 ev. Refining has moved the 
limit of absorption out 3.8 microns or 0.21 ev 
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X-ray diffraction studies have revealed no readily apparent 
differences in the crystal structure of the two materials charac 
terized by curves A and B. Similarly, annealing below the melting 
point does not affect the position of the limit of absorption. It 
would therefore seem that the transmission between 3.2 and 7.0 
microns is caused by some impurity which is removed by zone 
refining. Although this proposal is somewhat unusual, there is 
other evidence to support it. Material, whose transmission is at 
first of the type in curve A, can be converted to material similar to 
B by sufficient zone refining. In addition, by sampling the material 
between zone refining cycles, the long-wavelength limit of absorp 
tion was observed to progress from 3.2 to 7.0 microns. Curve C is 
the transmission curve of a 0.007-inch 
was 2.510 
a heavily refined bar is examined along its length, it is observed 


lice of such a partially 
refined sample. Its resistivity ‘ohm cm. Similarly, if 
that the limit of absorption moves to shorter wavelengths as one 
proceeds from the pure to the impure end of the bar. Thus, it 
appears that the intrinsic limit of absorption lies at 7.0 microns, 
and the anomalous transmission from 3.2 to 7.0 microns is caused 
by an impurity with distribution coefficient less than unity 
Selective doping should reveal the nature of the impurity re 
sponsible for this behavior, and experiments have been performed 
in which material with an intrinsic limit of absorption at 7.0 mi 
, excess indium, and excess 


crons is doped with lead, nickel, arsenic 


antimony. These five agents were chosen since chemical analysis 
has shown them to be the most abundant impurities in the 3.2- 
micron material. Doping with up to 0.05 percent lead, arsenic, 
indium, or antimony produced no observable shift in the long 
However, an equal amount of 


nickel caused a shift of about one micron. By adding 0.1 percent of 


wavelength limit of absorption 


nickel, the long-wavelength limit has been moved to 5 microns. 
Thus it seems that nickel is at least partially responsible for the 
anomalous transmission between 3 and 7 microns. 

If a single crystal of InSb with a long-wavelength limit of 
absorption at 7.0 microns at room temperature is cooled to 77°K, 
the long-wavelength limit shifts to 4.5 microns coresponding to an 
optical gap of 0.28 ev. Assuming that the change in energy gap is 
essentially linear over this temperature range, this corresponds toa 
temperature coeflicient for the energy gap of —4% 10-4 ev/degree 
K. This coefficient is in excellent agreement with the electrical 
properties of InSb if the effective mass of the charge carriers is 
assumed to be 0.083.4 

We wish to thank R. F. ¢ 


experimental measurements 


. Cummings who assisted with the 
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Magnetic Self-Focusing of Auroral Protons 


W. H. BENNETT AND E. O, 
Naval Research Laboratory, Washington, D.C. 


HuULBURT 


Received July 30, 1953) 


HE recent beautiful experiments of Meinel! on spectra of the 
aurora show that protons are entering the upper atmosphere 
at the commencement of an auroral display. From the Doppler 
spreading to the violet which he observed in Ha, Meinel concluded 
that the primary protons enter auroral zones with velocities 
probably greater than 3X 10° cm sec”. These speeds are in accord 
with the original Birkland-Stérmer* theory of a charged stream of 
solar particles bent into auroral zones by the earth’s magnetic 
field. The observations therefore throw doubt on criticisms’ of the 
theory which argued that such charged streams could not exist as 
streams because of spreading due to the electrostatic repulsion of 
the charges 
It is the purpose here to bring to attention an effect which has 
not been considered in auroral stream theories, namely, the 
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magnetic self-focusing action of ionized streams which was 
worked out in some detail in 1934.4 Calculations of this focusing 
action show that a stream of protons and electrons ejected from 
the sun in a wide angle cone will rapidly focus itself into a stream 
having a diameter of the same order as the diameter of an auroral 
display. Such a stream will be lent into the auroral zones in 
agreement with the calculations of Stérmer. The amount of 
focusing into the stream depends on the rate of emission of the 
particles from the sun and on the density of the ionization (which 
we assume to be electrostatically neutral) in the region between 
the sun and the earth. Quantitative estimates appear reasonable 
and will be published. The bearing of the focusing action on 

corpuscular theories of magnetic storms is being considered. 
1A. B. Meinel, Astrophys. J. 113, 50-4 (1951). 
. Stormer, Videnskapsselskapets-Skrifter. I 

1, 10, 14 (1913 

Lindeman, Phil. Mag. 38, 669 (1919); S. Chapman and V. C 


A. Ferraro, Terr. Mag. 36, 77 (1931 
‘W. H. Bennett, Phys. Rev. 45, 890 (1934) 
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Anisotropic Resistivities of Selenium Crystals at 
High Frequencies 
H. W Maczuk 
Moore School of Electrical Engineering, University of Pennsylvania, 
Philadelphia, Pennsylvania 
(Received June 22, 1953) 
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HE electrical properties of liquid and hexagonal selenium 

have been presented in four reports.'~* The temperature 
dependence of the resistivity of the crystals grown in a melt? was 
measured at 200 Mc/sec with the same care as described in that 
report to avoid contributions of end contact resistance and 
capacitative shunting of the specimens (Boella or Howe effects). 
The dark resistivities of representative crystals in a rough vacuum 
are compared with simultaneous de values in Fig. 1. The de curves 
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behave as previously described.* There was, however, no hysteresis 
in the ac measurements. Data for a number of crystals are 
presented in Table I. The ratio 3.5 of the average value of pLe 
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to the average value of p!!c agrees well with the measurements on 
one crystal (crystal 22) for which p_1c/p!'c is 4, as also obtained 
in dc measurements. Temperature coefficients (i.e., ¢ in p= poet?! *, 
where g=electronic charge) are given in the last column of the 
table. The best values are considered to be those for crystal 22 
which were constant from a temperature of 147°K to 435°K. 
Some crystals were heated to the melting point with no changes 
in the coefficients. The data of Schaller> from measurements 
of crystals condensed from the vapor are given in the lower 
portion of the table. The kink that occurs at room temperature has 
been noted and studied in a distinct type of microcrystalline 
specimen.® None of the crystals we studied exhibited this behavior, 
so it is attributed to defects in the crystals deposited from the 
vapor. 

The anisotropy ratio of some crystals deposited from the vapor 
have been reported to be of the order of ten. (Lower values of the 
s and temperature coefficients 


ran_e I. Room temperature 
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order noted above have been personally communicated to the 
author.) From photomicrographic examinations we expect that 
crystals deposited from the vapor are less perfect. Moreover, the 
kink observed by Schaller indicated additional defects® not found 
in our crystals. It seems natural to expect larger differences in 
properties perpendicular to the ¢ axis since the lattice constant in 
this direction is the one sensitive to structural changes. 

The value of 3.5 or 4 for the anisotropy ratio justifies the use of 
the relations for thermoelectric power in isotropic materials in 
determining the order of the carrier densities. This use, in con- 
junction with the development of a general model to explain the 
de properties of crystals and the behaviors of microcrystalline 
specimens, is made in reference 6. This value is smaller than might 
be expected for the chain-like structure of hexagonal selenium and 
indicates considerable cross coupling between chains. 

Using then the average values of acceptor densities found in 
selenium crystals and the exhausted condition of these acceptors 
indicated by the data in the table, an upper limit on the extrinsic 
activation energy for holes is 0.15 ev. Measurements will shortly be 
extended to lower temperatures. 

The theoretically small dependence of mobility on temperature 
cannot be distinguished within the precision of the measurement of 
thermoelectric power and in view of possible residual effects of 
internal barriers even at 200 Mc/sec. At 50°C the mobility parallel 
to the ¢ axis is 5-17 cm?/volt sec (n=1-3X10"/cm'); at 180°C 
this mobility is 33 cm?/volt sec, the temperature dependence 
reflecting the behavior of the thermoelectric power. Since the 
material does not become intrinsic below the melting point, an 
upper limit of effective mass can be determined. 


1950) 
1951) 


1H. W. Henkels, J. Appl. Phys. 21, 725 
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Some Predicted Effects of Temperature Gradients 
on Diffusion in Crystals 
W. SHOCKLEY 
Bell Telephone Laboratories, Inc., Murray Hill, New Jersey 
(Received July 14, 1953 


INCE the discovery of the Kirkendall effect,' it has been ap 

preciated that the mass transport associated with diffusion 
caused by interstitial atoms or by vacancies may be used to dis 
tinguish experimentally between these mechanisms on one hand 
and interchange mechanisms on the other. The analysis of the 
Kirkendall effect does not, however, permit distinguishing experi 
mentally between vacancies and interstitials.* 

Various experiments have been proposed which in principle can 
distinguish between vacancies and interstitials. In general, these 
involve quenching a specimen so that a high density of defects may 
be trapped at a lower temperature. The effects of this high density 
have, in general, been below the range of detection 

In this communication, it is proposed that observable effects can 
be produced by dealing with specimens with temperature gradi 
ents. If the density pa of defects has the value pa(7) character 
istic of the local temperature T(x, y,2), then the temperature 
gradient will give rise to a corresponding defect gradient. A 
diffusion current of defects will exist under steady-state conditions 
This current will produce mass transport through the lattice 
towards high temperature for vacancies and towards low tem 
perature for interstitials. 

Figure 1 illustrates one example of an effect to be expected for 
vacancy diffusion currents. A specimen containing a tilt type 
grain boundary is made in the form of a wire and heated by 
passing current through it lengthwise. Vacancies generated at edge 
dislocations then diffuse from the hotter center to the cooler out 
side with the resultant motion of dislocations shown in (a). This 
results in the non-uniform distribution of dislocations shown in (b) 
which is equivalent to (a) plus (c). The stress distribution due to 
(c) places the center of the specimen under a compressive stress T2 
and the outside under tensile stress 7;. These stresses tend to 
reduce the vacancy density near the center and increase it near the 
outside. To a first approximation, the steady state will be reached 
when the vacancy density is uniform along the grain boundary, 
and this leads to 
=(E/v)AT/T, 


T2—-TI 


where FE is the activation energy of forming a vacancy, v the 
atomic volume, and AT and T the difference and average value of 
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the temperature, respectively. From this, one concludes that 
strains of the order of 10? might readily be produced. In addition 
to observing the strains, it may be possible to observe dislocation 
displacements in the grain boundary for small angle grain 
boundaries.’ 

Figure 2 illustrates a modification of the Kirkendall effect in 
which the temperature gradient of Fig. 1 replaces the concentra 
tion gradient as a driving force for defects. Motion (b) of the 
markers should be produced by interstitial atoms and (c) by 
vacancies. Combined with data on self diffusion, the effect of 
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Fig. 2 should make possible a determination of both vacancy 
density and jump frequency in a pure metal. 

Figure 3 represents a predicted effect for a plate, (b) corre 
sponding to interstitials and (c) to vacancies. 
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It should be noted that stress gradients due to differential 


thermal expansion accompany temperature gradients. Effect (b) of 
Fig. 3 could arise after cooling from this cause. However, the 
defect flows continue in time and should thus be separable from the 
thermal expansion effects. This conclusion is particularly clear for 
Fig. 2 


1A. D. Smigelkas and FE. O. Kirkendall, Trans. Am. Inst. Mining Met 
Engrs 140 (1947 
27K. Seitz, Acta Metallurgica 1, 355 
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Radiation Damage and Rate Processes 
J. W. Marx 


De partment of Minine and Metallurgical Engineering, 
Urbana, Illinots 
Received July 22, 1953) 


University of Illinots 


N several recent investigations,’ electrical resistance changes 
have been employed as a measure of the damage incurred in 
the low-temperature cyclotron irradiation of pure metals, and a 
resistivity index has to follow the kinetics of the 
resulting thermal recovery processes. In the interpretation‘ of this 
data the lattice defects were considered to be overwhelmingly of 
the Frenkel type, i.e., interstitial-vacancy, or i—2, pairs.® 
Pulse-annealing studies showed that the low-temperature 
(below — 150°C) thermal recovery processes were characterized by 
activation energies as small as 0.2 ev in Cu, Ag, and Au?.? A later 
investigation also resulted in a minimum estimate of 0.2 ev for the 
low-temperature recovery in Cu.’ The very excellent isothermal 
annealing data obtained during this latter study showed that the 
low-temperature recovery processes were not uniquely resolved, 
indicating that the recombination of i—v pairs in various states of 
predissociation® might provide a reasonable recovery mechanism 
in this region, an alternative suggested by previous investigators.? 
At about —40°C a reasonably unique 0.68-ev process was observed 
to emerge from the unresolved background. This process was 
ascribed’ to the migration of vacancies, although there seems to be 
no convincing discrimination against interstitial motion in the data 


been used 


themselves.’ 
It is important to note that the low-temperature reactions 
should be first-order reactions if the reacting entity is presumed to 
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be the predissociated pair. When the excess concentration of 
predissociated pairs was exhausted, the annihilations would be 
governed by the random migration of the individual ¢ or v defects, 
and the process should then revert to a second-order reaction. 

Using the recoverable resistivity increment r as a reaction index, 
for an idealized second-order reaction one would expect to find that 
dr/dt=Mr*, where M is an isothermal constant. When this 
criterion was applied to the 0.68-ev process, it was observed that 
dr/dt= Mr’. Stipulating that the apparent higher order could not 
be the result of residual low-temperature processes, that author* 
rationalized the discrepancy in terms of elastic strain consider- 
ations. 

The present writer would like to point out that the data may not 
actually require such interpretation. The preceding work,’ and 
some other studies of solid state reactions, involves the tacit 
assumption that the NV; reactants are homogeneously distributed 
through the specimen volume Vo. While the resistivity increment 
may be a fair measure of the gross defect concentration C;=N;/Vo, 
it provides little information concerning the microscopic concen- 
tration c;=dN;/dV. Yet it is precisely this microscopic concen- 
tration that determines the velocity of any unique process of the 
second, or higher, order in inhomogeneous mixtures. 

The distinction between homogeneous and inhomogeneous 
mixtures is best illustrated by considering two idealized second- 
order cases. Assume that the thermodynamic potential barrier AG 
is not a function of the c;, so that the factor exp(—AG/RT) may 
be included in an isothermal proportionality constant K. In the 
first case, N interstitials and N vacancies are uniformly distributed 
through a specimen of macroscopic volume Vo at a given instant 
to, so that ¢;=c,=Co. The resistivity increment r then decays at a 
rate 

(dr/dt=K f° cedV=KCPVo= MP. (1) 

In the second case, the same V defects are thoroughly mixed and 
then concentrated within m microscopic, nonoverlapping sub- 
volumes V,, contained within the original macroscopic volume Vo. 
For simplicity, the microscopic concentration has the constant 
value ¢;=C»=C» inside each subvolume. Since the gross defect 
concentration has not been changed, the resistivity increment will 
be the same for both cases, i.e., r’=r at t=. The decay rate for 
this case is 


Vim . . . , 
(dr’/dt)to= Kn CiC AV = Kem? V m=(Cm/Co)toMr?. (2) 


The reaction rate is thus not uniquely determined for a given 
resistivity, but may be arbitrarily accelerated by localized concen- 
tration of the reactants. 

If case (2) is superimposed on case (1), so that two different, 
nonzero concentrations exist within the same sample, an ele- 
mentary extension of the preceding analysis shows that the order 
of the reaction will appear fictitiously high for the latter inhomo- 
geneous case, an artefact resulting logically from the inhomogeneity 
itself. In general, whenever two or more reactants are mixed and 
the mixture distributed in varying concentrations throughout the 
specimen volume, the apparent order of even a rigorously unique 
reaction will appear higher the greater the inhomogeneity. 

Idealized though it is, the simple model chosen for the inhomo- 
geneous example affords a rough picture of a nucleon-damaged 
metal for small flux densities. For larger fluxes, the subvolumes 
Vm, Which correspond to microscopic damage spots localized about 
each primary interstitial atom ejection’ could be expected to 
overlap. After the excess of predissociated pairs has been annihi- 
lated, either by microcataclysms triggered by the passage of a 
nucleon through an existing damage spot, or by low-temperature 
thermal recovery, some individual defects remain. There is no 
reason to believe that these would be distributed in microscopic 
uniformity for the fluxes under discussion, although a uniform 
distribution might be approached at very large flux densities. 
Similarly, the reactants involved in plastic deformation damage 
recovery could also be expected to exist in localized concentrations. 
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Therefore, it seems possibile that the elastic strain calculation 
previously invoked? to explain the relation dr/di= Mr? may be, at 
least in part, a gratuitous complication. In any case, the effect due 
to lowering of the energy barriers by elastic strains would simply 
aggravate that which would normaily be expected from the 
inhomogeneity itself. For if AG is a diminishing function of c, the 
factor exp(—AG/RT) must be inserted into the integrand of 
Eq. (1) or its counterpart, and this would have the effect of 
heavily weighting the inhomogeneity contribution. 

For illustrative purposes nucleon damage and recovery have 
been considered here solely in terms of the formation and annihila 
tion of i—v pairs. The existence of residual defects that persist at 
high temperatures shows that this model can be only partly cor 
rect. Either other defects are produced along with the i~—v pairs 
during irradiation, or the coalescence of vacancies and/or inter 
stitials competes with the annihilation process to produce stable 
aggregates. 

The writer would like to extend thanks to Professor J. S. 
Koehler for detailed information concerning particle ranges, and to 
Dr. C. E. Dixon for the privilege of seeing the manuscript previ 
ously referred to,’ prior to its publication. This critique was 
incidental to the work sponsored by the U. S. Atomic Energy 
Commission. 
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Antiparallel Dipole Arrangement in Tungsten 
Trioxide 


Ryvuzo UEDA JiInzo KOBAYASHI 
Department of Applied Physics, Waseda University, Tokyo, Japan 
(Received July 20, 1953) 


AND 


LTHOUGH tungsten trioxide WO, is reported to have 

ferroelectric or antiferroelectric properties,' no definite struc 
tural mechanism has been proposed to account for this behavior. 
The detailed crystal structure analysis of WO; has been carried 
out from a study of its Patterson function. The structure given by 
Braekken? is shown to be incorrect in dipole arrangement. 

The single crystal used (0.10.20.01 mm) is composed of two 
domains, twinned on the (110) plane.’ Each domain contains a 
number of repeated twins (180° domains) of submicroscopic 
dimensions. We have successfully completed the structure de- 
termination at room temperature by using only reflections from a 
similar kind of twin component. The unit cell is monoclinic with 
the lattice constants: a=7.274+0.002A, b=7.501+0.001A, 
c=3,.824+0.003A, and 8=89°56’. The space group is P 2;/a, and 
Z=4. The atomic coordinates and interatomic W—O distances 
are as follows: 

W: +x, }+y, 2. x=0.006, y= —0.021, z=0.053. 
y=0.03. 


y=0.03, 


and 
W —Or1 (above) = 


W —O;=1.87A, 1.71A, 
W —Or1 (below) =2.11 


A 
W —O11=1.83A, A. 


The angle W—O;;—W differs from 180° by about 12°, which will 
be important in connection with the dielectric properties of this 
substance.‘ The sites of the oxygen atoms, which are too light to 
give considerable contributions to the x-ray reflections, have been 
derived mainly from spatial considerations.® 

It is to be stressed from the above results that the dipole 
arrangement in WO; is very similar to that of NaNbO; which has 
recently been analyzed by Vousden.* In both structures, the 
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dipoles parallel to the x direction are arranged in alternate senses, 
while the ones perpendicular to it are put in the same sense (Fig. 1). 


The dipoles in Braekken’s structure, however, are arranged 
alternately in both directions. The dipole orientations obtained 
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The dipole arrangement in WOs and NaNbOs. The arrows show 
of displacement of the metal ions. (a) WOs (present work) 
Vousden). The axes are referred to the original perovskite 
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above will also give WOs antiferroelectric properties, similar to 
those of NaNbOs. 


A detailed description of the work will be published elsewhere 
shortly. 


'B. T. Matthias, Phys. Rev. 76, 430 (1949); C. Kittel, Phys. Rev. 82, 729 
(1951). 
’ Braekken, Z. Krist. 78, 484 (1931). 
Ueda and T. Ichinokawa, Phys. Rev 
I). Megaw, Acta Cryst. 5, 739 (1952). 
Magnéli, Acta Cryst. 4, 447 (1951) 
Vousden, Acta Cryst. 4, 545 (1951). 
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Microwave Observation of the Collision 
Frequency of Holes in Germanium 


rr. S. Benepict 
VWurray Hill, New 


1953) 


Bell Telephone Laboratories, Jersey 


Received July 7, 


T has been shown in a previous letter! that the inertial effects 

of the electrons in n-type germanium may be studied through a 
microwave measurement of the dielectric constant as a function of 
temperature. The working equations? for the dielectric constant 
and conductivity, based on a free carrier model with relaxation 
time independent of energy, derived in reference 1 are 


Ne*r? 


; 1 
eom*[1+ (wr)? ] ) 


K=Ko 


Neér 


= (2 
‘ m*(1+ (wr)? ] } 


where xo is the dielectric constant associated with carrier free 
germanium, N is the number of carriers per unit volume, m* is the 
effective mass, 7 is the relaxation time, and w the microwave 
angular frequency 

Measurements of the dielectric constant and conductivity have 
now been made in p-type germanium in order to determine m* and 
r for the holes. 

The samples were prepared by doping intrinsic germanium with 
sufficient gallium to make the carrier contribution to the dielectric 
constant appreciable. Measurements were made of the attenuation 
and phase shift due to transverse slabs 0.016 and 0.032 in. thick 
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with 1.24 cm microwaves. The results for the hole contribution to 
the dielectric constant Ax are given in Fig. 1. The value used for xo 
was 16.' The solid curves are the theoretical curves based on 
Eo. (1) plotted for various values of m*. 

Some recent calculations’ of Herring of the hole contribution 
to the constant Maxwellian distribution 


dielectric assume a 
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of velocities for the holes, an energy dependent relaxation time, 
and energy surfaces of the type suggested by Herman and 
Callaway,*® and by Shockley.® These calculations give for wr <1 
the following simple formula: 


se ES Es ; 
m* & m*! pon wa 


It is seen that this formula is essentially-the same as that used in 
the previous work! for electrons except that the square of the drift 
mobility has been replaced by the product of the drift mobility 
(uo) and Hall mobility (uy). This change if applied to electrons 
makes very little difference in the effective mass since yy /uo=<1.03; 
however, for holes’ the value of uy/uo varies from 1.30 to 1.70 
giving a large variation from the energy independent 7 theory. The 
dashed curves shown in Fig. 1 are those predicted by Herring’s 
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theory and it is seen that a good fit to the theory can be obtained 
by setting m* equal to about (0.30+0.13) mo. 

The conductivity data are shown in Fig. 2. It is seen that they 
also are consistent with the theoretical curves based on Eq. (2), 
further indicating that the free carrier model is adequate in the 
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present case. The conductivity data are consistent with the mass 
deduced from the dielectric measurements but are not in them- 
selves good enough to yield an effective mass. 

The measurements were carried out for samples whose room 
temperature resistivities varied from 5 ohm-cm to 15 ohm-cm 
and the measurements are consistent with the effective mass given 
above independent of resistivity and temperature over the regions 
described. The relaxation time based on Eqs. (1) and (2) is then 
given by r=3.6XK10777 4 sec. 

The author wishes to thank W. Shockley for many helpful 
discussions concerning this work, M. B. Prince for furnishing the 
drift mobility data required in calculating the theoretical curves, 
and Herring for allowing the author to use his results in the an- 
alysis of the data priort o publication. 
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Electrical Conductivity of Mechanically 
Disturbed Germanium Surfaces 
EpwArRD N. CLARKE AND ROBERT L. HOPKINS 

Sylvania Electric Products, Bayside, New York 
(Received July 20, 1953) 

HE mechanically disturbed germanium surface has been of 
interest in the study of surface electron-hole recombination,! 
in the study of contact potentials,? and in the study of rectification 

and thermoelectric effects. 
If the germanium surface is mechanically disturbed as by 
grinding, polishing, or sandblasting, we have, in effect, a surface 


ETCHED SURFACE (e) 
SANDBLASTED 


SAMPLE THICKNESS = 0.014¢CM 
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1. Resistivity of a thin single crystal before and after sandblasting. 
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layer in parallel with the bulk crystal. A comparison of resistance 
before and after surface treatment will allow determination of the 
surface layer resistance. The change in going from one surface to 
the other is amplified by using a thin crystal. By effective re- 
sistivity we shall mean that of the composite crystal, surface plus 
volume. Figure 1 shows a plot of effective resistivity of a thin 
(0.014-cm) germanium single crystal over the temperature range 
78°K to 385°K, for the crystal with surfaces etched (uppers curve) 
and with one surface sandblasted (lower curve). It is seen that 
sandblasting produces a surface layer of relatively high con- 
ductivity. It is to be noted that even at the highest temperature, 
the resistivity with a sandblasted surface is lower than that with an 
etched surface, implying that there exists a large concentration of 
extrinsic carriers in the surface layer. 

The surface layer thickness is determined by etching the surface 
slowly with a calibrated etchant and watching the effective 
resistivity return to its original etched surface value. The thickness 
of this particular disturbed layer is about 0.7104 cm. With this 
thickness, the average disturbed surface layer resistivity can be 
calculated. Its variation with temperature is shown in Fig. 2. 
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Fic. 2. Resistivity of the mechanically disturbed surface layer. 
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There are three distinct regions. In the range 345°K to 385°K the 
slope corresponds to an activation energy of 0.4 ev, and in the 
range 143°K to 300°K, to 0.022 ev. From &3°K to 125°K there is a 
small negative slope. The value 0.4 ev must be considered a pre 
liminary one because it is based upon only two temperatures for 
each surface and is thus only roughly reproducible with a given 
sandblasting procedure. The value 0.022 ev does appear to be 
fairly reproducible with a given sandblasting procedure. 

Thermoelectric measurements with a hot point probe’ indicate 
that the mechanically disturbed surface layer is p type, at least in 
the region near room temperature. Thus, it is tentatively assumed 
that the activation energies 0.4 and 0.022 ev represent two ac- 
ceptor levels (although the levels are probably at higher positions 
than indicated by these values). It is further suggested that the 
high-lying level represents the centers responsible for the high rate 
of recombination of electrons and holes at these surfaces. A surface 
energy level model proposed by Bardeen and Brattain? is being 
examined in the light of the present measurements. The effective 
Hall coefficient of these thin single crystals is decreased by as 
much as a factor of eight when one surface is sandblasted. The data 
are being analyzed in order to determine the Hall coefficient of the 
disturbed layer. 

Other methods for disturbing the germanium surface, including 
polishing with rouge and water on felt show similar effects, 
although the absolute value of surface resistance depends upon the 
details of the method. 
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The disturbed surface can be annealed by heating at high tem- 
peratures, and Fig. 3 shows the surface layer resistivity of a 
different sample increasing with annealing time at 488°C in 
helium. (A surface layer thickness of 10™ cm is assumed.) The 
experimental accuracy is such that it can be said only that the 
surface layer resistivity returns to some value greater than 10 
ohm-cm after 21 minutes. The curve is particularly interesting in 
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Fic, 3. Resistivity of the mechanically disturbed surface layer as a function 
of annealing time 


that it shows a faster annealing rate becoming operative only after 
annealing has proceeded for ten minutes. We are reminded of the 
plastic deformation of germanium®* which requires an “incubation 
time”’ before the external stress becomes effective. However, other 
effects such as the reaction of germanium with surface impurities 
might alter the shape of the annealing curve. 


' Navon, Bray, and Fan, Proc. Inst. Radio Engrs. 40, 1342 (1952) 
*W. H. Brattain and J. Bardeen, Bell System Tech. J. 32, 1 (1953). 
Rt W. Granville and C. A. Hogarth, Proc. Phys. Soc. (London) B64, 488 
(1951), 
*C. A. Hogarth and J. W. Granville, Proc 
1951). 
5 | 
*F. Seitz, Phys 


Phys. Soc. (London) B64, 992 


Gallagher, Phys. Rev. 88, 721 (1952) 


Rev. 88, 722 (1952). 


The Heat Capacities of Superconducting 
and Normal Tantalum* 


R. D. Worry, M. W. Zemansky,f AND H. A 
Pupin Physics Laboratories, Columbia University, New York, 
Received July 30, 1953) 


Boorsett 


New York 


HE heat capacities of tantalum below 5°K were first meas- 

ured by Keesom and Désirant,' and again by Mendelssohn? 
and Désirant’ in 1941. As part of the program for measuring heat 
capacities in this laboratory, we have repeated these measurements 
using the same apparatus and technique described in preliminary 
reports on niobium‘ and vanadium.’ Two samples of tantalum 
were used, the first with a mass of 3.029 moles and density of 16.09 
g/cm® (somewhat below the value given in the Jnternational 
Critical Tables), and the second with a mass of 0.5545 mole and 
density of 16.65 g/cm‘. Both samples contained more than 99.9 
percent tantalum, less than 0.03 percent iron, and less than 0.03 
percent carbon. No estimate of gaseous impurities was given. The 
samples were annealed by the supplier, the Fansteel Metallurgical 
Corporation, by heating in high vacuum to a temperature of about 
1000°C. Heat capacities were measured in the temperature range 
1.8°K to 5.1°K, a total of 295 determinations being made on 
sample I and 216 on sample II. 
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In the absence of a magnetic field, sample I was observed to 
start the transition from the superconducting to the normal phase 
at 4.01°K and to complete it at 4.42°K. The width of the transition 
for sample Il was much narrower, extending from 4.36°K to 
4.40°K. 

To maintain the normal phase at temperatures below the zero 
field transition temperature, magnetic fields of from 3000 to 5000 
gauss were applied. At these field strengths and at temperatures 
from 3°K to 5°K, as well as above the transition temperature in 
zero field, the molar heat capacity was found to vary with the 


temperature according to the usual relation 


C,=yT'+ (464.4/0)T°. (1) 


y and © were obtained from a plot of C/T versus T? by the method 


of least squares. A tabulation of our results, together with the 


results of the earlier investigations, is given in Table I 

Below 3°K the heat capacities exceed the values given by Eq. 
(1), the departure being as much as 20 percent at the lowest 
temperatures reached. This anomalous behavior was found to be 
independent of the magnetic field at field strengths above 3000 


Pasie I. Calorimetric measurements on tantalum 


1074 cal 
Density Puri 79 
g/cm ‘ kK 


mole-deg? 


This article 16.09 99.9 4.01 —4.42 13.1 
Sample 
rhis article 
Sample Il 
Keesom and 
Désirant | 


Mendelssohn 


Désirant 


16.68 99 9+ 1.346 —-4.40 12.1 


16.566 999+ 3.96 —4.16 1 


99 95 4.38 40.02 
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gauss for sample [ and above 1200 gauss for sample II. A similar 
anomaly has been observed for two samples of vanadium in the 
same temperature range. 

In the superconducting phase the heat capacity of tantalum, 
like that of niobium and of vanadium, failed to show a simple 7° 
dependence on temperature. 

Experimental results for both samples are shown in Fig. 1. 

The results obtained with sample IL were compared with 
Koppe’s®? calculation and with those of Marcus and Maxwell’ 
based on the a model by plotting C,*//C,*! against the reduced 
temperature 7/7», where 7 is the zero-field transition tempera 
ture. This plot differs from that used in reference 7 in that the 
ordinate has been divided by T/T». On a plot of this type Koppe’s 
relation is very nearly linear above 7'/7)=0.4. The ratio C,?'/C,,°! 
was obtained from the experimental results in three ways: (a) by 
neglecting the departure of C,, from Eq. (1), (b) by assuming that 
the electronic contribution to C,, is yf and that the anomaly is due 
to the lattice, and (c) by assuming that the lattice heat capacity is 
(464.4/0°)7°% and that the anomaly is due to the normally con 
ducting electrons. None of these three interpretations yielded 
satisfactory agreement with the theoretical predictions. 

A complete account of these experiments and similar experi 
ments on vanadium will be published in The Physical Review. 


* Assisted by the | f Naval Research and Linde Air Products 
Company 
t City College of New York 
{ Barnard College, Columbia Univer 
1W. H. Keesom and M. Désirant, Physica 8, 273 
ohn, Nature 148, 316 (1941 


S. Office 


New York, New York 
rsitvy, New York, New York 
1941 
irant natronal Conference on Fundamental Particles 
Temperature *hysical Society, London, 1947), Vol. 2, p. 124 

4 Brown, Zemansky, anc vorse, Phys. Rev. 86, 134 (1952 

§’ Worley, Zemansky, « », Proceedings of the Schenectady Cryogenics 
Conference, 128 (1952 

®H. Koppe, Ann. Physil $05 (1947 

7 Worley, Zemansky, and Boorse, Phys. Rev. 87, 1142 (1952 

§P. M. Marcus and FE. Maxwell, National Bureau of Standards Report 
2496, 1952 (unpublished 
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A Possible Mechanism for 1 f Noise Generation 
in Semiconductor Filaments* 

LEON 

tory, Massachusetts Institute of Technol 

Cambridge, Ma } 
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N describing the mechanism to be proposed here for 1/f/ noise 

generation in semiconductor filaments, it is first of all assumed 
that the low-frequency noise is caused by random fluctuations in 
the number of mobile charges (i.e., holes and electrons). This 
explains the fact that noise power seems to vary as the square of 
the current through the semiconductor. The fluctuations of mobile 
charges are, in turn, assumed to be due to the random creation and 
annihilation of trapping centers.' For reasons that will appear 
later, it will be assumed that these trapping centers are all on the 
surface of the material. The physical model which describes this 
random creation and annihilation process will be as follows. A 
lattice atom or impurity atom at the surface of the material is 
knocked out of its equilibrium position (by a source which will not 
be specified) and starts to diffuse throughout the surface. The 
motion will then be a sort of Brownian movement about the 
equilibrium position O. It is assumed that the diffusion must be 
confined to the surface (i.e., it takes place only over two dimen 
sions). From the theory of Brownian motion the diffusion atom at 
any time ¢ after its release will on the average be within a circle 
whose center is at O and whose radius 7 is determined by 


P=4D(t+). (1) 


D is the diffusion constant. The vacancy O is assumed to act as a 
trapping center for a hole or electron until its diffusing atom or 
another diffusing atom gets captured in it. At the instant of atom 
capture the trapped hole or electron is released to become a mobile 
charge again. Thus, during the time O was unoccupied there was 
one less mobile charge. With a constant current through the 
sample, this would have produced a square pulse at the output 
voltage, whose length is the time O was unoccupied. 

It is assumed that the trapping centers are being created 
randomly at a more or less constant average rate. Their rate of 
annihilation is dependent upon the intensity of diffusing atoms 
(and, therefore, the number of trapping centers present); thus, 
after a while there will be an equilibrium condition where the 
average density of diffusing atoms and trapping centers will be 
constant. This is the condition with which we will be concerned 
here 

The output voltage will then be a sum of randomly occurring 
square pulses of varying lengths. If the probability of any one 
pulse width being between s and s+ds is g(s)ds, then it can be 
shown that the correlation function R(t) of the output voltage 


will be 
%x 
R(O=A | (s—A)e(s)ds 
* t 
%x 
KS, p(s)ds, 
where 


ve 
p(s). | g(u du, 
as 


and A is the average number of pulses per unit length of time 
The power spectrum G(w) for output will then be 


G(w)=K { I, p(s)ds] coswidt 


oe (3) 
=(K/w) { p(t) sinwéd?. 


Now p(t) can also be shown to be the probability that an 
unoccupied trapping center is still unoccupied after a time ¢, after 
having been created at t=0. p(t) is to be determined from the 


following relation 
(dp di =x | (Ne ph) + ((o D (357?) Ip, (4 


where a, is the capture cross section, 6 is the average velocity of the 
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diffusing atom, 4 is the thickness of the surface layer, and N is the 
average density of the diffusing atoms from other vacancies at the 
position of a given vacancy. Equation (4) expresses the fact that a 
trapping center can be annihilated in two ways. The first way 
(given by the second term on the r.h.s. of the equation) is by 
having its own diffusing atom come back and be recaptured. The 
second way (denoted by che first term) is by capturing a diffusing 
atom from another trapping center. 

If (1) is substituted in (4) and the boundary condition p(0)=1 
is used, p(t) can be obtained specifically and has the form, 
t/T), (5) 


p(t) =[to/(t-+to) }" exp ( 


where 


T=(No)", (6a) 


n= (a) /(4r5D) (6b) 
G(w) can be obtained by substituting (5) into (3), with the result 
that 
G(w) = Kate"F(n, @) 
[w*+ (1/7)? ]2- "3 
=1/[w?+ (n/to)?] 


when w<1/t, 


when w>1/to, 


where 0@=tan™'(wT) and 
sin(l—n)@ 
I'(n)[sinnw [sind } 


When 1/7 <w<1/t, (7a) shows that G(w) varies as 1/w™, where 
m=2—n. Thus G(w) has the observed 1/w dependence if n=1. 
Experimental data indicate that m may vary from 0.8 to 1.5, so 
can vary from 0.5 to 1.2. 

A crude estimate of n will now be made in terms of the physical 
parameters which are involved. From the theory of diffusion, it can 
be shown that D and 6 can have the following forms :?4 


D=}fa?, 
p=fa. 


In the above equation f is the average jump frequency and a is the 
separation between adjacent potential wells. It should also be 
noted at this point that o,-=6A., where A, is a mean capture length. 
Thus with the aid of (8a) and (&b), » from (6b) can be brought 
into the following simple form: 


F(n, 6) (7b) 


(Sa) 


(8b) 


n=X,./ (wa). (9) 


If n is to be of the order of unity, A- must be of the order of 
wa (=1077 cm), a value which is not too unreasonable physically. 
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Infrared Absorption Induced by Static 
Electric Fields 


M. F. Crawrorp ANpD I. R. Dace 
WeLennon Laboratory, University of Toronto, Toronto, ¢ 
(Received July 13, 1953 


¢ JN DON! showed theoretically in 1932 that vibrational modes 


normally infrared inactive could be rendered active by a 


inada 


static electric field. He estimated the magnitude of the effect and 
concluded that, although the absorption would be small, it should 
be observable under suitable experimental conditions. 

The rotation-vibration spectrum of hydrogen induced by a 
static electric field has been observed and initial results are re 
ported in this letter. 

The absorption cell was that used in the investigation of pres 


sure-induced absorption? The light guide also served as a parallel 
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hic. 1, Field-induced components of the Q-branch of the 1+«—0 vibrational transition of He. 


plate condenser. The two side walls were polished strips of alumi- 
num 85 cm long by 1.75 cm wide; the top and bottom were strips 
of Plexiglass which separated the metal walls by 1.4 mm. One 
plate of this condenser was connected to an insulated terminal 
in the wall of the absorption cell. The other plate was in electrical 
contact with the wall. Hydrogen pressures up to 2000 Ib per square 
inch were used. The absorption was measured with a Littrow type 
grating spectrometer using a PbS photoconductive cell as a 
detector. 

The absorption induced by the static electric field is observed 
superimposed on the pressure-induced absorption,’ but the two 
effects are readily distinguished from each other because their 
half-widths are radically different. The dotted curve of Fig. 1 
shows a contour of a portion of the Q branch of the pressure- 
induced absorption of hydrogen. The sharp maximum of trans 
mission at 4155 cm~! arises from the splitting of the Q branch. 
The continuous curve of Fig. 1 shows the contour obtained when 
the potential difference between the plates of the light guide was 
14 000 volts, other conditions remaining the same. It is apparent 
that the application of the electric field has produced four sharp 
absorption lines. These are components of the Q branch of the 
fundamental rotation-vibration band. A comparison of the fre- 
quencies of these lines with the frequencies of the Q branch com- 
ponents of the Raman spectrum of hydrogen‘ is given in Table I. 


Pas_e |, Observed transitions. 


Frequency, (cm™); 
Raman spectrum 
(density =5 amagats) 


Frequency, (cm™!); 
static field 
(density =82.9 amagat* 


Transition 


4161.28 
4155.48 
4143.55 
4125.88 


4161.2 
4155.1 

4143.0 
4125.2 


® The density in amagats is defined as the ratio of the density of the gas 
under experimental conditions to the density of the gas at one atmosphere 
pressure and zero °C, 

The static field frequencies are slightly smaller; the differences 
apparently are significant since they increase with J and with 
density. 

In principle the matrix element of the mean value of the po- 
larizability for the 1-0 vibrational transition, ao:, and the matrix 
element of the anisotropy yo. can be evaluated from the inte- 
grated absorption coefficients. The integrated absorption coefh- 
cients as yet are not sufficiently accurate to warrant an estimate 
of yor. However, the coefficient of the 1-1 component of the Q 
branch has been measured sufficiently well to allow a first deter- 
mination of ao. It has been established experimentally that the 
absorption coefficient is proportional to the square of the field 
strength. Thus a specific absorption coefficient can be defined and 
for the 1-1 component is 5.53 10- cm™, per cm path, per mole- 
cule per cm’, per (esu of potential per cm)®. The matrix element 
determined from this value is ao; = 1.2(5) X 107%5 cm3,® Corrections 
have been applied for polarization produced in the incident light 


flux by the quartz prism of the monochromator and for the small 
effect of the matrix element of the anisotropy. The result is inter- 
mediate to the value obtained from the ratio of Raman to Ray- 
leigh scattering, 1.05 10°75 cm3,6 and the theoretical value, 
1.393 10775 cm3.’? By using polarized light and a more efficient 
grating, more accurate determinations of ao; and yo: should be 
possible. 

These results definitely establish the field-induced absorption 
predicted by Condon. The effect has several interesting and po- 
tentially important applications. 

' KE. U. Condon, Phys. Rev. 41, 759 (1932). 

2 Welsh, Crawford, and Locke, Phys. Rev. 76, 580 (1949). 

4 Crawford, Welsh, MacDonald, and Locke, Phys. Rev. 80, 469 (1950); 
Chisholm, MacDonald, Crawford, and Welsh, Phys. Rev. 88, 957 (1952). 

*C. Cumming, Ph.D. thesis, University of Toronto (unpublished). 

5 The calculation will be given in a subsequent publication. 

6 Stansbury, Crawford, and Welsh, Can. J. Phys. (to be published). 

? Ishiguro, Arai, Mizushima, and Kotani, Proc. Phys. Soc. (London) 
AOS, 178 (1952). 


Bleaching of CaF, Crystals Colored by X-Rays* 


ALEXANDER SMAKULA 


Laboratory for Insulation Research, Massachusetts Institute of Technology, 
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(Received July 15, 1953) 


YNTHETIC and natural CaF, crystals colored by x-rays ex- 
hibit absorption bands: 5800, 4000, 3350, and 2250A.! The 
increase of absorption below 2100A indicates at least one more 
band. The same absorption is produced by weak, additive colora- 
tion.? A theoretical explanation of the nature of these bands is still 
lacking. 
A study of thermal and light bleaching of colored alkali halides 
contributed much to the understanding of color centers in those 
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Fic. 1. Bleaching of colored CaF: crystal by light absorbed by band 2; 
before bleaching, - - X after bleaching. 
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crystals. According to Barile,’ colored CaF, can be bleached 
thermally but not by light at room temperature. It will be shown 
in the present note that colored CaF», can be bleached by light at 
room temperature also. However, the bleaching process seems to 
be quite different from that in alkali halides. 

All experiments were carried out on synthetic crystals (Harshaw 
Chemical Company). For bleaching, a Hg lamp with proper 
Corning glass filters was used. Figure I  ( curve) shows the 
absorption of CaF, colored by x-rays with bands marked 1 to 4, 
respectively. The bands are very stable at room temperature; 
after 3 weeks no bleaching could be detected. An exposure to light 
absorbed only by band 1 does not bleach this band after one hour 
exposure. If, however, the light absorbed by band 2 is used, a 
strong decrease of band 2 was observed after 5 minutes exposure 
(Fig. 1). The other bands remained unaffected. Simultaneously 
with the destruction of band 2, a new band appears with a peak at 
4850A (Fig. 1). Band 2 can be restored either by heat or by light 
absorbed by band 1. In this case the new band at 4850A disap- 
pears, but band 1 remains unaffected. Figure 2 shows the bleaching 
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Bleaching ot colored CaF? crystal by light absorbed by bands 1 and 2 


Fic. 2 
before bleaching, after bleaching. 


simultaneously ; 


of bands 1 and 2 and formation of a new band at 4850A if light is 
used which is absorbed by band 1 and 2 simultaneously. Both 
bands can be restored either thermally or by irradiation in band 1. 

The following tentative explanation of the absorption bands is 
proposed. Since the bands can be formed either by x-rays or by 
additive coloration, they correspond to trapped electrons. Since 
band 1 cannot be bleached by light it may be ascribed to an 
excitation to a level several tenths of an electron volt below the 
conduction band. Band 2 may correspond to a transition to the 
conduction band or very close to it. This band and its transfor 
mation into a band at 4850A resembles very much the F and M 
bands in alkali halides. The peculiar bleaching intercombination 
between band 1 and 2 requires a further experimental study before 
it will be possible to give an explanation. 

* Sponsored by the U. S. Office of Naval Research, the U.S. Army Signal 
Corps, and the U.S. Air Force. 

' A. Smakula, Phys. Rev. 77, 408 (1950) 


2? F. Liity, Z. Physik 134, 596 (1953) 
3S. Barile, J. Chem. Phys. 20, 297 (1952). 


Thermalization of Positrons in Metals 
R. L. 


Watson Scientific Laboratory, Columbia U niversity, New York, New York 
(Received July 21, 1953) 


GARWIN 


ELL and Graham,} in a very thorough investigation of the 
time distribution of positron annihilation in solids, find a 
lifetime for positrons in metals of 1.540.310" sec, independent 
of the particular metal used; and a complex decay with two time 
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components for not very crystalline material. Their discussion 
quotes DeBenedetti e¢ al.2 who calculated a thermalization time 
for positrons in metals of 3X10~" sec, and they presume the 
positrons to decay before thermalization. 

It is the purpose of this note to point out that the thermalization 
time of positrons in a metal is ~10~ sec and that the calculation 
of Appendix I? refers to monatomic insulators rather than to 
metals. Appendix I? computes the thermalization time in a metal 
by considering only the excitation of lattice vibrations after a 
positron has reached an energy so low that it can no longer cause 
interband electronic transitions. In a metal, however, it can still 
transfer energy to the degenerate electrons (here considered in the 
free electron approximation) by ordinary Coulomb scattering. 
Indeed, the positron of 0.1-volt energy loses energy to an electron 
of energy 5 volts almost as fast as to an electron at rest. 

This situation arises in the following manner: 

Consider a metal of conduction electron density .V, Fermi energy 
Ep= (h?/2m) (3N/8r)!, and a positron of energy E<Ep. We shall 
work at the absolute zero of temperature, although the results 
obtained are not sensitive to temperature. It is clear that the 
positron cannot gain kinetic energy in a collision with an electron, 
for the electron would then have a decreased energy for which all 
states are filled. These collisions are forbidden by the Pauli 
principle. But if there is a collision such that the positron loses 
energy to an electron of energy within 4£ of Er, this collision is not 
restricted by the Pauli principle since all states above Ey are 
empty. Such a collision between free particles cannot occur in one 
dimension, since the electrons either give energy to the positrons 
or are moving away from them so that no collisions take place. But 
in two dimensions the collision is possible. Figure 1 shows a possible 
collision between an electron of 5-volt energy and a positron of 3 
volt energy in which the positron transfers 2.5 ev. to the electron 
Energy and momentum are, of course, conserved. Indeed, the 
process can be conceived as a relatively small angle scattering of 


7 


(bh) 


The collision of a positron of energy 3 ev with an electron of energy 
(a) Velocities before 


Fic. 1 
5 ev results in the transfer of 2.5 ev to the electron 
collision. (b) Velocities after collision. 


the electron by the positron. About one-fourth of the free electron 

positron scatterings resulting in a momentum transfer <(2mE)4 
lead to a loss of energy by the positron. The average energy lost in 
such a scattering may be taken as 4E and the cross section is then 
~re'/EEpr. The number of collisions per second by electrons of 


energy between Ep and Epy—}E is 


\ ( 2E \?“")( ss.) 
(.V) ae ’ 
OE pr m EE» 
the first two factors being the number of conduction electrons per 


ce between Ev and Er—}E, the third the velocity of these elec 
trons, and the fourth the cross section. The rate of positron energy 
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loss is then given by the collision rate times the energy lost per col 
lision and is (V2retN /6m4)EEp 3, For a metal with N=5X 10 /cc, 
Er~8X10 " ergs and a positron of low energy loses energy at a 
rate of EX3K 10" sec The loss rate can be written EX (1677/9) 
X (me'/h*) and is thus independent of the electron density so long 
as the Fermi energy is much greater than the positron energy. The 
is rather unrealistically large because 
free electrons. It appears unreasonable to 
imagine it reduced more than a factor of 100, though, still leaving 
~10° sec. In a semiconductor, in par 
ticular, one could easily detect 10'* electrons/ce by their efficacy in 


collision cross section, above, 


of shielding by the 
the slowing-down time 


thermalizing positrons 

How then can one explain the negative results of Madansky and 
Rasetti’ in not finding thermal positrons diffusing from the surface 
of condensed material? It seems probable that the emergence of 
thermal positrons is not observed because thermal (or epithermal) 
positronium comes out instead, being energetically favored over 
thermal positrons by Ey 
positronium (=6.8 ev) and g is the work function of the metal. 
More probably the competition is not with thermal positrons but 
where V is the “inner potential” 
difference favoring positronium is 
closer to Exg~ e+ V=En+Erpv. Even in the singlet state thermal 
positronium travels (1.2510 '°) X10? =1.31073 cm before de 
caying, so it could be observed by a collimated system as anni 
hilation the 
Triplet positronium would be observable to a distance of several 


ge, where Ey is the binding energy of 


with positrons of energy eV, 


( yt hy ), and the energy 


radiation emitted from yacuum close to surface. 
centimeters 

The results of Bell and Graham with metals are explained, then, 
as immediate thermalization followed by capture (accelerated by 
the Auger effect involving the conduction electrons) to form 
positronium. Exchange collisions with electrons on the Fermi 
surface convert any triplet state to singlet, and so the decay is very 
rapid. If this were all that occurred, however, the lifetime would 
he lengthened by a factor four since the system would spend three 
fourths of its time in the nondecaying triplet state, there being no 


effective energy difference between them. There is still, therefore, 


a slight puzzle with metals. The results with nonmetals indicate 
that some positrons are preserved either free or as triplet posi 
tronium, decaying probably not by conversion to singlet (in an 
insulator), but by annihilation with an electron of appropriate spin 
from a neighboring molecule 

While it is still not certain what processes are effective, it ap 
pears that positrons are thermalized in metals in times ~10°" sec 
and that the Auger effect is important in the formation of posi 


tronium. It is suggested that work be done on the annihilation of 


’ 


positrons in semiconductors of varying conductivity and that one 
should look for thermal positronium emerging from the surface of 
materials in which positrons are stopping. 


Rev. 90, 644 (1953). 
Prinakoff, Phys. 


'R. E. Bell and R. L. Graham, Phys 
2? De Benedetti, Cowan, Kor 
(1950), 


41. Madansky and I 


eker, and Rev. 77, 205 


Rasetti, Phys. Rev. 79, 397 (1950) 


Some K-Particle Mass Measurements* 


D. M. Ritsont 
siversily of Rochester, Rochester, Neu 
ed July 21, 1953) 


Physics Department, l York 


Recei 


N a recent publication, Crussard et al.! have reported mass 

values for six K mesons absorbed in photographic emulsions of 
950m, +40m,. Reported below are measurements made on three A 
particles with a new technique of measuring gap density as a 
function of residual range in electron sensitive photographic 
emulsion. The term “gap density” was first defined by Hodgson? to 
be the fractional length of a track unoccupied by grains. To de 
termine mass values, it is assumed that singly charged particles of 
the same velocity, but differing mass, will produce tracks in 
photographic emulsions of identical gap density. Then if the ranges 
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at which the velocities are equal are known, the ratio of the 
masses equals the ratio of the ranges. 

To provide a simple precise method of measurement a motor 
drive was attached to the stage of a Bausch-Lomb scattering 
microscope (these microscopes permit tracks to be rotated parallel 
to the stage movements) in such a way that a track was driven 
past a Lairline at the rate of 100u in 4 minutes. The observer was 
provided with two counters driven by a common pulser. One 
counter ran continuously; the other, when the observer pressed a 
button. The observer pressed a button whenever the hairline was 
over a portion of track unoccupied by grains. The ratio of the 
readings of the two counters gave the gap density 

To make a mass measurement on a given particle, one or more 
reference protons were selected (protons being differentiated from 
deuterons on the basis of scattering range measurements) running 
at similar depth in the emulsion to the track being measured. The 
variation of gap density d with range R was roughly determined 
and found to be proportional to R° *°%, The gap density of the A 
particle was measured for 2004 and then the gap density of the 
reference protons at the same depth and approximately twice the 
range (chosen to make the gas density almost identical) was 
measured for 200. 

Suppose the gap density of the A particle was dx and range Rx, 
and of the proton was d, and R,, then using the previously de 
termined variation of d with R, the mass of the A particle mx 
relative to the mass of the proton mr, is 


(Rx R, (d, dx)?. 


mK/M, 


It is possible for the absolute value of d to drift with time by the 
order of 10 percent, but the ratio, d,/dx is repeatable to better 
than 4 percent. The procedure outlined above was repeated over 
the whole range of the A particle above 10004. Comparison of gap 
densities on the ranges below 1000 is affected by differences in the 
scattering of K particles and protons. If care is taken to randomize 
the procedure, the accuracy obtainable on a given track should be 
limited only by the length of track available, and, of course, by the 
degree of fading on the plates which have been used. The method 
outlined above seems to be of similar precision with the photo 
electric method, of greater simplicity, and less affected by local 
changes in optical quality occasioned by surface scratches or other 
factors 

Three A particles were observed in balloon flight exposures; Ay, 
observed in a stack of stripped emulsions, was 4.5 mm long and 
came from a star consisting of 14 evaporation prongs and two 
minimum tracks (probable energy on the order of 5 Bev). A2 and 
K; (3 mm long) were loaned to us by Dr. P. Barrett of Cornell for 
measurement using the above method. The origins of these two 
particles were not observed. In all three cases, the secondary 
particles were too short to be identified but had ionizations of the 
order of Zmin. The mass values determined were 


K,=970+100m, (standard deviation), 
Ke=1020+100m, (standard deviation), 
K;=870+100m, (standard deviation). 


The results are quite consistent with the assumption of a single 
mass value 950+60m, and add additional weight to the conclu- 
sions reached by Crussard ef al.! that the masses of the majority of 
K particles observed in emulsions in balloon flights are about 
950m, and are within the accuracy of the experiments indis 
tinguishable from the mass of the 7 meson. 

The author is very grateful to Dr. P. Barrett of Cornell for 
providing two examples of A mesons for measurement and to 
Professor M. F. Kaplon for discussion during the course of the 
work. 
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The Absorption Mean Free Path of the High- 
Energy Nucleonic Component of Cosmic 
Radiation* 
Kapton, J. Z. Kiose, D. M. Ritson, ano W. D 


University of Rochester, Rochester, New York 


Received July 27, 1953 


M. F. WALKER 


WO similar emulsion cloud chambers! consisting of 24 

alternate 3-mm lead plates and 250g G-5 emulsions were 
exposed to the cosmic radiation. One stack was exposed for 30 days 
at 10700 feet at Echo Lake, Colorado with the planes of the 
emulsions and lead plates at an angle of 45° with the vertical, the 
other was exposed for 6 hours at 90 000 feet at White Sands, New 
Mexico with the planes of the emulsions and lead plates horizontal. 
These two emulsion cloud chambers were used to obtain flux 
measurements of the nuclear interacting component of the cosmic 
radiation for energies 210! ev; the data obtained was used to 
determine the absorption mean free path in the atmosphere (A) for 
this energy region. 

Since the emulsion cloud chamber is not a unidirectional de 
tector, a Gross transformation must be used in evaluating the data. 
Five nuclear interactions were observed in a systematic survey of 
106 cm? of emulsion in the mountain stack, and fifteen such 
interactions were observed in a systematic survey of 45 cm? of 
emulsion in the high-altitude stack. In each case the survey was 
made in an emulsion midway in the stack. The solution of the 
Gross transformations for \ was obtained by forming a ratio of the 
Since the 
energy selection characteristics of these two stacks are the same, 
the ratio is not dependent upon the energy of the interactions if the 


transformation expressions for each plate assembly 


energy spectrum is independent of depth. Energy determinations 
of the interactions were made by methods previously used for this 
type of exposure.! The expression involving the Gross transforma 
tions of the two stacks is 


water [1-en(—"))o 


Son 


Xe ) 
; sin coséd@ ex (. — 
N,.( Y.) ind cosddé « Xp < aen 


| a: a 
NoA ml» [: exp( ) |= sina 
A} COSa 


Xn ) 
A cosé 
In the expression all quantities with subscript ¢ refer to the high 
altitude stack, and all those with subscript m refer to the mountain 
stack. Nye(X.) and Nen( Xm) represent the number of interactions 
observed in the two stacks at effective atmospheric depths XY, and 
Nm, respectively. No is the primary interacting flux at the top of 
the atmosphere, the A’s refer to the area of plate scanned for 
showers, and the 7’s are the times of exposure ol the two stacks. 
t, and ft» are the depths in the stacks of the point of observation, 
A; represents the interaction mean free path of the combination of 
materials of the stacks, and a=45°, the angle with the vertical of 
the mountain stack. @ is the zenith angle of the incoming inter 
acting particle, and @nin and 64,4. are limits imposed by the mini 
mum observable track length in the plates. Solution of this ex 
pression with @nin=15° and O@mnax=45° gives \=129+15 grams 
cm’. The errors were determined from the statistical fluctuations in 
N,-(X-) and N ee Taking into account the possibility ola 
transition effect by means of a simple diffusion equation, it was 
found that the mean value of the absorption mean free path could 
not be less than ~115 grams per cm?. 

The result for \ obtained here agrees with the majority of previ 
ous results obtained by other experimenters at lower energies.* 
(Contradictory results are given by Gottlieb® and Stinchcomb*). 
Our result taken with the generally accepted results at lower 
energies indicates that the absorption mean free path in the 
atmosphere is independent of energy from ~10° ev to ~10" ey 
Our result is inconsistent with the value calculated by Milford and 


sin@ cosédé exp( . 
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Foldy® assuming completely inelastic nucleon collisions. Greisen 
and Walker® have suggested that a possible interpretation of such a 
long mean free path is that the fundamental act in the high-energy 
nucleonic component cascade is rather elastic. 

Substituting the value of \ obtained here in the Gross trans 
formation for the high-altitude stack, a value of the primary 
nucleon’e flux at the top of the atmosphere of No=0.22 +0.075 per 
meter? per second per steradian was obtained. This result is in good 
agreement with that given by Kaplon and Ritson! for a somewhat 
higher energy. For a distribution of nucleons « cos@, the integral 
primary flux of nucleons at mountain altitude was determined to 
be Vy =0.0009 + 0.0004 per meter® per second per steradian. For 
comparison the integral primary flux of nucleons determined at 
mountain altitude assuming an isotropic distribution of nucleons 
was Vo=0.0004+0.0002 per meter? per second per steradian. 
(This represents a lower limit on Vo at mountain altitude.) 

The authors are indebted to the Aero Medical Field Laboratory, 
Holloman Air Force Base and to Professor Mario Lona of the Uni 
versity of Denver for assistance in obtaining successful exposures. 
They would also like to thank Miss Barbara Hull for her assistance 
in scanning the plates. 
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Many-Nucleon Forces 
(;REGOR WENTZEI 
Institute for Nuclear Studies, University of Chicago, 
Received July 13, 1953) 


Chicago, Illinois 


N pseudoscalar meson theory (PS coupling), the saturation 

character of nuclear forces is accounted for by the cooperative 
action of many-body forces.! In particular, the repulsive 3-, 5-, 
q-, °° body forces keep the nucleus from collapsing intoa very 
small volume. These nuclear interactions result: mainly from 
matrix elements describing virtual nucleon-pair creation and 
annihilation processes, and, therefore, they can also be derived, 
and more easily so, from the equivalent (pseudo-) scalar pair 
theory, if one grants a nonrelativistic treatment of the nucleons 
and adopts, accordingly, a ‘‘cutoff” in the interaction with high 
energy mesons 

Considering the importance of the saturation problem, it may be 
worth while to outline a short derivation of the many-body po 
tentials from the sealar pair theory, at the same time pointing out 
the approximations involved 

Let x, (s=1, 2, ---,n) be the (fixed) locations of n nucleons. The 
normal modes of the meson field oscillators are then obtained by 
solving the eigenvalue problem of the quadratic form 


ik-xs/2 
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k Wk | Qh 24+AV 12. 


form-factor; \=coupling G/M; 
The corresponding linear equations 
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normalization volume 
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They are solved by setting 


W(¢—w,2) 4% D, ec ***,, 


Gke=AV 
with the » coefficients c, subjected to the linear equations 


2. ¢L8e—-AV J 2-1! gg {2th ta 20 7 2 (), (1) 


Ihe eigenvalues ¢ are the roots of the nXn determinant ¢,(¢) of 
(1) 

Che potential energy of the system, in the absence of free mesons, 
is the zero-point energy of the field oscillators, minus its vacuum 
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value (n=0, or \=0), 
E,= 4(2 ra — Dawe). 


The factor 3 takes account of the three charge states of the x 
meson in a charge-symmetric theory. As has been shown in I, E, 
may be written as a contour integral, 
E,= —3(8mni) f age Ingn($), 

where the path of integration in the ¢ plane encircles all roots ¢ 
(and all w,2). [The identity of the determinant ¢,(¢) with the 
function called g(¢) in I, Eqs. (2) and (3), is easily proved: 
¢ndo=A.] If all nucleons are removed to infinite distances, E,, 
reduces to nF, i.e., the self-energy of the n isolated nucleons. 
Subtracting this, we get the potential energy proper, 


U,=E,—nE, = —3(8xi) tf dee In[on(t) e1-"($) (2) 
Bat|| 


Note that, according to (1), gngi-” is an nXn determinant 
with 
Bu=1;Bue=BuX= ™ AY 1(¢) (2m) . 
x | dtk(g—wi) | ue|teH 9 (541) (3) 

(in the limit V 

As long as all nucleon distances are large compared with the 
“nucleon radius” a (the cut-off momentum A~a™ is assumed 
>), three approximations can be made (see I for details) : 

(a) In the k-space integral in (3), | us|? can be replaced by 1. 

(b) The factor gi *(¢) in (3) can be replaced by its value at the 
point ¢=y*, The error thereby introduced in the contour integral 
(2) is negligible. The energy U, then depends only on the “effective 
coupling strength,” 


»w). 


Aa=Agr *(u?), (4) 


which, actually, is smaller than \ and tends to zero in the limit 
a0, or Am, 

(c) The off-diagonal elements of the matrix 8 are <1 in magni 
tude, and the logarithm of the determinant in (2) can be expanded 
into powers of Bs: (or Aa). 


Take, as an example, n=3, 

Uy= —3(8mi) | deg 4 InC1 — (812 +Bis?+-Bas*) + 28128238]. 
Neglecting terms ~A,4‘, one sees that U3 comprises, as leading 
terms, the two-body potentials of the 3 pairs (1,2), (1,3), (2,3), 
and, next, the three-body potential 

Wy= —3(4nt) tf age 48 2823831. (5) 

With the approximations (a) and (b), the k and ¢ integrals are 
easily evaluated, 

W3=3 (640) WA (ulrietrostrat)) AaB (riaresrsi) |. (6) 


Similarly, for n=4, one finds the sum of the 6 pair potentials and 
of the 4 triplet potentials, supplemented by various terms ~A4’*. 
Among these one recognizes the 4-body potential 


W,=3(4ri)! f xi 4[ Bi BesBaBar 
+B13834842821+Br4B842820831 ]. (7) 


In addition, there are terms involving products like Bi:‘ and 
812"3,;2 which represent corrections to the two- and three-body 
potentials.2 (Terms like 8,2°83 cancel.) Note that a product 
IT, 8s;t; in the expansion of the logarithm in (2) gives rise to the 
potential 

3(2r) Ki (u Dy rats) i (Xa/Aer siti). (8) 


It is then a mere combinatorial problem to write down the 
general n-nucleon potential; the answer need not be restated here 
[see I, Eqs. (22), (23); also Drell and Huang, reference 1, Eq. (7)*]. 
But a final remark concerning volume integrals may be of interest. 
Using the definition (3) and the approximations (a), (b), one finds 
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immediately 


faxBibe =) 40B812/df= —d40B 12/0 (p?). 


(The regions where r,3 4, or r23 Sa, do not contribute appreciably 
to this integral. ] Hence 


f @xWs=d40W2(x1, 12)/3(u), 
; (9) 
J axiW, = AsOW3 (x1, Xo, X;3)/0 (u?), 


and so forth. After m—1 volume integrations (and ¢ integration by 
Cauchy’s theorem) 


Sexe [PxWa=(- XIX XDI 
XA4"(29) 9 f dhe antl (ym 23). (10) 


These formulas prove useful in computations of nuclear energies, 
including surface energies resulting from many-body forces. 

1G, Wentzel, Helv. Phys. Acta 25, 569 (1952); S. D. Drell and K. Huang, 
Phys. Rev. 91, 1527 (1953). 

2G. Wentzel, Helv. Phys. Acta 15, 111 (1942), to be quoted as I. 

3 These terms also appear in the energy of a nucleon lattice, as calculated 
in I, Eq. (22); there they are formally listed among the 4-body terms. The 
two-body term (from Bi) is listed by A. Klein, Phys. Rev. 90, 1101 (1953), 
Eq. (48). The three-body terms (like 812983), which have the effect of 
weakening the repulsive potential W1, may well be equally important. 

*Drell and Huang use the symbol A for the pure number Aw/8m (our 
notation). They ignore higher-order effects, in particular those which reduce 
AtoaA, 


The Energy Spectrum of Particles from Stars* 


R. W. WANIEK AND TALICHIRO OHTSUKA 
Cyclotron Laboratory, Harvard University, Cambridge, Massachusetts 
(Received April 14, 1953) 


HE range distribution of particles from stars was observed in 

Ilford G5 plates, 200 microns thick, exposed to a high- 

energy neutron beam (about 90 Mev) by methods already 
described.! 

In previous work, the range distributions have been inferred 
from the distributions of the projected range. In our case the 
actual range for each prong was determined. The critical factor 
entering this determination is the shrinkage factor. Several plates 
of the same batch were exposed to a well-collimated alpha beam of 
thorium C’ particles entering the emulsion at a predetermined 
angle of 45°. Measurements were also carried out with extremely 
thin x-ray beams which penetrated through the whole emulsion 
and gave information as to the uniformity of the shrinkage. The 
shrinkage factor was then determined by the change in inclination. 
Changes in the shrinkage factor due to the aging of the plates and 
varying humidity conditions of the scanning room were also 


— * 
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Range histogram of all prong events (0-2 mm) 


Fic. 1. Plate 11 GS at 0°. 
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checked. A reasonable estimate of the variation of the shrinkage 
factor attributable mainly to changes in humidity was taken as 20 
percent which is probably an overestimate. Thus the percentage 
error involved in the range determination 6X, assuming the 
shrinkage factor as the predominant source of error, can be de- 
termined from the following equation: 


6R/R= (d°S*/R) - (6S 5), 


where d is the vertical component of the track, S is the shrinkage 
factor, and 5S/S is 20 percent. This results, for instance, in an 
uncertainty of roughly 20 percent at the peak of the range 
distribution. 

Figure 1 shows the range spectrum of the particles from all types 
of stars (1-prong to 5-prong events; total number of stars equal to 
400) from the plate exposed at 0°.!# 

The detailed spectrum between 5 and 200 microns is given in 
Fig. 2 (particles with range under 5 microns were not included). 
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FG. 2. Plate 11 G5 at 0°. Range histogram of all prong events 
(0-200 microns). 


The spectra have been corrected for escape in the conventional 
manner.® 

In recently developed plates in which the shrinkage was elimi- 
nated with various techniques, the shape of the spectrum was 
essentially unaffected. In Figs. 1 and 2 no discrimination is intro- 
duced between the different types of particles. We carried out 
some additional work in the discrimination of protons from alpha 
particles (deuterons and tritons could not be discriminated from 
protons). The peak of the range distribution of the alpha particles 
was found to coincide approximately with the one of the proton 
distribution. The alpha particles amounted to about 12 percent of 
the total number of prongs. The peak would correspond in the case 
of the protons to an energy of about 2.5 Mev and in the case of the 
alpha particles to about 6 Mev. These values are definitely much 
lower than the average Coulomb barrier of the heavy nuclei 
component of the emulsion (approximately 8 Mev for protons and 
16 Mev for alphas); however, they would correspond to the 
average Coulomb barrier of the light nuclei component. Assuming 
no unusual behavior of the nucleus, one would surmise that the 
majority of our events originate in the light nuclei of the emulsion. 
From consideration of the composition and the geometrical cross 
section alone, about 70 percent of the events should be ascribed 
to the heavy nuclei. Blau’s measurement at 300 Mev favors the 
heavy nuclei even more (82 percent heavy nuclei and 18 percent 
light nuclei for stars with two or more prongs). 

It is not feasible to distinguish between stars originating in light 
and heavy nuclei, unless one uses special techniques. Experiments 
along this line are now under way. One can, however, set a lower 
limit to the number of stars originating in light nuclei by selecting 
stars with at least one prong having an energy below the Coulomb 
barrier of the heavy nuclei. In carrying out this analysis we found 
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that for 1- and 2-prong stars at least 80 percent of the stars are 
attributable to light nuclei, whereas for 3-prong stars the fraction 
increases to about 95 percent. The 4- and 5-prong stars are almost 
completely the result of light nuclei. More conclusive results are 
expected upon completion of our experiments with wire-embedded 


emulsions. 
The range histogram has also been plotted for different spatial 
angles (Fig. 3). There was no appreciable variation in the position 
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Plate 11 GS at 0°. Range histogram at different spatial angles 
(30° intervals) from all prong events. 


Fic. 3. 


of the peak of the range spectrum at different angles. However, 
the intensity of the peak varies in such a fashion as to exhibit a 
forward asymmetry. 

Acknowledgments are due Matthew J. Hurley and Junzaburo 
Iwata for their assistance in the scanning and in the analysis of the 
data. 

* Assisted by the joint program of the U. S. Office of Naval Research and 
the U. S. Atomic Energy Commission. 

1 R. W. Waniek and T. Ohtsuka, Phys. Rev. 89, 882 (1953). 

2R. W. Waniek and T. Ohtsuka, Phys. Rev. 89, 1307 (1953) 

3F. C, Champion and C. F. Powell, Proc. Roy. Soc. (London) A183, 64 


(1944). 
4M. Blau and A. R. Oliver, Phys. Rev. 87, 182 (1952). 


The Reaction Li*(a,7)B"” 


D. H. WILKINSON AND G. A. JONES 
(Cavendish Laboratory, Cambridge, England 
(Received July 23, 1953) 


FE have investigated the reaction Li'(a,y)B" with alpha 

particles of up to 1.5 Mev. Within the range of excitation 
in B® so produced (4.45—5.35 Mev), states are known at 4.77,5.11, 
and 5.16 Mev! from the reactions Be*(d,n) B®? and B'(p,p’)B".4 
We observe the lowest state (wI'~0.15 ev, where I’ is the smaller of 
I, andI’,) at 4.75+0.02 Mev and the highest at 5.162 0.008 Mev 
(wI'~0.2 ev); the latter measurement agrees well with those of 
Bonner and Butler? (5.165+-0.006 Mev) and Bockelman et al.# 
(5.159+0.010 Mev). We do not observe the middle level 
(wl <~0.007 ev); we believe it to be (2—) and its absence due to 
an isotopic spin discouragement of the £1 transitions.‘ [Ajzenberg? 
has suggested (1—) or (2—) for one or other element of the 
5.11—5.16-Mev doublet. ] 





1576 LETTERS 


We have determined the decay schemes with the aid of NaI (TI) 
crystals and display them in Fig. 1. The measured gamma-ray 
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Fic. 1. Level scheme of B howing the gamma rays observed in the 
present investigation, The spin and parity assignments for the top three 
states are those suggested here; the rest are taken from Ajzenberg and 


Lauritsen (reference 


energies are shown in Table I where the “expected energies” are 
taken from the work of Bockelman et al.,3 and Rasmussen ef al. 
(No corrections have been made for Doppler shift-—our 
observations were made in poor geometry at 0° to the alpha 


own 


particle beam.) 

The relative intensities of the gamma rays coming from the 
2.15-Mev level have been determined with the aid of the results of 
Rasmussen ef al.,5 Pruitt, Hanna, and Swartz,® and Ajzenberg.? 

The 5.16-Mev state we believe to be the (24+-) T7=1 companion 
of the 3.37-Mev state of Be"; its formation is not a serious 
violation of the isotopic spin rules. This assignment is supported by 
the observed decay scheme which is most reasonably explained by 
J=2 (though J=1 is not excluded); negative parity is unlikely 
because all our observed initial gamma rays would then be 
isotopic-spin forbidden £1 transitions, but with a discouragement 
factor of less than 10 which is improbably low. The 7=1 assign 
ment is also supported by the fact that this state emits gamma rays 
in successful competition with alpha particles? as would be ex 
pected of a 7=1 but not a 7=0 level 


Pasie I, Measured and expected 
to the strength of the transition relative to the 
the initial level in question 


ray energies Relative intensity reters 
sum of all transitions trom 


Measured energy Expected energy 
Mev) (Mev) 


Gamma Relative 
ray intensity 


O.O10 
0.001 
0.010 


1 1.02 40.04 4.0544 
1 0.703 40.010 O.717 4 
§.25 40.10 5.159 +4 

$49 +0.05 $.442 40.010 

0.716 40.010 0.717 40.001 

£0.03 3.007 +0.014 

+0,010 0.414 40.001 

£0,010 1.022 40.002 
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The 4.77-Mev state we believe to be (1+). The decay scheme 
favors J=0 or 1; (0+) we cannot form and odd parity is again 
unlikely because a (1—) state would decay predominantly by an 
allowed Ei transition to the 1.74-Mev (0+) 7 =1 state while the 


(O assignment would again imply anun expectedly small 


isotopic-spin discouragement factor for the then forbidden F1 


transition to the first excited state. 
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Positive =-Meson Production by Negative 
7 Mesons* 
W. F. Fry 


Department of Physi University of Wis 
Received July 27, 
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CONSTN 


STACK of Ilford G-5, 600- and 1000-micron thick plates was 

exposed in the 220-Mev negative -meson beam of the Uni 
versity of Chicago cyclotron. The plates were arranged with the 
emulsion of one plate in contact with the adjacent plate so that the 
tracks could be followed through both plates. Two methods of area 
scanning were employed. Initially the plates were searched for each 
m-meson interaction. A total of 4160 meson interactions were found 
and studied, 12 r —y decays were observed along with 123 negative 
m-meson stars. Of the 123 mesons, 20 were observed to originate 
from high-energy w-meson interactions. Additional plates have 
been scanned for slow meson tracks only, with a low magnification. 
By this method 292 negative m-meson stars and 24 r—y decays 
have been found. Of these 292 negative x mesons, 51 were observed 
to originate from a high-energy -meson interaction. In two cases 
uw decay originated from a high- 
uw decays, the « meson 


the w-meson track from the x 
energy meson interaction. In 21 of the 
stopped in the emulsion. In each case the range of the ~ meson was 
normal and a decay electron track was observed from the end of 
Since the probability of decay in flight of a 


the w-meson track. 
10°*) and since the range of the 


negative m meson is very small! (-« 
p-meson track was normal, it was assumed that the r mesons which 
decay into « mesons were positively charged. This assumption was 
further substiantiated by the subsequent decay of each of the wu 
mesons (only 36+2 percent of th enegative « mesons, which stop in 
a photographic emulsion, decayed into an electron).? 

A projection drawing of event 1 is shown in Fig. 1. The incident 
m-meson track (track 1) is parallel with the other meson tracks 
and has the same grain density and multiple scattering as the 
other tracks. Since the mesons were magnetically analyzed 
twice, it is assumed that in this case the incident meson was also 
negatively charged. Track 2 is 200 microns long and is 1.2+0.2 
times minimum ionizing. It is assumed that the particle which 
produced the track was a 7 meson of about 50 Mev. The m-meson 
track 3 is 250 microns long and ends in the emulsion. The #-meson 
track from the m-meson decay leaves the emulsion after about 500 
microns. A short recoil track is observed which indicates that the 
target nucleus was a light nucleus. The event is interpreted as the 
inelastic scattering, of a negative « meson with the production of a 
positive m meson, 


x +p (in nucleus)->x~+n+r*. (1) 


fl 


There is no evidence for the formation of a & meson. 

A projec tion drawing of event 2 is shown in Fig. io Track 1 is the 
track of the incident * meson. Track 2 is 8 microns long and the 
result of a charged nuclear particle. Track 3 was produced by a 
proton of 4.4 Mev. Track 4 leaves the surface of the emulsion after 
2100 microns and exhibits the multiple scattering of a 7 meson of a 
velocity which corresponds to the observed grain density. This 
meson track has been followed into the adjacent plate and ends 
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interaction in a 


m drawing ol a negative w-meson 
produced in the 


\ positive w meson (trac 3) was 


Fic. 1. A project 
photographic emulsion 
collision with a light nucleus. 


after 2900 microns. The w-meson track from the r—p decay is 610 
microns long. A decay electron is observed from the end of the 
u-meson track. The event is interpreted as the production of a 
positive meson by a negative meson by a double charge ex 
change reaction: 
a +p (in a nucleus)—7°+n, (2) 
r+ p (in the same nucleus)—x*-+-n. ‘i 
A very crude estimate of the probability per nuclear interaction 
of positive x-meson production by negative mesons can be made 
from the number of z~ meson stars and m—y decays. A x meson of 
energy less than about 20 Mev from an interaction will on the 
average stop in the stack of plates. A lower limit of the probability 
that a positive x meson of energy less than about 20 Mev will be 
produced in an interaction is estimated from the ratio of the 
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above. / 
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number of r* to x~ times the probability of finding a #~ meson of 
energy less than 20 Mev from an interaction, 


(36/415) & (20/4100) =4 & 10-*. 


The author is grateful to Professor H. L. Anderson for the use of 
the facilities of the University of Chicago cyclotron. The author is 
indebted to Mr. A. Rosenfeld and Mr. J. Orear for their assistance 
with the exposures and for many helpful discussions. Many dis 
cussions with Dr. G. Takeda were helpful. 
part by the Research Committee of the graduate school 
trom tunds supplied by the Wisconsin Alumni Research Foundation 

iW Fry, Phys. Rev. 91, 130 (1953); 84, 385 (1951). W. F. Fry and 


George R. White, Phys. Rev. 90, 207 (1953) 
W. F. Fry, Nuovo cimento 10, 490 (1953); Phys 
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Far Ultraviolet Radiation from the Cornell 
Synchrotron* 


P. L. HARTMAN AND D. H. 
Cornell University, Ithaca, New York 
Received July 17, 1953) 


TPOMBOULIAN 


HE existing experimental studies! * of the properties of the 
radiation due to transversely accelerated high-energy elec 
trons have been contined to the visible and near ultraviolet regions 
of the spectrum. An attempt was therefore made to extend the 
region of observation to the vacuum ultraviolet. Since a grazing 
incidence spectrograph was available and could readily be modified 
for this purpose, it was decided to omit the observations in the 
Schumann region and to proceed directly with the exploration of 
the soft x-ray region (SOA to 500A). The spectrograph was 
equipped with a lightly ruled 30 000-line grating whose radius of 
curvature was 154 cm. The grazing angle of incidence was set at 
4.5° with a resulting calculated short-wavelength limit of 30A. 
The spectrograph slit housing was connected to a porthole in 
the synchrotron “donut” by tubing containing a 
vacuum gate-valve provided with a retractable quartz window. 
The latter was used only in the initial determination of the height 
and direction of the visible beam prior to positioning of the spectro 
graph. The valve served to isolate the spectrograph chamber from 
the “donut” of the synchrotron while the spectrograph was being 
pumped out. Upon evacuation of the spectrograph, the gate-valve 
was opened, allowing the radiation to pass through the evacuated 
fall directly upon the slit of the 


sections of 


interconnecting tube and 
spectrograph. 

® The radiation is emitted tangentially from the electron orbit and 
is confined to a narrow cone centered on the instantaneous direc 

tion of the motion of the electron. The angular opening of the cone 
is of the order of 1/600 radian for a 300-Mev electron. This 
property demands that great care be exercised in aligning the axis 
of the spectrograph (line joining mid-points of grating and slit) 
with the axis of the cone of radiation. This adjustment was carried 
out by first observing through a theodolite the image of a visible 
spot of light at the orbit as reflected by a mirror placed opposite 
the quartz window located at the end of the porthole tube. The 
axial direction of the radiation in space was thus established and 
the spectrograph was slid into position so that its optical axis fell 
into coincidence with the direction of the light beam. The latter 
adjustment was also accomplished with the now fixed mirror and 
theodolite by sighting through them at two reference points fixed 
in the body of the spectrograph. The reference points were previ 
ously so located as to define the axis of the spectrograph. The final 
alignment was further verified by the use of a photocell placed 
within the spectrograph so as to detect the light from the central 
image when the usual trap for the central image was moved out of 
the way. The various runs reported here were exploratory in 
nature and were designed to determine whether the radiation could 
be detected within reasonable exposure times and, if so, to gain 


qualitative information concerning the intensity distribution and 





1578 LETTERS TO 
the possible existence of a short-wavelength limit to the continuous 
spectrum.‘ Hence, in all the exposures but one, the electrons were 
accelerated to the peak energy of the synchrotron (310 Mev) so 
that the spectrum corresponds to the integral of the instantaneous 
power spectrum over an acceleration cycle. In one run, by turning 
off the rf voltage early in the acceleration cycle, the maximum 
energy was lowered to 220 Mev. The exposure times, under the 
particular operating conditions of the synchrotron, were of the 
order of 30 minutes except for the low-energy run. With Ilford QI 
plates, good photographic densities were obtained with the above 
exposure times. 

The following observations are derived by inspection of the 
photographic records dealing with various runs at the peak energy. 


a. A strong continuum is present in the soft x-ray region, which 
for 310-Mev electrons appears to extend at least down to the 
instrumental short-wavelength cutoff which is observed to set in 
at about 55A. 

b. The photographic negatives over the 50 to 400A spectral 
range show no marked density variations, with no sudden drop 
over the short-wavelength region available under the particular 
conditions of detection. 

c. When thin metallic foils of Be and Al are introduced into the 
path of the undispersed radiation, the characteristic K and La 3 
absorption edges of Be and Al, respectively, are strongly recorded 
in two orders. (The Be A edge is located at 110A, while the Le; 
edge of Al is at 170A.) 

d. For the 220-Mev run, the microphotometer trace shows a 
gradual but definite increase in density, from about 60A on, and 
attains a peak in the vicinity of 170A, diminishing gradually 
towards longer wavelengths. 


The height of the recorded continuous spectrum here is much 
smaller than the height of images of line spectra photographed 
with the same highly astigmatic spectrograph. This characteristic 
is probably the result of the fact that the space distribution of the 
radiation is very different from that of conventional light sources. 

Various tests have definitely established the absence of fogging 
of the spectral plates by gamma rays or other sources such as the 
light from the injector filament. An attempt will be made to carry 
out a photometric reduction of the plates in order to obtain more 
quantitative information concerning the spectral energy distribu 
tion, at least over that part of the spectrum involving no overlap 
of the various orders of the instrument. 

It is a pleasure to acknowledge the generous assistance of many 
members of the staff of the Nuclear Laboratory. We also wish to 
thank the director, Dr. R. R. Wilson, for his continued interest in 
the problem. 


* This work was supported by the Office of Ordnance Research, U. 
Army. 
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The Theory of Coulomb Excitation of Nuclei 


K. ALDER* AND A, WINTHER 


Institute for Theoretical Physics, University of Copenhagen, 
Copenhagen, Denmark 


(Received July 28, 1953) 


HE possibility of exciting nuclear states by the electric field 

of impinging charged particles has been discussed by several 
authors. We shall here follow the formulation of the theory of the 
Coulomb excitation process as given by Ter-Martirosyan.!? 

The feasibility of performing experiments of this type has 
recently been demonstrated,’ and we here report numerical results 
of use in the application of the theory to the interpretation of the 
experiments. 

The basis for the theory is that the trajectory of the impinging 
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particle can be described by classical mechanics. This is possible if 
K=22,Z2€2/hv>1 (1) 

and if the particle loses only a small fraction of its energy in the 

collision. In the expression (1), 2; and Z; refer to the charge 

numbers of the projectile and the target nucleus respectively, and 2 

means the relative velocity. 

Usually one will bombard with energies below the Coulomb 
barrier to ensure that no nuclear interaction takes place, and thus 
«>> 1 is fulfilled. As the excitation probability is small, one may use 
quantum-mechanical perturbation theory to find the cross section. 
The perturbation energy is 

i 29 

Vije B er _ (2) 

p=1|fp—r(t)| 

where r, are the coordinates and e, the charges of the nucleons in 

the target nucleus, and r(¢) is the coordinate of the projectile in the 

classical hyperbolic orbit. It is now convenient to expand (2) in 

multipole components. One gets in this way an expression for the 

excitation probability as a sum over multipole components. Each 

term will be proportional to the square of the usual nuclear 

matrix element for emission of electric 2"-pole radiation and a 
definite function S‘” of the orbit of the projectile. 

Particularly well suited for Coulomb excitation are the rota- 
tional states in rather heavy nuclei for which the quadrupole 
component of the nuclear matrix elements are especially big.‘ Also 
the conditions for the semi-classical treatment are well satisfied 
here. 

By taking m equal to 2 and performing an integration over the 
different orbits, one gets 
4r? om 
25 Zieh 
for the total inelastic cross section for excitation by the electric 
quadrupole field. The reduced mass is denoted by m, and E is the 
kinetic energy in the center-of-mass system. The energy-inde- 
pendent quantity 


EB,(2)g2(é) (3) 


F incl 


A 
B,(2)= 2 || J epreV2, up, op) |f>|? (4) 
wMys p= 
is the reduced transition probability for the electric quadrupole 
excitation from the initial state 7 to the final state f with the 
magnetic quantum number My. Further, the Vo,, are the nor- 
malized spherical harmonics depending on the polar angles 6), ¢p 
of the nucleons in the target nucleus. The function g.(t) depends 
on the energy through the variable 
AE ZZ2e* 
2E hv’ 
which measures the ratio of the collision time to the nuclear 
period, AF being the nuclear excitation 

The function go(é) is given by 


f= (5) 


g(t) =z i} | Sy\? | *ede, (6) 
gs 


where ¢ is the eccentricity of the orbit, and where the non- 
vanishing components of S® are 
1 


Sy = 
(e coshw +1)? 


Yao 
exp[it(€ sinhw+w) ] wd, 
« 


S429 = —y/f exp[ié(e sinhw+ w)] 
“coshw + «Fi (e—1)4 sinhw 
x! i 


(e coshw-+-1)4 


These integrals have been evaluated numerically, and the 
resultant function ge is given in Fig. 1. 

The yield of y quanta following the Coulomb excitation provides 
a measure of the cross section for the excitation. The direction of 
these quanta is, however, correlated with the direction of the 
incident particles and the angle in which the exciting projectile is 
scattered. If one measures only the angle of emission of the y rays 
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1 28 
Fic, 1, The function g2(é) plotted on a logarithmic scale, for 0 <& <2 
with respect to the incident particles, one obtains an angular 
distribution which is very similar to the angular correlation be- 
tween two y’s in cascade. It turns out that the distribution 
function is 

W (0) =1+Boa2(t) P2(cosd) + Byay(t) Ps (cosd), (8) 
which should be compared with the angular correlation in the 
y—vy cascade, 

E2 y¥ 
jl; 17, 
given by 
W’ (0) =] + B,P2(cos0) + B,P,(cos6). (9) 
The /’s are the spins of the target nucleus, the Coulomb excited 
state, and the final state after the y-emission, respectively. The 
first y-transition, being an electric quadrupole radiation, corre 
sponds to the electric quadrupole excitation. The coefficients Bx 
are given, e.g., by Biedenharn and Rose.® 
The energy-dependent coefficients a, are determined by 


a2(£) = [- [se S,?4 S 2 + \ ‘OS (Se + S (1 om 2) |e 
. € 


oo | 1 
xf f [.S2? + S? +S_9? Jede i ’ 


ref 3 9 3 5/6 ( *) 
a 4 gap 3g 24 SVO0 6 ef _2 
aa(é) J [5s 1 16 + 32° vt 16 So(Set5-2)\ I é 


oe 8 (hy eae ; 
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Fic, 2. The angular distribution coeffi 
region 0 <£ <2 
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The result of a numerical calculation of these functions is shown 
in Fig. 2. 

As it is seen from this figure, a, is so small that P, will give 
almost no contribution. The ?: term may however be quite big. 
In the important case of the excitation of the lowest state in even- 
even nuclei, where /;=/7;=0 and /;=2, the anisotropy amounts 
to 30 percent. In the case of Ta'*', studied by Huus and Zupanéié,’ 
where /;=/7,=7/2 and 1;=9/2, the anisotropy is however only 
about 0.5 percent. 

A more detailed discussion of the theory of Coulomb excitation 
is being prepared. 


* Theoretical Study Group, European Council for Nuclear Research. On 
leave trom Physikalisches Institut der Eidgenéssischen Technischen 
Hochschule, Ziirich, Switzerland. 

'K. A. Ter-Martirosyan, J. Exptl. Theor. Phys. (U.S.S.R.) 22, 284 
(1952). 

We have followed the notation used in a review of reference | given by 
A. Bohr and B. Mottelson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 27, No. 16 (1953). 

3 T. Huus and C. Zupan¢i¢, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 28, No. 1 (1953); C. McClelland and C, Goodman, Phys. Rev. 91, 
760 (1953). 

*A. Bohr and B. Mottelson, Phys. Rev. 89, 316 (1953); Phys. Rev. 90, 
717 (1953). 

§L. C. Biedenharn and M,. E 
lished) 


Rose, Revs. Modern Phys. (to be pub 


Li’ (y,p)He® Cross Section* 


B. L. Tucker anp E. C. Greco 
Case Institute of Technology, Cleveland, Ohio 
(Received June 15, 1953) 


HE (y,/) reaction in Li’ produces 8-active He®. This activity 
gives a convenient measure of the photonuclear reaction. 

The @ half-life of 0.9 sec allows a typical yield curve to be obtained 
by a scintillation counter gated to operate during the betatron’s 
dead time. Normalization of the curve was made by direct com- 
parison with copper under the same geometry. The cross section 
was derived from the yield curve by the photon-difference method. 
Figure 1 shows the experimental setup. Stilbene was adopted as 

a scintillator to avoid a troublesome neutron-capture activity in 
the Nal crystal previously employed. The discriminator was set on 
the 625-kev cesium conversion line. Identical geometry with 
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Fic. 1. Experimental arrangement 
comparable self-absorption was obtained by using a laminated 
copper sample of the same weight as the lithium disk. 

The usual self-absorption and discriminator corrections were 
applied to each yield curve. Then the copper cross section 
[Cu®(y,n)Cu] of Katz et al.! was used to calibrate the absolute 
scale. 

The beam transmission monitor was checked against copper at 
13, 15, and 17 Mev and was found to be energy-independent. 
Under apparently constant betatron trapping conditions, the 
monitor reading showed no variation with beam energy between 9 
and 17 Mev, with only a 5 percent decline at 18 Mev and a 12 
percent decline at 19 Mev. These variations were incorporated in 
the calculated cross section and in the probable errors. 

A contaminating neutron-induced 5-min acitivity in the copper 
was separated by observing the decay of the copper activity over 
several half-lives. 

The only troublesome competing activity in Li’ would be 
neutron capture resulting in radioactive Li’, which has a 6 decay 
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with the same half-life as He®. However, the neutron-capture cross 
section of Li? is sufficiently low to be negligible. 

The indicated probable errors in Fig. 2 do not include a possible 
15 percent error in the absolute scale depending upon the error in 
the Saskatchewan values.? 

Phe cross-section curve shown in Fig. 2 is in essential disagree 
ment with the values of Titterton and Brinkley.’ Using Ilford 
emulsions they observed 118 complete (y,p) events and obtained a 
cross section rising to a sharp symmetrical maximum at 15.7 Mev. 


* Thi auspices of the U. S. Atomic 
Energy Commission 
'L. Katz and A, G. W. Cameron, ¢ 
2K. N.H. Haslam et al., Can. J. Phy 
'E.W. Titterton and T. A. Brinkley, Proc 
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work was pertormed under the 
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The Nuclear Moments of Ta'*'!, B. M. Brown anv D. H. 
PoOMBOULIAN [ Phys. Rev. 88, 1158 (1952) ]. R. E. Trees! 
has been kind enough to call to the author's attention an 
error in the value of the matrix element [2,(3c0s?0; — L)ay Jey 
which was computed in estimating the quadrupole moment of 
Ta" from hyperfine-structure measurements? of the Ta u 
ground state ®F,. The factor preceding the parenthesis [Eq 
(6) of reference 2] should read 4/875. Unfortunately, 8/875 
was used in the estimation of the quadrupole moment. With 
this correction, one arrives at the unusual value g = 11.8 x 10774 
em? for the quadrupole moment. The large discrepancy be- 
tween this value and that reported by Schmidt’ forces a 
re-evaluation of the approximations made in estimating the 
moment. As yet 
which can be responsible for this discrepancy are (1) the 
experimentally determined value of B, the quadrupole coupling 
factor, (2) the angular average mentioned above, and (3) the 
The worst view of the experimental 


this has not been carried out. The factors 


radial average (1/rq°) 
error in the hypertine-structure measurement will allow. per- 
£15 percent in the quadrupole moment. 


mentioned in (2) 


haps a spread of 
The factors 
coupling in the electronic structure. Russell-Saunders coupling 


and (3) depend upon the 
was assumed in making these averages on the evidence of 
the interval rule agreement shown by the two lowest intervals 
of the §F multiplet and the fact that the level whose hyper- 
fine-structure was measured has the g value expected from 
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Russell-Saunders coupling. The disturbing evidence (besides 
the discrepancy now evident) is the intermixing of the terms 
of the three low-lying configurations of Ta u and the ratio 
((4lau/falal). ¢a is the d-electron fine-structure splitting 
factor. This ratio is approximately 1.3 for Ta. For other ele- 
ments which ionize from the configuration d"s? to d"s this 
ratio deviates only slightly from unity. Among the elements 
tested are several which show better Russell-Saunders 
coupling than Ta. Trees‘ gives further evidence in support 
of deviation from Russell-Saunders coupling as a_ possible 
reason for the discrepancy. The author wishes to thank Dr. 
Trees for calling attention to the error and making his paper 
available to him in advance of publication. 

R. E. Tree private comm 
B. M. Brown and D. H. 1 


*T. Schmidt, Z. Physik , 63 
‘RK. E. Tree to be published 


Radioactive Charging through a Dielectric Medium, F. G. 
LINDER AND P. Raprparort [Phys. Rev. 91, 202 (1953) ] 
AND 

Two-Particle Potential from the Bethe-Salpeter Equation, 
WiLHELM MackeE [Phys. Rev. 91, 195 (1953) ]. Figure 1 of 
these two Letters were inadvertently interchanged. 

Decay of Re'** and the Lifetimes of Os'”” and Os'**”, 
C. C. MCMULLEN AND M. W. Jouns [Phys. Rev. 91, 418 
(1953) ]. The authors would like to withdraw the statements 
made concerning the lifetimes of the excited states in Os!* 
and Os!88 which subsequent experiments have shown to be 
unreliable. 

Gyromagnetic Ratios of Microcrystalline and Macro- 
crystalline Materials, S. J. BArNetr [Phys. Rev. 90, 315 
(1953) ]. In the second line of the fifth paragraph, ‘‘(5-80) 
Permalloy” should be ‘‘(4-79) Permalloy.” In the next line, 
“Permalloy” should be “Permalloy (80 percent Ni, 20 percent 
Fe)."’ Also, in Footnote 3, “A. S. Kenny” should be “G. S. 
Kenny.” 

Directional Effects in the Electric Breakdown of Ionic 
Crystals, ELMER L. OFFENBACHER AND HERBERT B. CALLEN 
[Phys. Rev. 90, 401 (1953) ]. The authors regret the omission 
of acknowledgment of support of the reported research by 
the U. S. Office of Naval Research. 

Interference Terms of the Electron-Neutrino Angular 
Correlation, Masaro Morira [Phys. Rev. 90, 1005 (1953) ]. 
The following corrections should be made in the equations 
in the left hand column of page 1006: 

In the equation for Wis7, the end of the first line should 
be {L,— Mo} instead of {Lo— Wo}. In the equation for Wiv7, 
the last term should be + (Y*(a@)Y(Bq@) +c.c.} Lo instead of 
— {M*(@)M(Ba)+c.c.}Lo. In the equation for Wap, the 
last term should be + {(Ut*(ys)Wi(Bys) +e.c.}Lo7 instead of 
—{IN* (ys) IM (Bys) +c.c.} Lo. 

In addition, in the third last sentence of the Letter, the 
phrase ‘‘tensor interaction” should be replaced by “allowed 
tensor interaction.” 

Calculation of Nuclear Binding Energies with Single- 
Particle Oscillator Wave Functions, Ek kwin H. KRONHEIMER 
[Phys. Rev. 90, 1003 (1953) ]. In Eq. (4) the lower limit 
of the integral should be 0. In the fourth line of Eq. (5), 
“(214-1 —2g--2s)!!" should read “2L41—2g—2s)!!". In the 
expression for @i{14, Lo, k; jy, the term ‘(2g—2p+2m)” 
should appear as the argument of the C-function, not as a 
factor. 

The 3 Decay of Li’, D. Str. BuNBury [Phys. Rev. 90, 1121 
(1953) ]. In this letter it was stated that the author's calcula- 
tions of the theoretical (8—a) angular correlation in the decay 
of Li’ were in disagreement with those of J. W. Gardner 
[Phys. Rev. 82, 283 (1951) ]. An error has since been found 
in these calculations and the revised results are now in agree- 
ment with Gardner's. 
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Inactivation of desoxyribonucleic acid by bombardment 
with deuterons and electrons, Cyril L. Smith—493(A) 
Study with Nal scintillation spectrometer of methods of 
contained in human thyroid, Robert J. 
Meneely— 


Graham, David 
Randall 


estimating I’ 
Kerr, Sherwood K. Haynes, and George R 
214(A) 

Boson Theory (see Field Theory) 

Bremsstrahlung (sce Radiation) 

Broadening of Spectral Lines (see Atomic Structure and 
Spectra; Molecular Structure and Spectra; Spectra, 
General) 

Capture Cross Sections (see Electrons and Positrons; 
Nuclear Reactions; Radiation ) 

Chemical Effects and Properties 

Compressions to 150 000 psi for series of high molecular 
weight liquid hydrocarbons, R. H. MecMickle, R. W. 
Schiessler, and W. Webb—466(A ) 

Electrolysis of water: experiment in atomic physics, Carl 
C. Sartain—227( A) 

Mass spectrometer analysis of UO.F, in UF, Russell 
Jaldock, John R. Sites, L. O. Gilpatrick, and Howard 
FE. Carr—242(A) 


Mass spectrometric positive ion technique for determining 
phase transition temperatures and heats of transforma 


tion in metals, R. G. Johnson, W. C. Caldwell, D. E. 
Hudson, and F. H. Spedding —466(A) 
Molar activity coefficients of electrolytes from conductivity 
data, Henry P. Marshall and Ernest Grunwald—214(A) 
Polarization in liquids of intermediate conductivity, John 
A. Rider—214(A) 
Shock tube for studying chemical kinetics, A. 
and W. Squire—469(A) 
Solubility of solids in gases, A. H. Ewald—215(A) 
Vapor-liquid transitions in closed system, Charles Willis 
and Harry L. Frisch—465(A) 
Chemical Reactions (see Chemical Effects and Proper- 
ties ) 
Chemiluminescence (see Luminescence) 
Cold Emission (see Electrical Properties) 
Colloids (see Chemical Effects and Properties; Molecular 
Aggregates ) 
Compton Effect (sce Radiation ) 
Conductivity, Electrical (see Electrical Conductivity and 
Resistance ) 
Conductivity, Thermal (see Thermal Properties) 
Constants, Standards, Units 
Comparison of nuclear and Y-ray absolute energy scales, 
K. W. Jones, M. T. McEllistrem, R. A. Douglas, and 
H. T. Richards—482(A) 
Present status of fundamental 
Bearden, M. D. Earle, J. M. 
Thomsen—482(A) 
Temperature scale in liquid He region, L. D 
R. A. Erickson—488(A ) 
Cosmic Radiation 
Absorption mean free path of high-energy nucleonic com 
ponent, M. F. Kaplon, J. Z. Klose, D. M. Ritson, and 
W. D. Walker—1573(1.) 


Hertzberg 


atomic constants, y A. 
Minkowski, and J. S 


Roberts and 
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Cosmic Radiation (Continued) 

Altitude variation and transition effects of air showers, O. 
Piccioni and R. L. Cool—433(A) 

Anisotropic distribution of secondaries in extreme energy 
cosmic-ray stars, Frank C. Roesler and C. B. A. Mc- 
Cusker—690 

Bubble-chamber tracks of penetrating particles, Donald A. 
Glaser—762(L) 

Charged ¢ mesons, Nathan Seeman, D. T. 
Maurice M. Shapiro—446(A) 
loud-chamber investigation of nuclear interactions, N. R 
Whetten, R. S. Preston, R. V. Adams, and R. W. 
Walker—432(A) 
loud-chamber study of particles in primary cosmic radia 
tion, Frank B. McDonald—432(A) 
luster-count determination of specific ionization of cloud- 
chamber tracks, Hans O. Cohn, L. R. Etter, and R. W. 
Thompson—445(A) 

‘ollision lengths of neutral, penetrating-shower-producing 
cosmic radiation in light and heavy water, Darol Froman, 
James Kenney, and Victor H. Regener—707 
osmic-radiation intensity time variations and their origin. 
II. Energy dependence of 27-day variations, William H. 
longer—351 
‘osmic-ray albedo, S. B 


King, and 


Treiman—432(A) ; 957 
Cosmic-ray star production rates in gases, Fielding Brown 
444(A) 

Decay of heavy mesons in nuclear emulsion, P. H. Barrett 

446(A) 

Decay of V° particle into two mesons, B. Dayton and D. 
Willard—348 

Delayed neutrons in cosmic-ray stars, 

445(A) 

Development of extensive showers in atmosphere, Kurt 
Sitte and Don L. Stierwalt—433(A) 

Effects at Godhavn and lower latitudes of changes in 
energy and composition of solar cosmic rays, V. Sarabhai 
and R. P. Kane-—688 

Emulsion chamber studies of high-energy cosmic-ray in 
teractions, J. J. Lord—432(A) 

Energy distribution of neutral mesons produced in cosmic- 
ray stars, Y. B. Kim—445(A) 

Energy distribution of neutron stars, R. W. Waniek and 
T. Ohtsuka—445(A) 

Energy spectra of cosmic-ray photons and electrons from 
plastic scintillation counter measurements, C. N. Chou 
433(A) 

Energy spectrum of particles from stars, R. W. 
and Taiichiro Ohtsuka—1574(L) 

extreme energy interactions in heavy 
McCusker and F 769( 1.) 

Heavy nuclei in primary cosmic radiation, T. H. 
431(A) 

High-altitude 


and George T. Reynolds 


3yron W. St. Clair 


Waniek 
nuclei, C. B. A. 
C. Roesler 
Stix- 


by means of 
Cerenkov counter. I. Instrumentation details, Kinsey 
Anderson and John R. Winckler—431(A); IL. Experi- 
mental results, John A. Winckler and Kinsey Anderson 

431(A) 

High-altitude measurements of intensity of cosmic radia 
tion at magnetic latitudes 3°N and 19°N, A. S. Rao, V. 
K. Balasubrahmanyam, G. S. Gokhale, and A. W. Pereira 

764(L) 

Intensity of primary protons and @ particles, L. 
H. M. Caulk, and C. Y. Johnson—431(A) 

Interpretation of 0 + 2p type stars in photographic emul- 
sions, C. B. A. McCusker and F. C. Roesler—769(L) 

K-particle mass measurements, D. M. Ritson—1572(L) 

Kinetic energies of 1’,° particles, J. Ballam, D. R. Harris, 
A. L. Hodson, R. Ronald Rau, George T. Reynolds, S 
B. Treiman, and M. Vidale—1019(1.) 


cosmic-ray investigation 


R. Davis, 
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Magnetic cloud-chamber observations of V particles. I. 
Apparatus and reduction of data, A. V. Buskirk, L. R. 
Etter, C. J. Karzmark, R. H. Rediker, and R. W. 
Thompson—445(A) ; II. V° particles, R. W. Thompson, 
A. V. Buskirk, L. R. Etter, C. J. Karzmark, R. H. 
Rediker—446(A) 

Mean free path for shower production by high-energy 
m™ mesons, Fritz E. Froehlich and Kurt Sitte—433(A) 
Momenta of V’° particles, J. Ballam, D. R. Harris, A 
Hodson, R. Ronald Rau, George T. Reynolds, S. 

Treiman, and M. L. Vidale—446(A) 

Neutron and meson stars induced in light elements of 
emulsion, M. Blau, A. R. Oliver, and J. E. Smith—949 

Neutron production by sea-level cosmic rays, with par- 
ticular reference to # mesons stopped in Pb, E. J. Althaus 
and R. D. Sard—373 

Observations on stars and heavy primaries recorded in 
emulsions during flight of Viking rocket, Herman 
Yagoda—445(A) 

Origin of cosmic rays, J. W. Dungey—766(L) 

Production of mesons above 10 Bev, C. B. A. McCusker, 
N. A. Porter, and B. G. Wilson—384 

Recent experimental results on S particles, H. Bridge, H. 
Courant, H. DeStaebler, Jr., and B. Rossi—1024(1.) 

Speculation on V’ spin, D. C. Peaslee—446(A) 

Star clustering in nuclear emulsions, Frank B. 
Jr., and A. V. Masket—210(A) 

Time and directional study of primary heavy nuclei, G. 
W. Anderson, P. S. Freier, and J. E. Naugle—431(A) 

Time delays in air showers, P. Clark, and B. 

432(A) 

Time variation of cosmic-ray heavy nuclei, Victor H. 
Yngve and Marcel Schein—432(A) 
Zenith angle variation of cosmic-ray 
Arthur Beiser—446(A) 
Cosmology (see Astrophysics; Relativity and Gravitation ) 
Critical Potentials (see Atomic Structure and Spectra; 
Molecular Structure and Spectra) 
Cross Section (sce Electrons and Positrons; 
Reactions; Radiation; Scattering ) 
Crystal Counters (see Methods and Instruments) 
Crystalline State (see also Electrical Properties; Im- 
perfections in Solids; Magnetic Properties; Semicon- 
ductors; etc.) 
Absorption of light by trapped electrons, R. C 
265 


ae 
B. 


Brown, 


Bassi, G. 


Rossi 


meson intensity, 


Nuclear 


O'Rourke 


recovery of reactor-irradiated Cu 
R. Coltman, and T. H. 


Activation energy for 
crystals, J. K. Redman, R. 
Blewitt—448 (A) 

Activation entropies for diffusion mechanisms, H. B. 
Huntington, G. A. Shirn, and E. S. Wajda—246(A) 

Anisotropy of grain boundary diffusion, I. Couling and 
R. Smoluchowski—245(A) 

Annealing of bombardment damage in Ge: Theoretical, 
R. C. Fletcher, W. L. Brown, and S. Machlup—237(A) ; 
Experimental, W. L. Brown and R. C. Fletcher 
237(A) 

Anomaly in heat content of metal in fatigued state, B. 
Welber and R. Webeler—448( A) 

Antiparallel dipole arrangement in WOs, Ryuzo Ueda and 
Jinzo Kobayashi—1562(L) 

Band structures of one-dimensional crystals with square 
well potentials, G. Allen—531 
Jand width of F centers in KBr, I. L. Mador, J. J. Mark- 
ham, and R. I. Platt, Jr—219(A) ; 1277(L) 

Bleaching of CaF: crystals colored by x-rays, Alexander 
Smakula—1570(L) 

Bleaching properties of F centers in KBr at 5°K, J. J. 
Markham, R. I. Platt, Jr., and I. L. Mador—219(A) 
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srillouin zone investigation of Mg alloys. I. Hall effect 
and conductivity, A. I. Schindler and E. I. Salkovitz— 
1320 

Brillouin zone structures of alloys. I. Implications of 
present theories, FE. I. Salkovitz and A. I. Schindler 
234(A) 

Change of elastic constants resulting from annealing of 
Cu and Al cold worked at —196°C, E. ©. Crittenden, 
Jr., and H. Dieckamp—232(A) 

Changes in electrical, thermal, and thermoelectrical proper 
ties of monovalent metals by lattice distortions, A. W. 
Saenz—1142 

Cohesive energy of alkali metals, Harvey Brooks—1027(L) 

Comparison of resistivity and density changes in cold 
worked brass, Herbert I. Fusfeld—233(A) 

Computation of mean Debye temperature of cubic crystals 
from elastic constants, S. L. Quimby and Paul M. Sutton 

1122 

Computations of three-dimensional structure factors on 
S-FAC, R. Pepinsky and P. F. Eiland—229( A) 

Crystalline electric field in NdBr, R. A. Satten—471(A) 

Crystallite size and diamagnetic susceptibility of carbons, 
H. T. Pinnick—228(A) 

Debye temperature of Cus;Au, Dwain B. Bowen—220(A) 

Decay of vacancies frozen into alloy by quenching, A. S 
Nowick and A. E. Roswell—221(A) 

Deformation characteristics of reactor-irradiated Cu single 
crystals at 78°K and 300°K, R. E. Jamison and T. H. 
Blewitt—237 (A) 

Deformation of Cu crystals at 78°K and 300°K, T. H. 
Blewitt, J. K. Redman, and F. A. Sherrill—236(A) ; 
T. H. Blewitt—1115 

Density change in proton-irradiated KCI, W. J. Leivo 
245(A) 

Diffusion of Cd in single crystals of Ag, T. Tomizuka, L. 
Slifkin, and D. Lazarus—245(A) 

Dilatometric study of order-disorder transformation in 
Cu-Au alloys, W. W. Sanville, Foster C. Nix, and 
Frank E. Jaumot, Jr.—220(A) 

Dislocations and edge states in diamond crystal structure, 
W. Shockley—228(A) 

Displacement energy for radiation damage in Cu, D. T. 
Eggen and M. J. Laubenstein—238(A) 

Effect of neutron irradiation on phase change in Sn, 
Jerome Fleeman—237 (A) 

“ffects of heat treatment on lattice perfection, Norman W. 
Lord—472(A) 

“ffects of temperature gradients on diffusion in crystals, 
W. Shockley—1563 (1) 

“‘lectric field and energy in dipole lattices, E. F. 

415(L) 

‘lectrical breakdown path orientation in alkali halide 
crystals, J. W. Davisson—228(A) 

“lectron density in sodium tungsten bronze, W. R. Gardner 
and G. C. Danielson—220( A ) 

“lectron distributions for opacity calculations, Malcolm K. 
Srachman and Roland E. Meyerott—437(A) 

“lectron energy levels in / centers, William A. Smith and 
Allen B. Scott—219(A) 

“lectron mean free path of damaged Cu in terms of elec 
trical resistivity and thermoelectric power, G. W. Rode 
back and W. P. Eatherly—237(A) 

“lectron motion in polar crystals, E. P. Gross—228(A) 

“lectronic and lattice specific heats in W, Mo, and Re, 
M. Horowitz and J. G. Daunt—1099 

“lectronic energy states of impurities in nonmetallic crys 
tals, Kurt Lehovee—228(A) 

“lectronic structure of F centers, C. Kittel—219(A) 

“nergy band crossings for periodic square well potentials, 
G. Allen and Rolf Landauer—471(A) 


Sertaut 
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Energy band structure of diamond and Ge crystals, Frank 
Herman—491 (A) 

Evaporation of Cu from Ge, George Finn—754(L) 

Experimental method to determine equation of state data 
for solids by shock wave measurements, Russell H 
Christian and John M. Walsh—1030(A) 

Generalized self-consistent field method, J. © 2 

Grain boundary self-diffusion in body-centered lattice, ¢ 
W. Haynes and R. Smoluchowski—245(A) 

Gyromagnetic ratios of microcrystalline materials, erratum, 
S. J. Barnett—1580(E) 

Hall effect in ordered and disordered NisMn, Simon Foner 
and Emerson M. Pugh—220(A) 

Hall effects of Co-Ni alloys and of Armeo iron, Simon 
Foner and Emerson M. Pugh—20 

Hardness change in Cu irradiated with 1.25-Mev electrons, 
C. E. Dixon and C. J. Meechan—237(A) 

Influence of impurities on diffusion in solids, Albert W. 
Overhauser—246(A) 

Interpretation of “de etch” phenomena, D. B. Langmuir 

447(A) 

Irradiation-induced photoconductivity in MgO, Harold R. 
Day—238(A); 822 

Iteration variation calculation of electronic structure of 
diamond, M. Dank and H. B,. Callen—229(A) 

Kinetics of disorder-order transformation in CusAu, Nor 
man W. Lord—221(A) 

Lattice absorption in diamond: one-dimensional model, 
Melvin Lax and Eli Burstein—492( A) 

Lattice vibrations in graphite, Herbert B. Rosenstock 
233(A) 

Low temperature fast neutron bombardment of Cu-Be 
alloy, J. W. Cleland, D. S. Billington, and J. H. Craw 
ford, Jr.—238(A) 

Magnetoresistance of Bi crystals at low temperatures, P. 
B. Alers and R. T. Webber—1060 

Mass spectrometric positive ion technique for determining 
phase transition temperatures and heats of transforma 
tion in metals, R. G. Johnson, W. C. Caldwell, D. E. 
Hudson, and F. H. Spedding—466(A ) 

Mass spectrometric study of sublimation of graphite, Rich 
ard FE. Honig—465(A) 

Mechanical properties of proton-irradiated alkali halides, 
W. H. Vaughan, W. J. Leivo, and R. Smoluchowski 
245(A) 

Mobility of interstitial atoms in face-centered metal, H. B 
Huntington—1092 

Mobility of slow electrons in polar crystals, Francis EK. Low 
and David Pines—193(L) 

Nature of radiation damage in diamond, G. J. Dienes and 
D. A. Kleinman—238( <A ) 

Neutron diffraction study of antiferromagnetic structure of 
pyrrhotite, FeS,, S. S. Sidhu and David Meneghetti 
435(A) 

Neutron diffraction study of BiMn alloy, B. W. Roberts 
435(A) 

New approximation method for order-disorder problems, 
Lloyd D. Fosdick and Hubert M. James—1131 

New treatment of energy bands, Norman Rostoker and 
Walter Kohn—234(A) 

Nyquist and Einstein relations derived from scattering 
model, Stefan Machlup—240(A) 

Ordering in alloy system Mg-Ce, C. A. Wert—221(A) 

Phase transition in ND,D.AsO,, B. C. Frazer—246(A) 

Photoconductivity and I’ centers, K. Teegarden and R. J. 
Maurer—219(A) 

Plasma waves in metals, P. A. Wolff—233(A) 

Plastic behavior of polyerystalline metals at very high 
strain rates, L. Zernow and J. Simon—233(A) 


Slater—528 
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Crystalline State (Continued) 
Precipitation effects in Cu-Fe alloys, Thomas S$. Hutchison 
449(A) 
Production of F’, M, and F centers in NaCl at room tem 
perature, R, T. Platt, Jr., I. L. Mador, and J. J. Mark- 
ham—219(A) 

Quantum theory of polarizability of idealized crystal, D. L. 
Dexter and W. R. Heller—273 

Radiation damage and rate processes, J. W. 
1564(1.) 

Reversible bleaching of absorption band of diamond, Peter 
Pringsheim—220(A); 551 

Shapes of floating liquid zones between solid rods, P. H. 
Keck, M. Green, and M. L. Polk—472(A) 

Short-range order in Cu-Au alloy, Charles H. Sutcliffe 
and Frank FE. Jaumot, Jr.—221(A) 

Strain and crystallite size in experimental Fe 
Frank E. Jaumot, Jr., and Leonard Muldawer—232(A) 

Strength of solid solution alloys, John C. Fisher—232(A) 

Structure and aging of thin metal films. I, Robert J. Raude- 

Selser—449(A); II, Richard BR. 
Belser and Robert J. Raudebaugh—449(A); IIT. Rich 
ard B. Belser and Robert J. Raudebaugh—499(A ) 

Tentative theory of metallic whisker growth, J. D. Eshelby 

755(L) 

Theory of initial strain 
metals, J. S. Koehler—233(A) 
Thermal and electrical properties and crystal structure of 
tungsten oxide at high temperatures, Shozo Sawada 

1O10(1.) 

Thermalization of positrons in metals, R. L. Garwin 
1571(1.) 

Thermodynamic activities in Fe-Ni alloys, R. A. 

465(A) 

Two-electron example of ferromagnetism, J. C. Slater, H. 
Statz, and G. F. Koster—205(A) ; 1323 

Variable activation energy and motion of lattice defects, 
G. J. Dienes—1283(1.) 

Vibration spectrum of simple cubic lattice, Gordon F. 
Newell—227(A) 

Work hardening in substitutional alloys, J. 
448(A) 

X-ray and metallurgical 
CusAu, R. H. Fillnow, 
Mechlin—236(A) 

X-ray measurements of cold-worked a brass, B. E. War 
ren, B. L. Averbach, and E. Warekois—233(A ) 

Bowman, S. 


Marx 


powders, 


baugh and Richard B 


stress curves in face-centered 


Oriani 


S. Koehler 


studies on neutron-irradiated 
E. K. Halteman, and G. F. 


X-ray study of graphitization, J. C. Hayes, 
and R. Smoluchowski—244(A) 
Yield point strain, Edward W. Hart—232(A) 


Z centers in alkali halides, D. R. Westervelt—218(A) 


Diamagnetism (sce Magnetic Properties) 
Dielectrics and Dielectric Properties 


R. Tessman 


Antiferroelectrics in applied field, Jack 
447(A) 

Antiparallel dipole arrangement in WOs, Ryuzo Ueda and 
Jinzo Kobayashi—1562(L) 

Carrier contribution to dielectric constant of Ge, T. 
Benedict and W. Shockley—207(A) 

Charged density distribution vs semipermanent polariza 
tion as basis for electret behavior, W. F. G. Swann 
447(A) 

Directional effects in the electric breakdown of ionic crys 

Offenbacher and Herbert B. 


me 


tals, erratum, Elmer L. 
Callen—1580( FE) 

Double hysteresis loop of BaTiOs at Curie point, Walter 
J. Merz—513 
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Effects of grooves in piezoelectric filter plates, Charles R. 
Mingins, Robert W. Perry, and David W. MaclLeod— 
471(A) 

Electric field and energy in dipole lattices, E. F. 
—415(L) 

Electric wave filter combining piezoelectric divided elec- 
trode units, Albert D Frost, Charles R. Mingins, and 
Lawrence A. Howard—-471(A) 

Electrical breakdown path orientation in alkali halide erys- 
tals, J. W. Davisson—228(A) 

Electrical properties of TiOz semiconductors, Robert G. 
Breckenridge and William R. Hosler—793 

Ferroelectricity in rochelle salt, Julian H. Gibbs—447(A) 

Mechanism of self-sustained clectron emission from MgO, 
Dietrich Dobischek, Harold Jacobs, and John Freely— 
804 

New model for Debye dispersion equations, J. 
donald—412(L) 

Phase transition in 
Pepinsky—212(A) 

Phase transition in ND,DeAsO,, B. C. Frazer—246(A) 

Phase transitions in antiferroelectric PbHfOs, Gen Shirane 
and Ray Pepinsky—212(A) ; 812 

Radioactive charging through dielectric medium, E. G. 
Linder and P. Rappaport—202(L) ; erratum—1580(E) 

SrTiO; electrical properties, Arthur Linz, Jr.—753(L) 

Threshold field and free energy for antiferroelectric ferro- 
electric phase transition in PbZrOs, A. DeBretteville, Jr. 

213(A) 
Diffraction (see also Scattering ) 

Complex amplitudes for electron scattering by atoms, Jean 
A. Hoerni and James A. Ibers—1182 

Double crystal neutron spectrometer, V. C. Wilson, B. W. 
Roberts, W. L. Roth, J. S. Kasper, and A. H. Geisler 

494(A) 

Electron interferometer, L. Marton, J. Arol Simpson, and 
J. A. Suddeth—437(A); Construction and operation, 
J. A. Suddeth, L. Marton, and J. Arol Simpson— 
437(A); Observations and interpretation, J. Arol Simp- 
son, J. A. Suddeth, and L. Marton—437(A) 

Neutron diffraction by liquid He, D. G. Henshaw and 
D. G. Hurst—1222; By liquid Os, Ne, and A, D. G. 
Henshaw, D. G. Hurst, and N. K. Pope—472(A) 

Neutron diffraction study of antiferromagnetic structure of 
pyrrhotite, FeS., S. S. Sidhu and David Meneghetti 
435(A) 

Neutron diffraction study of BiMn alloy, B. W. 
—435(A) 

Second-order scattering correction in neutron and x-ray 
diffraction, George H. Vineyard—239(A) 

Diffusion (see also Fluid Dynamics) 

Activation entropies for diffusion mechanisms, H. B. Hunt- 
ington, G. A. Shirn, and E. S. Wajda—246(A) 

Anisotropy of grain boundary diffusion, L. Couling and 
R. Smoluchowski—245(A) 

Cl isotope separation by thermal diffusion, A. Z. Kranz 
and W. W. Watson—1469 

Diffusion currents in semiconductor Hal 
Landauer and John Swanson—207(A) ; 555 

Diffusion of Cd in single crystals of Ag, T. Tomizuka, L. 
Slifkin, and D. Lazarus—245(A) 

Diffusion of Li into Ge and Si, C. S. 
Ditzenberger—193(L) 

Diffusion of Sb in Ag, E. 
Lazarus—245(A) 

Effect of fast-neutron bombardment on diffusion in CusAu, 
R. R. Coltman and T. H. Blewitt—236(A) 

Effects of temperature gradients on diffusion in crystals, 


W. Shockley—1563(L) 


Jertaut 


Ross Mac- 


CsH2AsO,, B. C. Frazer and Ray 


Roberts 


effect, Rolf 
Fuller and J. A. 


Sonder, L. Slifkin, and D. 
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Grain boundary self-diffusion in body-centered lattice, C. 
W. Haynes and R. Smoluchowski—245(A) 

Influence of impurities on diffusion in solids, Albert W. 
Overhauser—246( A) 

Interpretation of “de etch” phenomena, D. B. Langmuir 
—447(A) 

Turbulent diffusion from volume source with nonuniform 
initial distribution, Frank Gifford, Jr.—1031(A) 

Values of diffusion coefficients for some chain polymers 
computed from anomalous osmotic pressure data, T. A. 
Barr, Jr.—211(A) 

Discharge of Electricity in Gases (see Electrical Dis- 
charges) 

Disintegration and Excitation of Nucleus (see Nuclear 
Reactions ) 

Dynamics (see Mechanics ) 


Elasticity and Plasticity 

Change of elastic constants resulting from annealing of Cu 
and Al cold worked at 196°C, E. C. Crittenden, Jr., 
and H. Dieckamp—232(A) 

Deformation characteristics of reactor-irradiated Cu single 
crystals at 78°K and 300°K, R. E. Jamison and T. H. 
Blewitt—237 (A) 

Deformation of Cu crystals at 78°K and 300°K, T. H. 
Blewitt, J. K. Redman, and F. A. Sherrill—236(A) ; 
T. H. Blewitt—1116 

Dependence of photoelastic properties of GR-S on degree 
of cross linking, G. R. Taylor and S. R. Darin—211(A) 

Hardness change in Cu irradiated with 1.25-Mev electrons, 
C. E. Dixon and C. J. Meechan—237(A) 

Plastic behavior of polycrystalline metals at very high 
strain rates, L. Zernow and J. Simon—233(A) 

Stress-strain curves of Cu single crystal at 4.2°K, T. H. 
Blewitt, R. R. Coltman, R. E. Jamison, and J. K. Red- 
man—448 (A ) 

Tensile strength and adhesion of thin films of Ag, H. S 
Morton, Jr., and J. W. Beams—449(A) 

Theory of initial stress-strain curves in face-centered 
metals, J. S. Koehler—233(A) 

Variation of elastic constants of crystalline Al with tem 
perature between 63°K and 773° K, Paul M. Sutton—816 

Work hardening in substitutional alloys, J. S. Koehler 
448(A) 

Yield point strain, Edward W. Hart—232(A) 

Electrical Breakdown (see Dielectrics and Dielectric 
Properties; Electrical Discharges) 

Electrical Conductivity and Resistance (see also Semi- 
conductors; Superconductors ) 

Adsorbed O in ZnO photoconductivity, Donald A. Melnick 
and Leo J. Neuringer—229( A) 
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J. P. Barbour—1043; IL. Resistively heated emitter, W 
W. Dolan, W. P. Dyke, and J. K. Trolan—1054 

Formative time lags of uniform field breakdown in A, 
G. A. Kachickas and L. H. Fisher—775 

Hall effect in flowing ion clouds, B. E. Clotfelter-—436(A ) 

Metastable atoms in afterflow of low-pressure He dis 
charge, Arthur V 436(A) 

Simultaneous measurement of ionization and attachment 
coefficients, Melvin A. Harrison and Ronald Geballe—1 

Electrical Properties (sce also Dielectrics and Dielectric 
Properties; Electrical Conductivity and Resistance; 
Semiconductors; Superconductors ) 

Of AlSb, R. K. Willardson, A. C. Beer, and A. E. Middle 
ton—243(A) 
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Photocurrent, space-charge buildup, and field emission in 
alkali halide crystals, A. von Hippel, E. P. Gross, J. G. 
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Total-temperature probes for use at high supersonic speeds 
and elevated temperatures, Eva M. Winkler—469( A) 
Transmission of sound pulse through shock wave, R. A. 
Alpher and R. J. Rubin—1030(A) 
Turbulent diffusion from volume source with nonuniform 
initial distribution, Frank Gifford, Jr—1031(A) 
Viscous drag measurements on rarefied gas using high 
rotational speed technique, A. R. Kuhlthau—1029(A ) 
Fluorescence (see Luminescence) 
Friction (sec Mechanics) 


Blackadar 


Lukasiewicz 
Stoner, E. B. Davies, and D. C. 


Hertzberg 


B 
ASS 


Galvanomagnetic Effect (see Magnetic Properties) 
Gamma Rays (see also Nuclear Reactions; Nuclear Spec- 
tra) 
Degradation of Co” ¥ rays in infinite water medium, M. M 
Weiss and W. Bernstein—483(A) 
Theory of penetration of Y rays through thin barriers, 


John P. Vinti—345 


Gases 

Adsorbed O in ZnO photoconductivity, Donald A. Melnick 
and Leo J. Neuringer—229( A) 
sose-Einstein condensation of imperfect gas, M. H. Fried 
man and S. T. Butler—465(A ) 

Effect of gas slip on unsteady flow of gas through porous 
media, J. S. Aronofsky—1032(A) 

Solubility of solids in gases, A. H. Ewald—215(A) 

Geophysics 

Contribution of 15-micron COs band to earth’s radiation 
balance, Gilbert N. Plass—458(A) 

Dissociation and recombination of Oz in upper atmosphere 
assuming three-body recombinations, Harry FE. Moses 
and Ta-You Wu—458(A); 1408 

Effects of primeval endowment of 
blatt—1474 

Origin of ionization in FE layer of ionosphere, Ernst Bauer 
and Ta-You Wu—458(A) 

Production of sodium airglow excitation by imprisonment 
of resonance radiation, A. Foderaro and T. M. Donahue 
—1561(L) 


U™, David B. Rosen 
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Propagation of short radio waves well beyond the horizon, 
Thomas J. Carroll—458(A) 
Glasses (sce Molecular Aggregates) 
Gravitation (see Relativity and Gravitation) 
Gyromagnetization (see Magnetic Properties) 


Hall Effect (sce Electrical Conductivity and Resistance; 
Heat Capacity (see Thermal Properties ) 
Heat Conduction (see Thermal Properties ) 
Heat of Dissociation and Formation 
Structure and Spectra) 
Heat of Fusion (see Thermal Properties) 
Heat of Vaporization (see Thermal Properties ) 
Helium, Liquid 
Atomic theory of A transition in He, 
1291 
Atomic theory of liquid He near O° K, R. P. 
1301 
He film flow, James B. Brown—489(A) 
He IL: Bose-Einstein condensation and two-fluid model, 
P. R. Zilsel—216(A) 
Heat of mixing of He*® in Het, H. S. Sommers, Jr., W. EF. 
Keller, and J. G. Dash—489( A) 
A-point shift in He* — He* mixtures, J. C. King and Henry 
A. Fairbank—489(A) 
Linear velocity of He II film, W. C. 
Dillinger—489(A) 
Neutron diffraction by liquid He, D. G 
D. G. Hurst—1222 
Rapid separation of He® from He* by “heat flush” method, 
T. Soller, W. M. Fairbank, and A. D. Crowell—1058 
Small-angle scattering of x-rays from He I and He II, 
A. G. Tweet—488(A) 
Structure of liquid He, James 
Hutchison—490(A) 
Temperature scale in liquid He region, L. D. 
R. A. Erickson—488(A) 
Thermomechanical effect in liquid He II to 0.9°K, D. H. 
Rogers and Melvin A. Herlin—489(A ) 
Thickness of saturated He II film, Raymond Bowers 
1016(L) 
Transmission of slow neutrons by liquid He, L. 
H. S. Sommers, Jr., and J. G. Dash—490(A) 
Ultrasonic measurements in liquid He, C. E 
489(A) 
Vapor pressure and entropy of liquid He*, D. ter Haar 
1018(1.) 
High-Voltage Tubes and Machines (see Methods and 
Instruments ) 
Hydrodynamics (see Fluid Dynamics) 
Hyperfine Structure (see Atomic Structure and Spectra; 
Molecular Structure and Spectra; Nuclear Moments 
and Spin) 


(see Molecular 


R. P. Feynman 


Feynman 


Knudsen and J. R. 


Henshaw and 


Reekie and Thomas S. 


Roberts and 


Goldstein, 


Chase 


Imperfections in Solids (see also Crystalline State; Elec- 
trical Conductivity and Resistance; Luminescence; 
Semiconductors ) 

Activation energy for recovery of reactor-irradiated Cu 
crystals, J. K. Redman, R. R. Coltman, and T. H. 
Blewitt—448 (A) 

Activation entropies for diffusion mechanisms, H. B. Hunt 
ington, G. A. Shirn, and E. S. Wajda—246(A) 

Adsorbed O in ZnO photoconductivity, Donald A. Melnick 
and Leo J. Neuringer—229(A) 

Anisotropy of grain boundary diffusion, L 
R. Smoluchowski—245(A ) 

Annealing of bombardment damage in Ge: Theoretical, 
R. C. Fletcher, W. L. Brown, and S. Machlup—237(A) ; 
Experimental, W. L. Brown and R. C. Fletcher—237(A) 


Couling and 
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Imperfections in Solids (Continued) 

Anomaly in heat content of metal in fatigued state, B. 
Welber and R. Webeler—448(A ) 

Band width of / centers in KBr, I. L. Mador, J. J. Mark 
ham, and R. T. Platt, Jr—219(A); 1277(L) 

Bleaching of CaF, crystals colored by x-rays, Alexander 
Smakula—1570(1) 

Bleaching properties of / centers in KBr at 5°K, J. J 
Markham, R. T. Platt, Jr., and I. L. Mador—219(A) 
Broadening of impurity levels in Si, M. Lax and E. Bur 

stein—208(A ) 

Change of elastic constants resulting from annealing of Cu 
and Al cold worked at 196°C, E. C. Crittenden, Jr., 
and H. Dieckamp—232(A) 

Change of metallic conductivity through change in thermal 
scattering, R. Smoluchowski—245(A ) 

Changes in conductivity of NaCl produced by bombard- 
ment with 360-Mev protons, KE. A. Pearlstein—244(A) 

Changes in electrical, thermal, and thermoelectrical prop 
erties of monovalent metals by lattice distortions, A. W. 
Saenz—1142 

Comparison of resistivity and density changes in cold 
worked brass, Herbert I. Fusfeld—233(A) 

Debye temperature of CusAu, Dwain B. Bowen—220(A) 

Decay of vacancies frozen into alloy by quenching, A. S 
Nowick and A. FE. Roswell—221(A) 

Deformation of Cu single crystals at 78°K and 300°K, 
T. H. Blewitt, J. K. Redman, and F. A. Sherrill 
236(A); R. E. Jamison and T. H. Blewitt—237(A) ; 
T. H. Blewitt—1115 

Density change in proton-irradiated KCI, W. J. Leivo 
245(A) 

Diffusion of Cd in single crystals of Ag, T. Tomizuka, L. 
Slifkin, and D. Lazarus—245(A) 


Diffusion of Li into Ge and Si, C. S. Fuller and J. A 
193(1L) 
Diffusion of Sb in Ag 
Lazarus—245(A) 
Dilatometric study of order-disorder transformation in 


Ditzenberger 


Sonder, L. Slifkin, and D 


Cu-Au alloys, W. W. Sanville, Foster C. Nix, and 
Frank E. Jaumot, Jr.—220(A) 

Dislocations and edge states in diamond erystal structure, 
W. Shockley—228 (A) 

Dislocations in low-angle boundaries in Ge single crystals, 
F. L. Vogel, W. G. Pfann, H. E. Corey, and E. E. 
Thomas—230(A) 

Displacement energy for radiation damage in Cu, D. T. 
Eggen and M. J. Laubenstein—238(A) 

Effect of fast-neutron bombardment on diffusion in CusAu, 
R. R. Coltman and T. H. Blewitt—236(A) 

Effect of neutron irradiation on phase change in Sn, 
Jerome Fleeman—237(A) 

Effects of heat treatment on lattice perfection, Norman W. 
Lord—472(A) 

Effects of temperature gradients on diffusion in crystals, 
W. Shockley —1563(1.) 

Electrical properties of AlSb, R. K. Willardson, A. C. 
Beer, and A. E. Middleton—243(A) 

Electrical properties of carbon bisulfate compounds, E. z 
Kmetko—243 (A ) 

Electron energy levels in / centers, William A. Smith 
and Allen B. Scott—219(A) 

Electron mean free path of damaged Cu in terms of elec 
trical resistivity and thermoclectric power, G. W. Rode 
back and W. P. Eatherly—237(A) 

Electronic energy states of impurities in nonmetallic 
crystals, Kurt Lehovec—228(A) 

Electronic structure of / centers, C. Kittel—219(A) 


Electronic structure of F centers: hyperfine interactions in 
electron spin resonance, A. F. Kip, C. Kittel, R. A. 
Levy, and A. M. Portis—1066; Saturation of electron 
spin resonance, A. M. Portis—1071 

Evaporation of Cu from Ge, George Finn—754(1.) 

Grain boundary self-diffusion in body-centered lattice, C. 
W. Haynes and R. Smoluchowski—245(A ) 

Hall effect in ordered and disordered NisMn, Simon loner 
and Emerson M. Pugh—220( A) 

Hardness change in Cu irradiated with 1.25-Mev electrons, 
C. E. Dixon and C. J. Meechan—237(A) 

Influence of impurities on diffusion in solids, Albert W. 
Overhauser—246(A ) 

Irradiation-induced photoconductivity in MgO, Harold R. 
Day—238(A) ; 822 

Kinetics of disorder-order transformation in CusAu, Nor- 
man W. Lord—221(A) 

Low-temperature fast-neutron bombardment of Cu-Be al 
loy, J. W. Cleland, D. S. Billington, and J. H. Crawford, 
Jr.—238(A) 

Mechanical properties of proton-irradiated alkali halides, 
W. H. Vaughan, W. J. Leivo, and R. Smoluchowski 
245(A) 

Mobility of interstitial atoms in face-centered metal, H. B. 
Huntington—1092 

Nature of radiation damage in diamond, G. J. Dienes and 
D. A. Kleinman—238(A) 

New approximation method for order-disorder problems, 
Lloyd D. Fosdick and Hubert M. James—1131 

Ordering in alloy system Mg-Cd, C. A. Wert—221(A) 

Phosphorescence of and energy storage in Ag-activated 
NaCl, H. O. Albrecht and R. E. Mandeville—471(A) 

Photoconductivity and I” centers, K. Teegarden and R. J 
Maurer—219( A) 

Photoemission from Ag into AgCl, KBr, NaCl, and new 
bands of photosensitivity in AgCl, M. A. Gilleo—534 
Plastic behavior of polycrystalline metals at very high 

strain rates, L. Zernow and J. Simon—233(A) 

Production of Ff’, \7, and F centers in NaCl at room tem- 
perature, R. T. Platt, Jr., I. L. Mador, and J. J. Mark- 
ham—-219(A) 

Radiation damage and rate processes, J. W. Marx 
1564(1) 

Radiationless trapping of charge carriers in solids, Gregory 
H. Wannier—207(A) 

Resistivity of Cu,Au during neutron irradiation, Harvey 
L. Glick and W. F. Witzig—236(A) 

Reversible bleaching of absorption band of diamond, Peter 
Pringsheim—220(A); 551 

Saturation of paramagnetic resonance from color centers 
in alkali halides, A. M. Portis and A. F. Kip—207(A) 

Short-range order in Cu-Au alloy, Charles H. Sutcliffe 
and Frank E. Jaumot, Jr.—221(A) 

Small-angle scattering of x-rays from cold-worked crys 
tals, D. L. Dexter—448(A) 

Small-angle x-ray scattering in proton-irradiated diamond, 
S. Hayes and R. Smoluchowski—244(A) 
Storage of energy in Ag-activated KCI, C. E. 

and H. O. Albrecht—219(A) ; 566 

Strain and crystallite size in experimental Fe powders, 
Frank FE. Jaumot, Jr., and Leonard Muldawer—232(A) 

Strength of solid solution alloys, John C. Fisher—232(A) 


Mandeville 


Stress-strain curves of Cu single crystals at 4.2°K, T. H. 
Blewitt, R. R. Coltman, R. E. Jamisen, and J. K. Red- 
man—448 (A ) 

Tentative theory of metallic whisker growth, J. D. Eshelby 
—755(L) 

Theory of initial stress-strain curves in face-centered 
metals, J. S. Koehler—233(A) 
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p-type Ge produced by 
fast-neutron bombardment, J. H. Crawford, Jr., J. W. 
Cleland, D. K. Holmes, and J. C. 243(A) 

Thermoelectric power and electrical resistivity of dilute 
solid solution of Si in Cu, C. A. Domenicali and B. A. 
Boyd— 220( A) 

Thermoluminescence of quartz 
by x-ray irradiation, Ryosuke Yokota—1013(L) 

Variable activation energy and motion of lattice defects, 
G. J. Dienes—1283(L) 

Work hardening in substitutional alloys, J 
448(A) 

X-ray and metallurgical 
CusAu, R. H. Fillnow, E. K. 
Mechlin—236(A) 

X-ray measurements of cold-worked @ brass, B. E. War 
ren, B. L. Averbach, and E. Warekois—233(A) 

X-ray study of graphitization, J. C. Bowman, S. 
and R. Smoluchowski—244(A) 

Yield point strain, Edward W. Hart—232(A) 

Z centers in alkali halides, D. R. Westervelt—218(A) 
Inelastic Scattering (see Nuclear Reactions; Scattering ) 
Instruments (see Methods and Instruments) 

Internal Conversion (sce Nuclear Spectra) 
Ionization (see also Electrical Discharges; Range and 
Energy Loss of Particles) 
Cluster-count determination of specific ionization of cloud 
chamber tracks, Hans O. Cohn, L. R. Etter, and R. W. 
445(A) 
dissociation of nitromethane by 
impact, R. J. Kandel—436(A) 

Neutralization of ions and ionization of atoms near metal 
surfaces, L. J. Varnerin, Jr.—859 

Origin of ionization in FE layer of ionosphere, Ernst Bauer 
and Ta-You Wu—458(A) 

Photoionization of molecules in vacuum uv, Edward C. Y 
Inn—1194 

Photoionization of NO, K. Watanabe, Frederick Marmo, 
and Edward C. Y. Inn—436(A) 

Production of characteristic x-rays by protons, H. 
Lewis, B. E. Simmons, and E. Merzbacher—943 
Relativistic rise in ionization loss in nuclear emulsions, 
3ertram Stiller and Maurice M. Shapiro—496(A) 
Simultaneous measurement of ionization and attachment 

coefficients, Melvin A. Harrison and Ronald Geballe—1 

Specific probable ionization of electrons observed with 
Wilson cloud chamber, Robert H. Frost and Carl E 
Nielsen—864 

Ionization Potentials of Atoms 
and Spectra) 

Ionization Potentials of Molecules (see Molecular Struc- 
ture and Spectra) 

Ions (sce also Electrical Discharges ) 

Electron ejection from Ta by He’, He’, 
D. Hagstrum—543 

Energy ‘oss of H, He, N, 
K. Weyl—289 

Hall effect in flowing ion clouds, B. E 

Motion of ions in perpendicular electric 
McCay and J. H. Coulliette—213(A) 

Neutralization of ions and ionization of atoms near metal 
surfaces, L. J. Varnerin, Jr.—859 

Positive ion flux in GM counter, W. C 
McClure—495(A ) 

Ions and Electrons, Mobility (sce 

Current carrier mobility ratio in 
Hunter—207(A); 579 


Thermally unstable disorder in 


Pigg 
fused colored 


quartz and 


S. Ke wehler 


neutron-irradiated 
and G. F. 


on 
Halteman, 


studies 


Hayes, 


Thompson 


Ionization and electron 


W. 


Atomic Structure 


(see 


and He.*, Homer 


and Ne ions in gases, Peter 


436(A) 
M. S. 


Clotfelter 
fields, 


Porter and G. W. 


also Semiconductors) 
semiconductors, E; FP. 
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Experimental confirmation of relation between pulse drift 
mobility and charge carrier drift mobility in Ge, M. B. 
Prince—271 
Mobilities of carriers in crystalline B, Wilham C. 
D. FE. Hudson, and G. C. Danielson—208( A) 
Mobility of slow electrons in polar crystals, Francis E 
Low and David Pines—193(1.) 
Temperature variation of drift mobilities of minority cat 
riers in semiconductors, M. B. Prince—208( A) 
Isobars (see Atomic Mass and Abundance) 
Isomers, Molecular (see Molecular Structure and Spec- 
tra) 
Isomers, Nuclear (see Nuclear Spectra) 
Isotopes (see Atomic Mass and Abundance; Radioac- 
tivity ) 


Shaw, 


Kerr Effect (see Optical Properties ) 
Kinetic Theory of Gases (sce Gases) 


Liquid Helium (see Helium, Liquid) 
Liquids 


Compressions to 150000 psi for series of high molecular 


weight liquid hydrocarbons, R. H. MeMickle, R. W 

Schiessler, and W. Webb—466(A) 

Difference in viscosity of ortho- and para-deuterium at 

low temperatures, E. W. Becker, R. Misenta, and O. 

Stehl—414(L) 

Molar activity coefficients of electrolytes from conductivity 

data, Henry P. Marshall and Ernest Grunwald—214(A) 

Molecular rotation in liquids, Edward J. Breneman and 

Dudley Williams—465(A) 

Neutron diffraction by liquid Ov, Ne, and A, D. G 

shaw, D. G. Hurst, and N. K. Pope—472(A) 

Polarization in liquids of intermediate conductivity, John 

A. Rider—214(A) 
Surface tension of liquid Si and Ge, Paul H 
Wendell Van Horn—243(A); 512 
Vapor-liquid transitions in closed system, Charles Willis 
and Harry L.. Frisch—465(A) 
Luminescence 

Absolute scintillation efficiency of anthracene, J. B. Birks 

and M. E. Szendrei—197(L) 

Fluorescence, phosphorescence, and 

NaCl (AgCl) with high-energy 
Furst and Hartmut Kallmann—1356 
Fluorescent light yields with a, 8, and ¥ radiations, Milton 
Furst and Hartmut Kallmann—766(L) 
Luminescent effects in chemically pure ZnO, T 
Reboul 229(A ) 

Phosphorescence method for study of surface temperatures 
L. €. Bradley, C. CC. Van 
409(A) 
storage in 
Mandeville 
and W. I 


Hen 


Keck and 


photostimulation of 
irradiation, Milton 


‘Todd 


in supersonic flow field, 
Voorhis, and D. Bershader 

Phosphorescence of and energy 
NaCl, H. O. Albrecht and C. E 

Plastic scintillators, R. K. Swank 
495(A) 

Response of anthracene crystals to monoenergetic soft 
x-rays, W. H. Robinson—457( A) 

Response of Nal(T1) scintillation crystals as function of 
Tl concentration, F. S. Eby, W. K. Jentschke, and G 
De Pasquali—495(A) 

Reversible bleaching of absorption band of diamond, Peter 
Pringsheim—220(A); 551 

Scintillation process in plastic solid 
Swank and Warren L. Buck—927 

Scintillation response of organic phosphors, G. T. Wright 

1282(1.) 

Scintillations produced by @ particles in Cs], 

772(L) 


\g-activated 
471 (A) 
Buck 


Robert K. 


solutions, 


scat Hahn— 
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Luminescence (Continued) 
Storage of energy in Ag-activated KCI, C. E. 
and H. O. Albrecht—219(A) ; 566 
Storage of energy in KCI-Tl and NaCl-Tl, C. E. Mande- 
ville and H. O. Albrecht—470(A) 
Thermoluminescence of quartz and fused quartz colored 
by x-ray irradiation, Ryosuke Yokota--1013(1L) 


Mandeville 


Magnetic Fields (sce Electromagnetic Theory and Elec- 
trodynamics ) 
Magnetic Properties 
Adiabatic demagnetization of chromium methylamine alum, 
D. de Klerk and R. P. Hudson—278 
Antiferromagnetostriction, Helen M. A. 
J. E. Goldman—435(A ) 


Urquhart and 


Apparatus for magnetic measurements at low tempera 


tures, R. A. Erickson and L. D. Roberts—216(A) 

Approach to saturation in diluted ferromagnetic powders, 

A. E. Berkowitz and A. D. Franklin—206(A) 

Calculation of diamagnetic and paramagnetic susceptibility 
of Nz, J. V. Bonet and A. V. Bushkovitch—433 (A) 

Crystallite size and diamagnetic susceptibility of carbons, 
H. T. Pinnick—228(A) 

Deflection of high-energy electrons in magnetized Fe, 
Stephan Berko and Frank L. Hereford—1127 

de Haas-van Alphen effect in Sn-Sb alloys, George T. 
Croft and Foster C. Nix—212(A) 

Dipolar anisotropy in cubic ferromagnetic 
Frederic Keffer—206(A) 

Electronic interactions in ferromagnetic metals, Sol E. 
Harrison and Herbert B. Callen—205(A) 

Field and temperature dependence of de Haas-van Alphen 
effect in Zn alloy single crystals, F. J. Donahoe—212(A) 

Free-energy model for hysteresis loop, Arthur L. Loeb 

434(A) 

Gyromagnetic ratios of microcrystalline materials, erratum, 
S. J. Barnett—1580(F) 

Low-temperature diamagnetism of electrons in cylinder, 
William Band—249 

Magnetic properties of Gd metal, J. F. Elliott, S. Legvold, 
and F. H. Spedding—28 

Magnetic saturation and apparent molecular 
MnCl.:4H.O, Warren E. Henry—435(A) 

Magnetic susceptibility of Wurster’s blue between 65° 
and 356°K, N. Elliott and M. Wolfberg—435(A) 

Magnetization reversal of square-loop polycrystalline ma 
terials by domain growth, Norman Menyuk—434(A ) 

Magnetostriction in Fe-Co alloys, K. Azumi—434(A) 

Measurement of permeability tensor in ferrites, J. O. Art 
man and P. E. Tannenwald—1014(L) 

Mechanism of transition in magnetite at low temperatures, 
H. J. Williams, R. M. Bozorth, and Matilda Goertz 
1107 

Method for measuring magnetic moment of supercon- 
ductors, Ted G. Berlincourt and M. C. Steele—215(A) 

Neutron diffraction study of antiferromagnetic structure 
of pyrrhotite, FeS,, S. S. Sidhu and David Meneghetti 

435(A) 
Neutron diffraction study of BiMn alloy, B. W. Roberts 
435(A) 

Nucleation centers for domains of reverse magnetization, 
ii B. Goodenough 434(A) 

Particle size of ultrafine ferromagnetic powders, A. D. 
Franklin, R. B. Campbell, and J. A. Weinman—205(A ) 

Of pyrrhotite, Robert R. Heikes—212(A) 

Quantum statistical mechanics of ferromagnetism, Ryoichi 
Kikuchi—205(A) 

Relation between de Haas-van Alphen effect and mag 
netoresistance in Bi, Ted G. Berlincourt—1277(L) 


crystals, 


fields of 
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Reversible susceptibility in ferrimagnetic materials, D. M. 
Grimes, L. W. Orr, and M. H. Winsnes—435(A) 

Single crystal magnetostriction constants of Fe-Co alloys, 
Helen M. A. Urquhart—434(A) 

Spectific heat discontinuity in antiferromagnets and fer- 
rites, Louis N. Howard and J. Samuel Smart—17 

Thermomagnetic investigations of Ni ferrite-aluminates, 
L. R. Maxwell, S. J. Pickart, and R. W. Hall—206(A) 

Two-electron example of ferromagnetism, J. C. Slater, H. 
Statz, and G. F. Koster—205(A); 1323 

Magnetic Resonance (sce also Nuclear Moments and 
Spin) 

d-p magnetic moment ratio, T. F. Wimett—499(A) 

Dipolar broadening of quadrupole resonance line width 
in zero applied field, A. Abragam and K. Kambe—894 

Doppler effects in atomic beam magnetic resonance method, 
Richard T. Daly, Jr., and Jerrold R. Zacharias—476(A ) 

Electronic structure of F centers, C. Kittel—219(A) 

Electronic structure of / centers; hyperfine interactions in 
electron spin resonance, A. F. Kip, C. Kittel, R. A. Levy, 
and A. M. Portis—1066; Saturation of electron spin 
resonance, A. M. Portis—1071 

g values of Ni ferrite-aluminates, Roald K. Wangsness— 
206(A) 

Hfs and nuclear moment ratios of stable Br isotopes, J. G. 
King and V. Jaccarino—209(A) 

Hfs of Ag with aid of universal ionizer for atomic beams, 
Gunter Wessel and Hin Lew—476(A) 

Hfs of I, J. G. King, H. H. Stroke, and V. Jaccarino— 
476(A) 

Magnetic resonance absorption in Ni ferrite-aluminates, 
T. R. MecGuire—206(A) 

Nuclear magnetic moment of Cr™ and Sr”, C. D. Jeffries 
and P. B. Sogo—1286(L) 

Nuclear magnetic resonance in solid H, F. Reif and KE. M. 
Purcell—631 

Nuclear magnetic resonance in Th compounds, H. S. 
Gutowsky and B. R. McGarvey—81 

Nuclear magnetic resonance modulation correction, E. R. 
Andrew—425(L) 

Nuclear quadrupole resonance in rhombic S and quadru- 
pole moments of S*® and S*, H. G. Dehmelt—313 

Nuclear resonance line shapes at high rf fields, W. D. 
Knight—206(A ) 

Paramagnetic resonance in N- and P-type Si, F. K. Willen- 
brock and N. Bloembergen—1281 (1) 

Polarization of nuclei in metals, Albert W. Overhauser 
—476(A) 

Saturation of paramagnetic resonance from color centers 
in alkali halides, A. M. Portis and A. F. Kip—207(A) 

Sublattice effects in magnetic resonance, Roald K. Wangs- 
ness—1085 

Magneto-Optical Effects (sce Optical Properties) 

Magnetoresistance (see Electrical Conductivity and Re- 
sistance) 

Magnetostriction (see Magnetic Properties) 

Mass Defects (see Atomic Mass and Abundance) 

Mass Spectroscopy (see Atomic Mass and Abundance; 
Methods and Instruments) 

Mathematical Methods 

Approximate solution of Heitler’s integral equation, S. N. 
Biswas—1026(L) 

Matrix formulation of molecular-orbital, Heitler-London, 
and configurational interaction computations, Paul F. 
Wacker—465(A) 

Methods for calculating approximate cross sections for 
electron scattering, William J. Byatt—240(A) 

Measurements (see Methods and Instruments) 
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Mechanics 

Effect of centrifugal force field on response of vibrating 
mass-spring system, W. A. Wildhack and R. O. Smith 
213(A) 

Mechanics, Quantum-Atomic Structure and Spectra (sce 
Atomic Structure and Spectra) 

Mechanics, Quantum—General (see Quantum Mechanics) 

Mechanics, Quantum—Molecular Structure and Spectra 
(see Molecular Structure and Spectra) 

Mechanics, Quantum—Nuclear Nuclear Structure 
Theory ) 

Mechanics, Quantum—of Solid Bodies (sce Crystalline 
State) 

Mechanics, Statistical 
Thermodynamics ) 

Meson Field Theory (sce Field Theory) 

Mesons (see also Cosmic Radiation; Elementary Particle 
Interactions; Nuclear Reactions Induced by Mesons; 
Scattering of Mesons) 

Angular distribution of mesons from 
protons, Y. Goldschmidt-Clermont, 
A. W. Winston—468 (A ) ; 

Angular distribution of process p+ d—7t+ ™, Wilson 
J. Frank, Kenneth C. Bandtel, Richard Madey, and 
Burton J. Moyer—487(A) 

Sound states of meson-nucleon 
459(A) 

Charged ¢ mesons, Nathan Sceman, 
Maurice M. Shapiro—446(A) 

Classical scattering of neutral mesons, Clarence R. Mehl 
and Peter Havas—393 

Decay of heavy mesons in nuclear emulsion, P. H. Barrett 

446(A) 

Decay of I’° particle into two mesons, B. 
Willard—348 

Energy distribution of neutral mesons produced in cosmic- 
ray stars, Y. B. Kim—445(A) 

Grain density in tracks of 117- and 222-Mev ™ mesons in 
emulsions, A. H. Morrish—423(L) 

Hard core interpretation of reaction p+d—>™ +, 
ney Bludman—487 (A) 

K-particle mass measurements, D. M. Ritson—1572(L) 

Kinetic energies of l’,° particles, J. Ballam, D. R. Harris, 
A. L. Hodson, R. Ronald Rau, George T. Reynolds, 
S. B. Treiman, and M. Vidale—1019(L) 

Magnetic cloud-chamber observations of V 
Apparatus and reduction of data, A. V. Buskirk, L. R 
Etter, C. J. Karzmark, R. H. Rediker, and R. W. 
Thompson—445(A) ; II. V° particles, R. W. Thompson, 
A. V. Buskirk, L. R. Etter, C. J. Karzmark, and R. H. 
Rediker—446(A) 

Mean life of # mesons stopped in Fe, A. H. Benade—971 

Meson masses and related quantities, F. M. Smith, W. 
Birnbaum, and Walter H. Barkas—765(1L) 

Momenta of V’° particles, J. Ballam, D. R. Harris, A. L. 
Hodson, R. Ronald Rau, George T. Reynolds, S. B. 
Treiman, and M. L. Vidale—446(A) 

u-mesic atom, L. N. Cooper and E. M. Henley—480(A) 

Multiple pion production in n-p collisions observed at the 
cosmotron, W. B. Fowler, R. P. Shutt, A. M. Thorn- 
dike, and W. L. Whittemore—758(L) 

Neutron and meson stars induced in light elements of 
emulsion, M. Blau, A. R. Oliver, and J. E. Smith—949 

p+p— d+ cross section at 340 Mev and 327 Mev, 
Frank S. Crawford, Jr.—468(A) 

Phenomenological interpretation of ™*-meson production by 
protons on C, M. M. Block, S. Passman, and W. W. 
Havens, Jr.—210(A) 


(see 


(see Statistical Mechanics and 


320-Mev photons on 
L. S. Osborne, and 


system, R. Arnowitt 


D. T. King, and 
Dayton and D. 


Sid 


particles. I. 
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Photomeson production from H and D at 90° and 30°, D. 
Luckey, Jenkins, and R. Wilson—408( A); at 
1a. §. Palfrey, D. Luckey, and R Wilson 
468 (A) 

Photoproduction of mesons in D, J. Chappelear and K. A 
Srueckner—480 (A ) 

Photoproduction of ™ mesons from D, Kenneth C. 
Wilson J. Frank, and Richard Madey—487( A) 

Pions and protons from target bombarded by 2.3-Bev pro- 
tons in cosmotron, W. B. Fowler, R. P. Shutt, A. M. 
Thorndike, and W. L. Whittemore—479( A ) 

mesons, W. F. 


R. 
R. 


r 
R. 
sandtel, 


Positive ™-meson production by * Fry— 
1576(L) 

Positive photomesons from H at 0°, R 
Gordon W. Repp, and Nelson Jarmie 
Jarmie, Gordon W. Repp, and R 
1023(L) 

Production above 10 Bev, C. B. A. MeCusker, 
Porter, and B. G. Wilson—384 

Production of charged photomesons from He. H-He ratios, 
M. J. Jakobson, A. G. Schulz, and R. S. White—695 

Production of positive pions by 341-Mev protons on pro- 
tons, W. F. Cartwright, C. Richman, M. N. Whitehead, 
and H. A. Wileox—677 

Production of V’,° particles by 
Fowler, R. P. Shutt, A. M. 
Whittemore—1 287 (L) 

Recent experimental results on S particles, H. Bridge, H. 
Courant, H. DeStaebler, Jr., and B. Rossi—1024(L) 
Spectrum and half-life of « meson, J. Davidson 

1020(L) 

Unusual m-“ decays in photographic emulsions, W. F. 
Fry—130 

l”° particles in multi-plate cloud chamber, H. 
C. Peyrou, B. Rossi, and R. Safford—362 

Zenith angle variation of 
Arthur Beiser—446(A) 

Metals (see Crystalline State) 

Metastable Atoms (see Atomic Structure and Spectra) 

Metastable Molecules Molecular Structure and 
Spectra ) 

Meteorology (see Geophysics) 

Methods and Instruments 

Absolute scintillation efficiency of anthracene, J. 
and M. E. Szendrei—197 (1) 

Angular aberrations in sector-shaped electromagnetic lenses 
for focusing beams of charged particles, Edgar G. John 
son and Alfred O. Nier—10 

Apparatus for magnetic measurements at low temperatures, 
R. A. Erickson and L. D. Roberts—216(A) 

Application of liquid scintillation neutron detector to time- 
of-flight spectroscopy, L. M. Bollinger, G. E. Thomas, 
and R. R. Palmer—452(A) 

Argonne Laboratory scintillation coincidence spectrometer, 
S. B. Burson and W. C. Jordan—498(A) 

Bubble chamber for study of ionizing events, Donald A. 
Glaser—496(A ) 

Bubble-chamber tracks of penetrating cosmic-ray particles, 
Donald A. Glaser—762(L) 

C.A.L. hypersonic test facility, Abraham Hertzberg and 
William E. Smith—1029(A) 

Characteristics of Allen-type electron multiplier, C. F 
Barnett—224(A) 

Cl isotope separation by thermal diffusion, 
and W. W. Watson—1469 

Computations of three-dimensional structure factors on 
S-FAC, R. Pepinsky and P. F. Eiland—229(A) 


Stephen White, 
408( A); Nelson 
Stephen White 


N. A. 


H, W 
W. 


mesons in 
Thorndike, and 


B. 
L. 


P 


S. Bridge, 


cosmic-ray meson intensity, 
(see 


RB. Birks 


\. Z. Kranz 
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Methods and Instruments (Continued) 

Continuous flow cell for investigation of polarization at 
metal-solution interface, L. W. Morris and Hung-Chi 
Chang—215(A) 

Corrections for dead time of counters in coincidence sys 
tems, C. H. Westcott and J. S. Kirkaldy—495(A) 

Cyclotron efficiency and power distribution measurements, 
A. L. Boch and E. D. Hudson—224(A) 

Differential pulse-height discriminator, R. C. Shreckengost, 
I). C. Swanson, and J. W. Flowers—224(A) 

Diode characteristic of hollow cathode, M. L. Babcock, 
ID). F. Holshouser, and H. Von Foerster—755(L) 

Double crystal neutron spectrometer, V. C. Wilson, B. W. 
Roberts, W. L. Roth, J. S. Kasper, and A. H. Geisler 
494(A) 

Effect of magnetic flux amplitude on flux integrator energy 
control of betatron, Leo Seren, Milton Birnbaum, Erich 
Harth, and Ralph Tobin—474(A) 

Keffects of grooves in piezoelectric filter plates, Charles R. 
Mingins, Robert W. Perry, and David W. Macleod 
471(A) 

“lectric wave filter combining piezoelectric divided elec 
trode units, Albert D. Frost, Charles R. Mingins, and 
lawrence A. Howard 471(A) 

‘lectromagnetic electron beam extractor, R. S. Foote and 
jen Petree—456(A ) 

‘lectromagnetie shims for focusing in fixed-frequeney 
cyclotron, Farno LL. Green-—223(A) 

Slectron cyclotrons (microtrons) for X- and K-band 

456( A) 
Marton, J. Arol Simpson, and 

Construction and operation, 


operation, H. If. Kaiser 
“lectron interferometer, | 


J. A. Suddeth—437(A) ; 


J. A. Suddeth, L. Marton, and J. Arol Simpson—437 


(A); Observations and interpretation, J. Arol Simpson, 
J. A. Suddeth, and L. Marton—437(A) 

Equilibrium ultracentrifuge, A. Robeson, N. Snidow, and 
J. W. Beams 493(A) 

°xperiment with transistors for elementary electronics 
laboratory course, F. H. Mitchell—227(A) 

“xperimental method to determine equation-of-state data 
for solids by shock-wave measurements, Russell H. 
Christian and John M. Walsh—1030(A) 

Field inhomogeneities in alternating gradient synchrotron, 
IK. D. Courant-——456(A ) 

Gas scintillation counters, Carl O. Muehlhause—495(A) 

Gradation development method for nuclear emulsions, H 
G. DeCarvalho, V. Davis, and W. Tesh—224(A) 

Graphical method for obtaining phase shifts from experi- 
mental data on meson-nucleon scattering, Julius Ashkin 
and Seymour H. Vosko—1248 

High-accuracy, high-speed shaft position digitalizer, Don 
ald H. Jacobs, Milton E. Pugh, and Seymour Scholnick 

492(A) 

High-altitude cosmic-ray investigation by means of 
Cerenkoy counter. I. Instrumentation details, Kinsey 
Anderson and John R. Winckler—431(A); IL. Experi- 
mental results, John R. Winckler and Kinsey Anderson 

431(A) 

High-current 120-kev positive ion accelerator, D. L. 
Lafferty, J. A. Biggerstaff, B. D. Kern, and T. M. 
Hahn—223(A) 

High-efficiency low-background fast-neutron detector, S. 
D). Bloom and C. O. Muehlhause—494(A) 

Liquid scintillation neutron counters, G. Thomas and L. 
Bollinger—452(A ) 

Mach Zehnder interferometer, D. Weimer, W. Bleakney, 
and D. R. White—1032(A) 


Magnetic cloud-chamber observations of V’ particles. I. 
Apparatus and reduction of data, A. V. Buskirk, L. R. 
Etter, C. J. Karzmark, R. H. Rediker, and R. W 
Thompson—445(A ) 

Magnetic refrigerator for maintaining temperatures below 
1°K, C. V. Heer, C. B. Barnes, and J. G. Daunt 
412(L) 

Magnetic scanning method for investigating hfs and isotope 
shift, F. Bitter, H. Plotkin, B. Richter, A. Teviotdale, 
and J. E. R. Young—421(L) 

Mass spectrometric positive ion technique for determining 
phase transition temperatures and heats of transforma- 
tion in metals, R. G. Johnson, W. C. Caldwell, D. E. 
Hudson, and F. H. Spedding—466(A ) 

Mass synchrometer, Lincoln G. Smith and C. C. Damm— 
481 (A) 

Measurement of thickness of thin films by employing elec- 
tron microscope shadow-casting technique, George W. 
Crawford—214(A) 

Method for determination of maximum energy of weak 
6B emitters, M. Forro—483(A) 

Method for measuring magnetic moments of supercon 
ductors, Ted G. Berlincourt and M. C. Steele—215(A) 
Method of measuring gyromagnetic ratio of free electron, 
H. R. Crane, R. W. Pidd, and W. H. Louisell—475(A) ; 
W. H. Loutsell, R. W. Pidd, and H. R. Crane—475(A) 

Multichannel pulse-height amalyzer using storage tube, 
J. A. Cunningham—437 (A) 

Neutron detectors for Brookhaven fast chopper, H 
Palevsky, N. G. Sjostrand, and D. J. Hughes—451(A) 

Neutron energy distribution in ORNL graphite reactor, 
James B. Trice—224(A) 

Neutron time-of-flight spectrometer with betatron source, 
M. L.. Yeater and E. R. Gaerttner—451(A) 

New detector for infrared, S. Mrozowski, B. D. Me 
Michael, and E. A. Kmetko—234(A) 

Noise in storage tubes, Stanley Winkler and Seymour 
Nozick—492(A) 

Nuclear magnetic resonance modulation correction, E. 
Andrew—425(L) 

Oak Ridge 44-in. cyclotron, Royce J. Jones—223(A) 
Origin of strong focusing principle, E. D. Courant, M. S. 
Livingston, H. S. Snyder, and J. P. Blewett—202(L) 
Particle selection using crystal telescope, B. Wolfe, J. 

DeWire, and A. Silverman—446(A ) 

Pellicle stacks in nuclear research, Francis W. O'Dell, 
Maurice M. Shapiro, and Bertram Stiller—496(A) 

Performance of a 125-kv accelerator and spectrometer, J. 
3ergstein and R. D. Birkhoff—223(A) 

Phosphorescence method for study of surface tempera- 
tures in supersonic flow field, L. C. Bradley, C. D. Van 
Voorhis, and D. Bershader—409( A ) 

Plastic scintillators, R. K. Swank and W. L. Buck 
495(A) 

Positive ion flux in G-M counter, W. C. Porter and G. W. 
McClure—495(A) 

Preparation of gray Sn filaments, A. W. Ewald—244(A) 

Preparation of junctions in single crystals by surface melt- 
ing, K. Lehovec and EK. Belmont—492( A) 

Radioisotope production in ORNL &6-in. cyclotron, J. A. 
Martin—224(A) 

Rapid separation of He* from He‘ by “heat flush” method, 
T. Soller, W. M. Fairbank, and A. D. Crowell—1058 
Recording of temperature-dependent electrical properties 
of semiconductors, Luther Davis, Jr., Lawrence Rubin, 

and W. D. Straub—490( A) 

Relativistic particle cyclotron with electrostatic focusing, 

H. F. Kaiser—499( A) 
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Response of NaI(T1) scintillation crystals as function of 
Tl concentration, F. S. Eby, W. K. Jentschke, and G 
De Pasquali—495 (A) 

Scintillation process in plastic solid solutions, Robert K 
Swank and Warren L. Buck—927 

Scintillations produced by @ particles in CsI, Beat Hahn 
772(1L) 

Series method for comparison of 
Hoge—493(A) 

Shapes of floating liquid zones between solid rods, P. H 
Keck, M. Green, and M. L. Polk—472(A) 

Short resolution time and short “dead” time coincidence 
counting equipment, Richard Madey—486(A ) 

Stability of orbits in strong-focusing synchrotron, 
Lundquist—981 

10-Me rf ion source, E. W. 
223(A) 

Terphenyl-B liquid neutron detector, W. H. Campbell and 
J. I. Hopkins—224(A) 

Time-of-flight instrumentation for 
I. Linlor and B. Ragent—440(A) 

Total-temperature probes for use at high supersonic speeds 
and elevated temperatures, Eva M. Winkler—409( A) 

Transparent, nonmetallic, electrically conducting film ap 
plications, L. B. Clark, Sr.—471(A) 

Van de Graaff electrostatic generator, D. C 
223(A) 

Versatile radiation oven, Richard B 

Very high-resistance measurement, Frank J 
Clarence L. Wesenberg—493(A ) 

Microwaves (see also Atomic Structure and Spectra; 
Magnetic Resonance; Molecular Structure and 
Spectra; Nuclear Moments and Spin) 

Broadening of microwave absorption lines due to wall 
collisions, Michael Danos and Stanley Geschwind—1159 

Microwave observation of collision frequency of holes in 
Ge, T. T. Benedict—1565(L) 

Stark effect in high-temperature microwave spectroscopy, 
P. Tate and M. W. P. Strandberg—464(A ) 

Miscellaneous 

Graduate training for high school physics teachers and 
cooperation between college and high school physics 
departments, Donald C. Martin—227(A) 

Incentive grading for basic laboratory reports, Ray M 
Morrison and M. S$. McCay—227(A) 

Information content of living systems, Harold J. Morowitz 

492(A) 

Is it possible to teach physics to humanities students ?, N 
Goldowski 227(A) 

Subject of social physics, John Q. Stewart—493(A) 

Mobility of Ions and Electrons (sce Ions and Electrons, 
Mobility ) 
Molecular Aggregates 

Calculation of extrusion behavior of viscoelastic materials 
from relaxation distribution function, Thor L. Smith 
218(A) 

Crystallization in butadiene-styrene copolymers, Lawrence 
A. Wood -225(A) 

Density changes in glass during heat treatment, H. N 
Ritland—228(A) 

Dependence of photoelastic properties of GR-S on degree 
of cross linking, G. R. Taylor and S. R. Darin—211(A) 

Dielectric dispersion of polar polymers at microwave fre 
quencies, T. M. Shaw and J. J. Windle—218(A) 

Dielectric relaxation in styrene-acrylonitrile copolymer 
during and after its polymerization, P. Ehrlich and N. 
J. DeLollis—218(A) 


Harold J 


resistances, 


Stig 


McDonald and D. C. Ralph 


100-Mey neutrons, W 


Swanson 


2460(A) 
Lynch and 


Belser 


SU 
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Dynamic mechanical properties of polyisobutylene, Edwin 

R. Fitzgerald, Lester D. Grandine, Ir.. and John D. 
Ferry—217(A) 

Dynamic properties of concentrated polymer solutions, F. 
J. Padden, H. Markovitz, and T. W. DeWitt—217(A) 
Dynamic properties of unvulcanized GR-S, L. J. Zapas, 
S. L. Shufler, and T. W. DeWitt—217(A) 
Infrared study of crystallization of polyethlene, 
Brown and F. T. Reding—226(A) 
Melting transition of natural rubber, 

and Leo Mandelkern—225(A) 

Nucleoprotein monolayers, Adolph B. 
Van Winkle—211(A) 

Orientation in polymeric films by infrared and x-ray tech 
niques, W. H. Cobbs, Jr., S. B. Cole, and R. L. Burton 

225(A) 

Relaxation distribution function of 
transition from rubber-like to glass-like 
its dependence on temperature, John D. Ferry, Lester D) 
Grandine, Jr., and Edwin R. Fitzgerald—217(A) 

Rheology of polyisobutylene. III]. Approximation methods 
in linear viscoelasticity theory: Wiechert function caleu 
lations, Herbert Leaderman—217( A) 

Sedimentation rates in dilute and moderately 
polymer solutions, M. Wales—211( A) 

Stress crazing thresholds of methyl methacrylate polymers, 
T. F. Protzman, J. J. Gouza, and W. F. Bartoe—2110A) 

Values of diffusion coefficients for some chain polymers 
computed from anomalous osmotic pressure data, T. A. 
Barr, Jr—211(A) 

Molecular Beams (sce Atomic and Molecular Beams) 
Molecular Structure and Spectra 

Analysis of infrared spectrum of CkyCOCI, Robert James 
Lovell—235(A) 

Application of Thomas-Fermi method = to 
certain molecular vibration frequencies, W. A 

242(A) 

Broadening of microwave absorption lines due to wall 
collisions, Michael Danos and Stanley Gesehwind—1159 

Configurational interaction in molecular orbital theory and 


Alexander 


Donald KE. Roberts 


Amster and Quentin 


polyisobutylene in 
behavior and 


concentrated 


calculation of 
Bowers 


relative energies of polar and nonpolar functions, Max 
Wolfsberg—464 (A ) 

Correlation of infrared and ultraviolet 
ated alcohols, Gladys A. Anslow and Irene 
241(A) 

Dissociation and recombination of O 

recombinations, 

1408 


between 


spectra of associ 


S. White 


in upper atmosphere 
assuming three-body Harry KE. Moses 
and Ta-You Wu—45&8(A); 
‘lectron-coupled interactions 
molecules, Norman F. Ramsey 


nuclear spins in 
303 

242(A) 
Widom and 


“lectronic energy levels of Os, Alvin Meckler 
“nergy exchange in molecular collisions, B 
S. H. Bauer—240(A) 
“xcitation of molecular 
elastic scattering processes, Edward H 


vibrations in in- 


Kerner—-1174 


rotations and 


“requencies of microwave absorption lines of Ov, Masataka 
Mizushima—222(A) 

Infrared absorption induced by static electric fields, M. F 

1569(1.) 


Crawford and |. R. Dagg 
Infrared absorption spectrum of SOs, R. D 
Nielsen, and W. H. Fletcher—235(A ) 
Infrared analysis of associated O-H and QO-D stretching 
carboxylic acids, Nelson Fuson, 

Hinds—234(0A) 

Infrared grating spectrum of CHsCN vapor, F. W. Parker, 
A. H. Nielsen, and W. H. Fletcher—-235(A) 

Infrared spectrum and molecular constants of DBr, F. L. 
Keller and A. H. Nielsen—235(A) 


Shelton, A. H 


vibrations of simple 
Marie-Louise Josien, and Conrade (¢ 
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Molecular Structure and Spectra (Continued ) 

Infrared spectrum of amide group, Harry Letaw, Jr., and 
Armin H. Gropp—235(A) 

Infrared study of. influence of molecular structure on 
carbonyl band in polycyclic quinones, Marie-Louise 
Josien, Nelson Fuson, and Essie M. Shelton—235(A ) 

Ionization and dissociation of nitromethane by electron 
impact, R. J. Kandel—436(A) 

Matrix formulation of molecular orbital, Heitler-London, 
and configurational interaction computations, Paul F. 
Wacker—465(A) 

Microwave spectrum and molecular properties of Os, R. 
Trambarulo, S. N. Ghosh, C. A. Burrus, Jr., and W. 
Gordy 222(A) 

Microwave spectrum and 
Venkateswarlu, Richard C. 

222(A) 

Microwave spectrum of (CH,)sSiCl, Richard C. Mockler 
and Walter Gordy—222(A) 

Microwave spectrum of DI at 1.5-mm wavelength, J. A. 
Klein and A. H. Nethercot, Jr.—1018(1) 

Microwave spectrum of unstable molecule CS, George R 
Bird and Richard C. Mockler—222(A) 

Molecular beam investigation of rotational transitions. I. 
Rotational levels of KCI and their hfs, Charles A. Lee, 
B. P. Fabricand, R. O. Carlson, and I. lL. Rabi—1395; 
Il. Of KBr, B. P. Fabricand, R. O. Carlson, Charles A 
Lee, and I, I. Rabi—1403 

Molecular orbital treatment of contribution of 7 electrons 
to electric dipole moments of some phenyl halides, R. H. 
Knipe—242(A) 

Molecular rotation in liquids, Edward J. Breneman and 
Dudley Williams—465(A) 

Molecular weight of organic compounds by mass spectrom 
etry, John R. Sites and Bernard L. Strehler—242(A) 
Near uv absorption spectrum of p-difluorobenzene vapor, 

Dewey C. Cooper—241(A) 

Near uv vapor spectrum of thianaphthene, R. C. Heckman 
and H. Sponer—242(A) 

Nuclear resonance line structure in HD and molecular 
shielding in HD, Hs, and Ds, T. F. Wimett—476(A ) 
Nuclear shielding in He and Ds, P. J. Bray and R. G. 

Barnes—475(A) 

Photoionization of NO, K. Watanabe, Frederick Marmo, 
and Edward C. Y. Inn—436(A); 1155 

Photoionization of molecules in vacuum uv, Edward C. ¥ 
Inn—1194 

Quadrupole coupling of deuteron in DCCCI and DCN, 
Robert L. White—1014(L) 

Quadrupole moments of Mn™, Re™, and Re'™, A. Javan, 
G. Silvey, C. H. Townes, and A. V. Grosse -222(A) 


structure of HGeCls, Putcha 
Mockler, and Walter Gordy 


Raman spectrum, force constants, and calculated thermo 


dynamic properties of Gel, Lawrence K. Akers and 
Ernest A. Jones—236(A) 

Relative optical collision diameters from pressure broaden- 
ing of individual infrared absorption lines, William 
Benesch and Tait Elder—308 

Rotational spectrum and molecular structure of CHsSH, 
N. Solimene and B. P. Dailey—464(A) 

Spin-orbit and spin-spin interactions in He, R. G. Barnes, 
P. J. Bray, and N. J. Harrick—475(A) 

Stark effect in high-temperature microwave spectroscopy, 
P. Tate and M. W. P. Strandberg—464(A ) 

Temperature dependence of line breadths of Oo, Robert M. 
Hill and Walter Gordy—222(A) 

Theory of rotational spectra of allene-type molecules, M. 
Mizushima—464(A) 

Uhf rotational line of HDO, Yardley Beers and Samuel 
Weisbaum—1014(L) 
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Vibrational spectra of F.C:CF: and ChC:CCh, D. E. 
Mann, N. Acquista, and Earle K. Plyler—464(A) 
Zeeman effect in microwave spectra of CHsF and CHs- 
CCD, J. T. Cox, P. B. Peyton, Jr., and Walter Gordy 
222, A) 
Moments, Nuclear (see Nuclear Moments and Spin) 
Moments of Molecules Molecular Structure and 
Spectra) 


(see 


Neutrino (see also Nuclear Spectra; Radioactivity ) 
Inner bremsstrahlung and magnetic moment of neutrino, 
J. Weneser—1025(L) 
Interference terms of electron-neutrino angular correlation, 
erratum, Masato Morita—I580(E) 
Neutron Diffraction (sce Diffraction; Scattering of Neu- 
trons) 
Neutrons (sce Elementary Particle Interactions) 
Noise 
Noise in p-n junction rectifiers and transistors. I. Theory, 
Richard L. Petritz—231(A); Il. Experiment, Francis 
L.. Lummis and Richard |., Petritz—231(A) 
Noise in storage tubes, Stanley Winkler and Seymour 
Nozick—492(A) 
Nyquist and Einstein relations derived 
model, Stefan Machlup—240(A ) 
Possible mechanism for 1/f noise generation in semicon- 
ductor filaments, Leon Bess—1569(1L.) 
Nuclear Fission 
Energy distributions of fission fragments, John S. Wahl 
486(A) 
Long-lived delayed neutrons from _ fission, J. W. 
Kunstadter, J. J. Floyd, and L. B. Borst—594 
™ and # meson-induced fission, W. John and W. Fry 
1234 
U™* fission cross section, R. W. Lamphere—210(A) ; 655 
Yield distribution in proton fission of U, W. H. Jones, J. H. 
Paehler, T. H. Handley, and A. Timnick—486(A) 
Yield of Xe™ in thermal neutron fission of U*, Seymour 
Katcoff and William Rubinson—1458 
Nuclear Forces (see Elementary Particle Interactions; 
Field Theory; Nuclear Structure Theory) 
Nuclear Induction (see Magnetic Resonance; Nuclear 
Moments and Spin) 
Nuclear Isomers (sce Nuclear Spectra; Radioactivity ) 
Nuclear Moments and Spin 
d-p magnetic moment ratio, T. F. Wimett—499(A) 
Dipolar broadening of quadrupole resonance line width in 
zero applied field, A. Abragam and K. Kambe—894 
Effect of electric quadrupole interaction on ¥-¥Y directional 
correlation in Cd'’, H. Albers-Schonberg, E. Heer, T. 
B. Novey, and R. Ruetschi—199(L) ; H. Albers-Schon- 
berg, K. Alder, O. Braun, E. Heer, and T. B. Novey— 
1287(L) 
Electric field gradient of atomic p electrons, W. V. Smith 
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materials, V. E. Scherrer, R. B. Theus, and W. R. 
Faust—1476 

Ge™ metastable states, Joan P. Welker, A. W. Schardt, 
J. J. Howland, Jr., and G. Friedlander—484(A) 

Genetic relationships of 0.8-sec Pb*"" isomer, G. Fried- 
lander, Elizabeth Wilson, A. Ghiorso, and I. Perlman 
498( A) 

I’ decay and § spectrum, FE. der Mateosian and C. S. 
Wu—497(A) 

'\ y radiation, Harry C. Hoyt and Jesse W. M. DuMond 

1027(L) 

Influence of extranuclear fields on y-¥ directional correla- 
tions, F. Coester—452(A) 

Interference terms of the electron-neutrino angular cor- 
relations, erratum, Masato Morita—1580(E) 

Internal conversion coefficients on Nb” and Zn™ (actually 
Mo” and Cu”), E. F. Sturcken and A. H. Weber 
484(A) 

Internal conversion in L subshells, J. B. Swan and R. D. 
Hill—424( A) 

j-j coupling for A $50, D. C. Peaslee—443(A) 

K* excited states, W. W. Buechner, A. Sperduto, C. P. 
Browne, and C. K. Bockelman—1502 

K® decay, Bernd Kahn and W. S. Lyon—1212 

Li* 6 decay, D. StP. Bunbury—1580(E) 

Linear combination of invariants in 8 decay, D. C. Peaslee 

1447 

Liquid A ionization chamber measurement of shape of 

B-ray spectrum of K“, John H. Marshall—905 


Lower limit for lifetime of 665-kev excited state of Mo”, 
F. R. Metzger and W. B. Todd—1286(L) 

Matrix elements of 6 decay in jj coupling, Igal Talmi—122 

Metastable state of V™, T. Wiedling—767(L) 

Me™ decay, A. H. Wapstra and A. L. Veenendall—426 

N“ energy levels, A. Sperduto, W. W. Buechner, M. M. 
Elkind, and W. J. Fader—473(A) 

Neutron-capture Y rays in Cd, Co, and Cl, W. A. Reardon, 
R. W. Krone, and R. Stump—334; 442(A) 

Neutron capture Y rays with scintillation spectrometer, 
T. H. Braid—442(A) 

Neutron-deficient isotopes of Hg, J. W. Mihelich, L. P. 
Gillon, K. G. Krishnan, and A. de-Shalit—498 (A ) 

New nuclides produced in Cl spallation, Manfred Lindner 

642 

Ni” y-y angular correlation, E. D. Klema and F. K. 
McGowan—616 

1/W terms in allowed § spectra, J. P. Davidson and D. C. 
Peaslee—442(A) 

Pairing effect in nuclei and isomerism, Robert Katz—1487 

Patterns in @ spectra of even-even nuclei, Frank Asaro 
and I. Perlman—763 (1) 

Polarization correlation of Nd™* y cascade, Donald M. 
Roberts—497 (A) 

Preferred ratios of energies of excited states of nuclei, 
Martin G. Redlich—328 

Of Ra®™, J. P. Butler and J. S. Adam—1219 

RaD and Rak radiations, C. S. Wu, F. Boehm, and FE. 
Nagel—319 

Radiations of neutron-deficient Ba and Ce nuclides, Richard 
W. Fink and Edwin O. Wiig—194(L) 

Rb” and Rb” radiations, Robert B. Schwartz, M. L. 
Perlman, and W. Bernstein—&83 

Re’ branching ratio, J. E. Robinson, C. E. Whittle, and 
P. S. Jastram—498(A ) 

Re'™ decay and lifetimes of Os" and Os", C. C. Me 
Mullen and M. W. Johns—418(L) ; Erratum—1580(E ) 

Reduction of E1 matrix element in mixed £1 + 2 transi- 
tion of Sr™, Rolf M. Steffen—443(A) 

Sb™ decay, conversion coefficients and spectrum shapes, 
FE. P. Tomlinson, S. L. Ridgway, and K. Gopalakrishnan 
—484(A) 

Sb disintegration, L. M. Langer, N. H. Lazar, and R. J. 
D. Moffat—338; 485(A) 

Sc*® decay, branching ratio and y-ray order, F. H. 
Schmidt and G. L. Keister—483(A) 

Sr” and Y”™ disintegration, D. P. Ames, M. E. 
L. M. Langer, and B, M. Sorenson—68 

Successive neutron capture in Ta, J. W. Mihelich—427(L) 

Th™ y-ray spectrum, I. Rasetti and E. C. Booth—315 

Theory of multipole radiation, J. B. French and Y. 
Shimamoto—898 

U*’ and Np™ radiations, J. D. Knight, M. E. Bunker, 
B. Warren, and J. W. Starner—889 

W™ disintegration, N. Lazar, R. J. D. Moffat, and L. M. 
Langer—498(A) 

Zr™ radiations, F. J. Shore, W. L. Bendel, H. N. Brown, 
and R. A. Becker—1204 

Zr* radiations, Phillip S. Mittelman—484 
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Nuclear Structure Theory (see also Nuclear Reactions; 


Nuclear Spectra) 

Application of 7j-coupling model to moderately light nuclei, 
Dieter Kurath—1430 

Calculation of nuclear binding energies with single-particle 
oscillator wave functions, erratum, Erwin H. Kron- 
heimer—1580(E) 

Classical neutron model, Arthur E. Ruark—227(A) 

Collective modes of motion in nuclei, F. Villars—443(A) 

Contributions to hyperfine spectrum of He* resulting from 
nuclear structure, A. M. Sessler and H. M. Foley— 
444(A) 
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Many-body rem ak st, ea S. DD. Dreil, K. Photography and Photographic Emulsions (see Methods 
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Matrix elements of 8 decay in jj coupling, [gal Talmi—122 Piezoelectric Effect (see Dielectrics and Dielectric Prop- 
Nuclear forces from extended sources, E. M. Henley and erties ) 
M. A. Ruderman—480(A) Polymers (sce Molecular Aggregates ) 
Nuclear shell structure as many-body phenomenon, Ingram Positrons (see Electrons and Positrons) 
Bloch and Yu-Chang Hsieh—240(A) Probability (see Mathematical Methods) 
1/11” terms in allowed § spectra, J. P. Davidson and D. C. Proceedings of the American Physical Society 
Peaslee—442(A) North Carolina Meeting, Durham and Chapel Hill, North 
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Malenka, and U. E. Kruse—1162 sylvania, July 1-3, 1953-1029 
Repulsive core and charge independence, FE. E. Salpeter Protons (see Elementary Particle Interactions) 
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Role of nucleon isobar in high-energy interactions, Bernard Quantum Electrodynamics (sce also Field Theory) 
_T. Feld—454(A) Angular distribution of mesons from 320-Meyv photons on 
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Absorption of infrared light by free carriers in Ge, H. B Fredholm theory of S matrix, J. Hamilton—1524 
Briggs and R. C. Fletcher—1342 Green's functions in S-matrix theory, James L. Anderson 
\bsorption of light by trapped electrons, R. C. O'Rourke 479(A) 
265 Interaction between classical electron and quantized elec 
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Quantum Electrodynamics (Continued) 
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Interpretation and generalization of Dirac’s theory of elec 
tron, Walter Wessel and S. J. Czyzak—986 
New form for statistical postulate of quantum mechanies, 
Norbert Wiener and Armand Siegel—1551 
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455(A); 1225 

m, 24, 


equation, 
Biswas 
Bethe, L. Maxi 
Low 
Bremsstrahlung from P* 


and \W 


scattering ot 


mon, and I 

Levinger, Pavine 

Compton nucleons, Huddlestone 
fo1(A) 

Contribution of 14-micron CO, band 
balance, Gilbert N 458(A) 
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Electromagnetic absorptivity of metals at low temperatures, 
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Far uv radiation from ( 
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Infrared absorption in p-type ¢ 
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ic, W. Kaiser, R. J. Collins, 
Collins and H. Y 


and magnetic moment of neutrino, 


in vacuum uv, Edward C. Y. 


NO. K 


Inn 


Watanabe, Frederick Marmo, 


$360(A); 1155 


ation. of 


He, 


ME 91 
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Production of sodium airglow excitation by imprisonment 
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of resonance radiation, A 
1561, L) 

Propagation of short radio waves well beyond the horizon, 
Thomas J. Carroll—458 

Theory of penetration of Y rays 
John P. Vinti—345 

Versatile radiation oven, Richard 

Radio Waves (sce Radiation) 
Radioactivity (see also Nuclear Spectra) 

a decay, theory, Joseph J. Devaney—587 

\verage charge on daughter atoms produced in decay of 
A” and Xe™'™, M. L. Perlman and J. A. Miskel—899 

Chemical separation of 0.82 Pao” trom Bi", E. C: 
Campbell and F. Nelson—499(A) 

Co™ half-life, J. Kastner and G. N. Whyte—332 

Effects of primeval endowment of U™, David B 
blatt—1474 

Eg: Bex: C 
497(A) 

Eu™ and Gd'™, Rex C. 
Pool—903 

Ga™, Bernard L. Cohen—74 

Genetic relationships of 0.8-se« 

lander, Elizabeth Wilson, A 
498(A) 

" branching ratio, R. D. Russell, H 
M. Farquhar, and A. K. Mousuf—1223 

K* decay, Bernd Kahn and W. S. Lyon 

Method for determination of maximum 
8 emitters, M. Forro—483(A) 

Me™ decay, A. H Wapstia and A. L. Veenendaal—426 

New nuclides produced in Cl spallation, Manfred Lindner 
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P* and Ag™ £8 rays, average energy, J. M 
Cochran, and R. S. Caswell—210(A) 

Radiation and rate processes, 
1564( 1) 

Radiations of Ra’, J. P. Butler 

Radioactive charging through diclectric 
Linder and P. Rappaport—202(1) ; 

Radioisotope production in ORNI 
Martin—224(A) 

Re'™ branching ratio, J. F 
P. S. Jastram—498 (A ) 

Re'™ decay and lifetimes of Os’ and Os'*™", C, 
Mullen and M. W. Johns—41&(1.); 1580(E) 

Sc“ decay, branching ratio and ¥-ray order, F. H 
and G. L. Keister—483(A) 

Study with Nal scintillation spectrometer of methods of 
estimating I" human thyroid, Robert J. 
Kerr, Sherwood kK Meneely 
214(A) 

TI half-life, Garman Harbottle—1234 

Upper limit on fraction of positive particles emanating 
from two emitters, G. W. McClure—483(A) 

Raman Spectra (see Molecular Structure and Spectra) 
Range and Energy Loss of Particles (sce also Scattering ) 
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B. Belser—246( A) 


sec 


Rosen 


Mack, J. J. Neuer, and M. L. Pool 


Mack, J. J “eo 


Neuer, and 


Ppa 
Ghiorso, and | 


Fried 
Perlman 


isomer, G 


K \. Shillibeer, R. 
1212 


energy ot 


weak 


Brabant, L. W. 


damage J. W. Marx 
\dam—1219 
medium, E. G. 
erratum—I580(E) 
cyclotron, J. A. 


and J. S 


&6-in 


Whittle, and 


Robinson, ¢ 
Mc 


Schmidt 


contained in 


Haynes, and George R 


a-particle straggling in thin foils, P. T 
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Cluster-count determination of specific ionization of cloud 
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Effect of capture on slowing-down length of neutrons in 
hydrogenous mixtures, Howard C. Volkin—425(L) 
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Energy loss of fast charged particle by Cerenkov radiation, 
R. M. Sternheimer 

Energy loss of H, He, N, and Ne ions in gases, Peter K. 
Weyl—289 

Energy spectrum resulting from electron slowing-down, U. 
Fano and L. V. Spencer—240(A) 

Grain density in tracks of 117- and 222-Mev ™ 
emulsions, A. H. Morrish—423(L) 

Ionization energy losses of relativistic # mesons in gases, 
J. E. Kupperian, Jr., and E. D. Palmatier—1186 

Moderation of Ra-Be neutrons in limestone, J. Tittman 
and F. F. Johnson—452(A) 

Range-energy relation of N ions in 
Reynolds and A. Zucker—496(A) 

Range-energy relations of 10-250-kev protons and He tons 

Cook, Emerson Jones, Jr., 


56, 


mesons in 


emulsion, H 


in various gases, Charles J. 
and Theodore Jorgensen, Jr.—1417 
Relativistic rise in ionization loss in nuclear emulsions, 
Bertram Stiller and Maurice M. Shapiro—496(A) 
Specific probable ionization of electrons observed with 
Wilson cloud chamber, Robert H. Frost and Carl E 
Nielsen—864 
Stopping cross section of gases for protons and deuterons, 
DD. N. F. Dunbar, H. K. Reynolds, W. A. Wenzel, and 
W. Whaling—496(A) 
Stopping power of several elements for protons, A. B 
Chilton, J. N. Cooper, and J. C. Harris—495(A) 
Stopping powers of thin compound foils, John Phelps, 
W. F. Huebner, and Franklin Hutchinson—496(A ) 
Straggling distributions for electrons in passing through 
thin foils, F. Kalil and R. D. Birkhoff 
Thermalization of positrons in metals, R. | 
1571(1.) 
Recombination (see Molecular Structure and Spectra) 
Rectifiers (see Electrical Conductivity and Resistance; 
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Relativity and Gravitation 
\pproximate two-body relativistic 
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Rigid motion in special relativity, G 
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Similarity theory of relativity 
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Special-relativistic linear theory of gravitation, J] 
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equations, Z. V. 
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Salzman 


Dirac-Schrodinger 
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Scattering, General (see also Diffraction; Nuclear Re- 
actions; Range and Energy Loss of Particles) 
Approximate solution of Heitler’s integral equation, S. N. 
1026¢1.) 


condition 


Biswas 
Causality and S matrix for 
particles, N. G. van Kampen—459(A ) 
Elastic scattering of particles by atomic nuclei, Norman C 
Francis and Kenneth M. Watson—454(A) 
Energy exchange in molecular collisions, B 
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Excitation of molecular rotations vibrations in in 
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Nuclear forces from extended sources, E. M. Henley and 
M. A. Ruderman—480(A) 

Potential scattering at high energies, 
459( A) 

Scattering approximations for transparent nucleus model, 
J. Mayo Greenberg—454(A) 

lhree-body scattering problems, A 

Scattering of a Particles 

a-a@ scattering at 21.6, 22.4, ane 
R. O. Kerman, R. Nilson, 
438( A) 

a-a@ scattering at 21.8 and 22.9 Mev (proportional counter), 
G. R. Briggs, S. Singer, and W. K. Jentschke—438(A) 

a-particle scattering in N, N. P. Heydenburg and G. M 
Femmer—439(A ) 

Energy dependence of differential elastic scattering cross 
section of @ particles in He, F. FE. Steigert and M. B 
Sampson—439(A) 

Scattering of Atoms and Molecules 
Molecular Beams) 
Scattering of Deuterons 

Differential sections for elastic 
to 3.25-Mev deuterons by He*, R. J. S 
Famularo, H. D. Holmgren, and D. M 
438(A) 

Elastic scattering of particles by atomic nuclei, 
C. Francis and Kenneth M. Watson—454(A) 

Electric scattering of polarizable deuteron, B. J 
U. E. Kruse, and N. F. Ramsey—1165 

Polarizability of the deuteron, N. F 
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Scattering of Electrons and Positrons 
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Complex amplitudes for electron scattering by atoms, Jean 
\. Hoerni and James A. Ibers—1182 

Deflection of high-energy electrons in magnetized Fe, 
Stephan Berko and Frank L. Hereford—1127 

Elastic seattering of 1.7-Mev electrons, D. J 
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Energy spectrum resulting from electron slowing-down, 
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Scattering of high-energy clectrons and method of nuclear 
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Spin-relativistic effects in multiple scattering of electrons, 
i ¥ and ©. H. Blanchard—240(A) 

Straggling distributions for electrons in passing through 
thin foils, F. Kalil and R. D. Birkhoff-—505 

Scattering of Mesons (see also Mesons; Nuclear Reac- 
tions Induced by Mesons) 

Angular distribution of pions 
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Scattering of Mesons ( Continued) 

Jonization energy losses of relativistic # mesons in gases, 
J. E. Kupperian, Jr., and E. D. Palmatier—1186 

Large-angle scattering of ™ mesons in Al, Cu, and Pb, 
Harry H. Heckman and L. Evan Bailey—1237 

Nucleon polarization in pion-proton. scattering, Enrico 
Fermi—947 

Phenomenological study of meson-nucleon scattering, S. 
Gasiorowicz—481 (A ) 

Scattering and absorption of ** mesons by Al, James F. 
Tracy—960 

Scattering of 40-Mev positive pions by H, J. P. Perry and 
C. E. Angell—1289(1L) 

Seattering of 43-Mev positive pions by H, A. B. Weaver, 
J. J. Lord, and J. Orear—466(A) 

Scattering of 120-Mev negative pions by H, Jay Orear 
467(A) 

Scattering of 169- and 192-Mev pions by H, R. L. Martin, 
E. Fermi, and D. E. Nagle—467(A) 

210-Mev negative pion interactions, A. H. Morrish 
468(A) 

Scattering of Neutrons 

Angular distributions of elastically scattered 1-Mev neu 
trons, M. Walt and H. H. Barschall—441(A) 

Angular distribution of neutrons scattered from N, J. L. 
Fowler, C. H. Johnson, and J. R. Risser—441(A) 

Coherent cross sections of Fe and Ni, M. D. Goldberg and 
J. A. Harvey—451(A) 

Effect of capture on slowing-down length of neutrons in 
hydrogenous mixtures, Howard C. Volkin—425(L) 
Elastic scattering of protons and neutrons by deuterons, 

R. S. Christian and J. L. Gammel—100 

radiation from inelastic scattering of 2.7-Mev neutrons, 

V. E. Scherrer, W. L. Smith, B. A. Allison, and W. R. 

aust—768 (1) 

Inelastic scattering of alphas from N“, B. M. Carmichael, 
M. B. Sampson, and O. E. Johnson—473(A) 

Inelastic scattering of d-d neutrons, R. EK. Garrett, F. L. 
Hereford, and B. W. Sloope—441(A) 

Inelastic scattering of thermal neutrons in Pb, Andrew W. 
Mc Reynolds 1368 

Low-energy neutron resonance scattering, H. L. Foote, 
Jr.—450(A) 

Measurement of resonant neutron scattering cross sections, 
C. Sheer, J. Moore, and C, Heindl—449(A) 

Moderation of Ra-Be neutrons in limestone, J. Tittman 
and F, F. Johnson—452(A) 

n-p scattering, Earle Lomon and Herman  Feshbach 
454(A) 

Neutron diffraction by liquid He, D. G. Henshaw and D. 
G. Hurst—1222; By liquid Oz, Nez, and A, D. G. Hen 
shaw, D. G. Hurst, and N. K. Pope—472(A) 

Scattering of 14-18-Mev neutrons in light elements, C. F. 
Cook and T. W. Bonner—441(A) 

Second-order scattering correction in neutron and x-ray 
diffraction, George H. Vineyard—239( A) 

Slow neutron scattering cross sections for rare earth 
nuclides, W. C. Koehler and E. O. Wollan—597 

Transmission of slow neutrons by liquid He, L. Goldstein, 
H. S. Sommers, Jr., and J. G. Dash—490(A) 

Scattering of Protons 

Double scattering of high-energy protons by H and C, 
C. L. Oxley, W. F. Cartwright, J. Rouvina, FE. Baskir, 
D. Klein, J. Ring, and W. Skillman—419(L) 

Effect of “Ps—*Fs coupling on p-p scattering, R. M. 
Thaler, J. Bengston, and G. Breit—454(A) 

Elastic scattering in nuclear emulsions, A. FE. Clark, R. A. 
Grandey, S. K. Kao, and L. Mann—467(A) 

Elastic scattering of protons by Li, W. D. Warters, W. A. 
Fowler, and C. C. Lauritsen—917 
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Elastic scattering of protons by Ne, W. Haeberli, A. 
Galonsky, E. Goldberg, and R. Douglas—438(A) 

Elastic scattering of protons by nuclei, F. Rohrlich and 
D. M. Chase—454(A) 

Elastic scattering of protons by O", J. E. Eppling, J. R. 
Cameron, R. H. Davis, Ajay S. Divatia, A. I. Galonsky, 
E. Goidberg, and R. W. Hill—438(A) 

Elastic scattering of protons and neutrons by deuterons, 
R. S. Christian and J. L. Gammel—100 

Equilibrium proton charge ratios from charge exchange in 
various materials, J. A. Phillips—455(A) 

Half-widths of one-body resonances, John L. Johnson and 
J. L. McHale—87 

Inelastic scattering of 18.3-Mev protons, P. C. Gugelot and 
H. A. Lauter—486(A) 

Inelastic scattering of protons by Ne, A. Galonsky, W. 
Haeberli, E. Goldberg, and R. Douglas—439( A) 

Inelastic scattering of protons from Ca“, C. M. Braams, 
C. K. Bockelman, C. P. Browne, and W. W. Buechner 

474(A) 

New method for calculation of nuclear phase-shifts from 
cross-section measurements, Harry Lustig and John M. 
Blatt—453(A) 

Phase-shift analysis of high-energy p-p scattering, J. 
Bengston and R. M. Thaler—454(A) 

Range-energy relations of 10-250-kev protons and He ions 
in various gases, Charles J. Cook, Emerson Jones, Jr., 
and Theodore Jorgensen, Jr.—1417 

Resonances in S"(p,p)S®, A. J. Ferguson and H. E. Gove 
—439(A) 

Scattering of Radiation (see Radiation; X-Rays) 
Scintillation Counters (see Methods and Instruments) 
Secondary Emission (sce Electrical Properties ) 
Semiconductors 

Absorption of infrared light by free carriers in Ge, H. B. 
Briggs and R. C. Fletcher—1342 

Acceptor states of Au in Ge, W. C. Dunlap, Jr.—208( A) 

Broadening of impurity levels in Si, M. Lax and E. Bur- 
stein—208(A) 

Carrier contribution to dielectric constant of Ge, T. S. 
Benedict and W. Shockley—207 (A) 

Carrier traps in Ge at low temperatures, D. Navon and 
H. Y. Fan—491(A) 

Current carrier lifetimes deduced from Hall coefficient and 
resistivity measurements, E. J. Huibregtse and L. P. 
Hunter—208(A); L. P. Hunter, E. J. Huibregtse, and 
R. L. Anderson—1315 

Current carrier mobility ratio in semiconductors, L. P. 
Hunter—207(A); 579 

Deuteron irradiation of Ge near liquid N temperature, 
J. H. Forster, H. Y. Fan, and K. Lark-Horovitz— 
229(A) 

Diffusion currents in Hall effect in semiconductors, Rolf 
Landauer and John Swanson—207(A); 555 

Diffusion of Li into Ge and Si, C. S. Fuller and J. A. 
Ditzenberger—193(L) 

Dislocations in low-angle boundaries in Ge single crystals, 
F. L. Vogel, W. G. Pfann, H. E. Corey, and E. E. 
Thomas—230(A) 

Effect of transit time on Ge rectifier behavior, R. Bray 
and B. R. Gossick—1011(L) 

Electrical conduction and thermoelectric power in thorium 
oxide crystals, O. A. Weinreich and W. E. Danforth— 
231(A) 

Electrical conductivity of mechanically disturbed Ge sur- 
faces, Edward N. Clarke and Robert L. Hopkins— 
1566(L) 

Electrical properties of AlSb, R. K. Willardson, A. C. 
Beer, and A. E. Middleton—243( A) 
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Electrical properties of Au-Ge alloys, W. C. Dunlap, Jr. 


—1282(L) 

Electrical properties of elementary B, L. W. Friedrich and 
V. P. Jacobsmeyer—492(A) 

Electrical properties of InSb, R. G. Breckenridge, W. R. 
Hosler, and W. Oshinsky—243(A) 

Electrical properties of n-type Ge, Esther M. Conwell 
208(A) 

Electron multiplication in Si and Ge, K. G. McKay and 
K. B. McAfee—1079 

Energy band structure of diamond and Ge crystals, Frank 
Herman—491(A) 

Evaporation of Cu from Ge, George Finn—754(L) 

Experiment with transistors for elementary laboratory 
course, F. H. Mitchell—227(A) 

Experimental confirmation of relation between pulse drift 
mobility and charge carrier drift mobility in Ge, M. B. 
Prince—271 

Ge films, W. M. Becker and K. Lark-Horovitz—230(A ) 

Hall effect and conductivity of Ge containing As or Ga as 
impurities, Peter P. Debye—208(A) 

Hall effect and conductivity of InSb single crystals, M. 
Tanenbaum and J. P. Maita—1009(1L.) 

Infrared absorption in n-type Ge, R. J. Collins and H. Y 
Fan—230(A) 

Infrared absorption in p-type Ge, W. Kaiser, R. J. Collins, 
and H. Y. Fan—230(A) 

Lattice absorption in diamond: one-dimensional model, 
Melvin Lax and Eli Burstein—492(A) 

Lifetime of minority carriers in localized crystal regions, 
M. Becker, M. Cutler, T. Firle, R. Shulman, and W. 
Spitzer—491 (A) 

Low-temperature “breakdown” effect in Ge, N. Sclar, 
E. Burstein, W. J. Turner, and J. W. Davisson—215(A) 

Magnetoresistance in InSb, M. Tanenbaum and G. L 
Pearson—244(A) 

Microwave observation of collision frequency of holes in 
Ge, T. S. Benedict—1565(L) 

Mobilities of carriers in crystalline B, William C. Shaw, 
D. E. Hudson, and G. C. Danielson—208( A) 

n-type surface conductivity on p-type Ge, W. L. Brown 
—518 

Noise in p-n junction rectifiers and transistors, I. Theory, 
Richard L. Petritz—231(A); II. Experiment, Francis 
L. Lummis and Richard L. Petritz—231(A) 

Nonlinear semiconductor resistors, F. A. Schwertz and 


J. J. Mazenko—491(A) 


Optical properties of InSb, M. Tanenbaum and H. B. 
Briggs—1561(L) 

Optical studies of injected carriers. I. Infrared absorption 
in Ge, Roger Newman—1311; II. Recombination radia 
tion in Ge, Roger Newman—1313 

Oxygen-induced surface conductivity on Ge, Edward N. 
Clarke—756(L) 

Photoconductivity and carrier traps in Ge, H. A. Gebbie, 
M. Nisenoff, and H. Y. Fan—230(A) 

Piezoresistance effect in Ge, Charles S. Smith and J. R. 
Haynes—491 (A) 

Possible mechanism for 1/f noise generation in semicon- 
ductor filaments, Leon Bess—1569(1.) 

Post-injection barrier emf of p-n junctions, B. R. Gossick 
1012( 1) 

Preparation of junctions in single crystals by surface melt- 
ing, K. Lehovee and E. Belmont—492( A) 

Radiationless trapping of charge carriers in solids, Gregory 
H. Wannier—207(A) 

Recording of temperature dependent electrical properties 
of semiconductors, Luther Davis, Jr., Lawrence Rubin, 
and W. D. Straub—490(A) 


Surface tension of liquid Si and Ge, Paul H. Keck— 

243(A); 512 

Temperature variation of drift mobilities of minority car- 
riers in semiconductors, M. B. Prince—208(A) 
Theory of thermoelectric power in semiconductors, V. A. 

Johnson and K. Lark-Horovitz—230(A) 

Tliermal acceptors in vacuunt heat-treated Ge, S. Mayburg 
and L. Rotondi—1015(L) 

Thermally-induced acceptors in single crystal Ge, R. A. 
Logan—757(L) 

Thermally unstable disorder in p-type Ge produced by fast 
neutron bombardment, J. H. Crawford, Jr., J. W. 
Cleland, D. K. Holmes, and J. C. Pigg—243(A) 

Thermoelectric power in Ge single crystals, H. P. R. 
Frederikse—491 (A) 

Thick p-n junctions in Ge, Ralph Bray and F. van der 
Maesen—231(A) 

Transport of added current carriers in homogeneous semi- 
conductor, W. van Roosbroeck—282 

Shock Waves (see Fluid Dynamics) 

Solid State (see Crystalline State) 

Solutions (sce Liquids) 

Sound (see Acoustics ) 

Spallation (see Nuclear Reactions) 

Spark Discharge (see Electrical Discharges) 
Specific Heat (see Thermal Properties) 

Spectra, Atomic (see Atomic Structure and Spectra) 
Spectra, General 

New detector for infrared, S. Mrozowski, B. D. Me- 
Michael, and E. A. Kmetko—234(A) 

Stark shift and broadening due to electrons, M. Baranger 

436(A) 
Spectra, Molecular (see Molecular Structure and Spectra) 
Spectra, Nuclear (see Nuclear Spectra) 
Spectroscopy Technique (see Methods and Instruments) 
Spinor Fields (see Field Theory) 
Standards (see Constants, Standards, Units) 
Stark Effect (see Atomic Structure and Spectra) 
Statistical Mechanics and Thermodynamics 

Atomic theory of A transition in He, R. P. 
129] 

Atomic theory of liquid He near 0°K, R. P. Feynman— 
1301 

Bose-Einstein condensation of imperfect gas, M. H. Fried- 
man and S. T. Butler—465(A) 

Equipartition principle of generalized canonical ensembles, 
Harry L. Frisch—477(A); 791 

Fluctuations and irreversible processes, L. Onsager and 
S. Machlup—1505; I]. Systems with kinetic energy, S. 
Machlup and L. Onsager—1512 

Generalized canonical ensemble in quantum mechanics, 
Peter G. Bergmann—477(A) 

Generalized statistical mechanics and Onsager relations, 
Peter G. Bergmann and Alice C. Thomson—180 

Logical relations among principles of statistical mechanics 
and thermodynamics, John S. Thomsen—477(A); 1263 

Modified random walk problems, M. Dresden and Donald 
Drawbaugh—478(A ) 

Quantum statistical mechanics of ferromagnetism, Ryoichi 
Kikuchi—205(A) 

Radiation effects and rotational-translational relaxation 
time constant, Philip M. Mostov and Sidney Borowitz 

465(A) 

Relation between time averages and ensemble averages in 

statistical dynamics of continuous media, Carl Eckart 
784 

Second law of eddy thermodynamics, A. K. Blackadar 
1031(A) 

Thermodynamic activities in Fe-Ni alloys, R. A. Oriani 


465(A) 


Feynman 
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Thermal and electrical properties and crystal structure of 
tungsten oxide at high temperatures, Shozo Sawada— 
1010(L) 

Thermal diffusivity of Mg at low temperatures by variable 
state techniques, S. Waldron and Melvin A. Herlin 
447(A) 

Tnermal resistivity of superconducting Hg in intermediate 
state, R. T. Webber and D. A. Spohr—414(L) 

Thermal Radiation (see Radiation) 

Thermionic Emission (see Electrical Properties) 

Thermodynamics (sce Statistical Mechanics and Ther- 
modynamics ) 

Thermoelectric Effect (see Electrical Properties ) 

Thermoluminescence (sce Luminescence) 

Thermomagnetic Effect (see Magnetic Properties) 

Total Cross Sections (see Electrons and Positrons; Nu- 
clear Reactions) 

Transmutation (sce Nuclear Reactions) 


Statistical Mechanics and Thermodynamics (Continued ) 
Vapor-liquid transitions in closed system, Charles Willis 
and Harry L. Frisch—465(A) 
Statistical Methods (sce Mathematical Methods) 
Superconductivity 
Adiabatic magnetization of superconducting sphere, R. L. 
Dolecek—216(A); 490(A) 
Heat capacities of superconducting and normal Ta, R. D. 
Worley, M. W. Zemansky, and H. A. Boorse—1567 (1) 
Method for measuring magnetic moments of supercon- 
ductors, Ted. G. Berlincourt and M. C. Steele—215(A) 
New thermal resistivity maximum in superconducting al 
loys, Ronald J. Sladek—1280(1) 
Penetration depth of superconductors, M. C. 
M. F. M. Osborne—1281(L) 
Pressure effects on superconducting transition tempera 
tures, theory, Paul M. Marcus—216(A) 
Search for Hall effect in superconductor, H. W. Lewis 
2Zi6(A) 
Superconducting compounds, B. T. Matthias—413(L) 
Superconducting transition in Al, D. E. Mapother and 
J. FF. Cochran—216(A) 
Thermal resistivity of superconducting Hg in intermediate 
state, R. T. Webber and D. A. Spohr—414(L) 
Of Ti, M. C. Steele and R. A. Hein—490(A ) 
Two-fluid models of superconductivity with application to 
isotope effects, Paul M. Marcus and FE. Maxwell—1035 
Velocity of sound in superconducting Pb and Sn, H. Bom- 
mel and J. L.. Olsen—1017(1L.) 
Supersonics (sce Fluid Dynamics) 


Steele and 


Uncertainty Principle (sce Quantum Mechanics) 
Units (see Constants, Standards, Units) 


Vacuum Tubes (sec Methods and Instruments) 

Van der Waals Forces (sce Molecular Structure 
Spectra) 

Viscosity (see Liquids) 


Wave Mechanics (see Quantum Mechanics) 
Work Function (see Electrical Properties) 


X-Rays 
Absorption of P in neighborhood of Lz, edge, D. H. Tom- 
boulian—457 (A ) 
Antiparallel dipole arrangement in WOs, Ryuzo Ueda and 





Thermal Conductivity (sce Thermal Properties) 
Thermal Diffusion (sce Diffusion) 
Thermal Expansion (sce Thermal Properties) 
Thermal Properties 
Anomaly in heat content of metal in fatigued state, B. Jinzo Kobayashi—1562(L) 
Welber and R. Webeler—448(A) Auger electron intensities, R. D. Hill—770(L) 


Atomic heat of Ge below 4° K, P. H. Keesom and N. Pearl 
man—215(A); 1347 

Changes in electrical, thermal, and thermoelectrical prop 
erties of monovalent metals by lattice distortions, A. W. 
Saenz—1142 

Dilatometric study of order-disorder transformation in 
Cu-Au alloys, W. W. Sanville, Foster C. Nix, and Frank 
KE. Jaumot, Jr.—220(A) 

Electronic and lattice specific heats in W, Mo, and Re, 
M. Horowitz and J. G. Daunt—1099 

Heat capacities of superconducting and normal Ta, R. D. 
Worley, M. W. Zemansky, and H. A. Boorse—1567(L) 

Heat capacity of KCI below 4°K, P. H. Keesom and N 
Pearlman—1354 

Heat transfer of hemispherical body in supersonic flow, 
Irving Korobkin—469( A ) 

Mass spectrometric study of sublimation of graphite, Rich 
ard FE. Honig—465(A) 

New thermal resistivity maximum in superconducting al 
loys, Ronald J. Sladek—-1280( 1) 

Specific heat discontinuity in antiferromagnets and ferrites, 
Louis N. Howard and J. Samuel Smart—17 


Determination of x-ray spectrum from absorption measure- 
ments by Laplace transformation, Judith Cassidy Gursky 
and P. K. S. Wang—239( A) 

Direct measurement of nuclear absorption of x-rays, H. W. 
Koch and R. S. Foote—455(A) 

Measurements of A-edge jump ratios with linear motion 
x-ray spectrometer, H. P. Hanson and H. W. Schrader 

457(A) 

Production of characteristic x-rays by protons, H. W. 
Lewis, B. E. Simmons, and E. Merzbacher—943 

Response of anthracene crystals to monoenergetic soft 
x-rays, W. H. Robinson—457(A) 

Second-order scattering correction in neutron and x-ray 
diffraction, George H. Vineyard—239( A) 

Small-angle scattering of x-rays from cold-worked crys- 
tals, D. L. Dexter—448(A); from He I and He II, 
A. G. Tweet—488(A); in proton-irradiated diamond, 
S. Hayes and R. Smoluchowski—244(A) 

X-ray absorption fine structure with polarized x-rays, R. 
Krogstad, W. Nelson, and S$. T. Stephenson—457 (A) 
X-ray study of graphitization, J. C. Bowman, S. Hayes, 

and R. Smoluchowski—244(A) 
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